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Preface 


This book is devoted to an investigation of the vacuum of quantum elec- 
trodynamics (QED), relying on the perturbative effective-action approach. If 
the vacuum is probed with external perturbations, the response of the system 
can be analyzed after averaging over the high-energy degrees of freedom. This 
results in an effective description of the properties of the vacuum, which are 
comparable to the properties of a classical medium. 

We concentrate primarily on the physics of slowly varying fields or soft 
photons by integrating out the high-energy degrees of freedom, i.e. the elec- 
trons, employing Schwinger’s proper-time method. We derive a new represen- 
tation of the one-loop photon polarization tensor, coupling to all orders to 
an arbitrary constant electromagnetic field, fully maintaining the dependence 
on the complete set of invariants. 

On the basis of effective Lagrangians, we derive the light cone condition 
for low-frequency photons propagating in strong fields. Our formalism can be 
extended to various external perturbations, such as temperature and Casimir 
situations. We give a proof of the “unified formula” for low-energy phenom- 
cna that describes the refractive indices of various perturbed quantum vacua. 
In the high-energy domain, we observe similarities between a vacuum with a 
superstrong magnetic field and a magnetized plasma. The question of mea- 
surability of the various effects is addressed; a violation of causality is not 
found. 

Furthermore, the QED one-loop effective Lagrangian in the presence of an 
arbitrary constant electromagnetic background field at finite temperature is 
derived. We show that the requirement for gauge invariance induces an addi- 
tional invariant on the quantum level, which is physically related to a chemical 
potential and to Debye screening. Further applications are presented. 

In our treatment of 2+1-dimensional QED, we discuss several unfamiliar 
features of the effective-action approach, such as the formation of a magnet- 
ically induced chiral condensate, the perturbative generation of a parity-odd 
Chern-Simons term and a derivative expansion of the QED24, effective ac- 
tion for inhomogeneous fields. 

During the course of writing the manuscript, we have benefited from dis- 
cussions and correspondence with many colleagues. In particular, we wish 
to thank Professor Martin Reuter for numerous discussions and various use- 
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ful suggestions. We are indebted to Dr. Klaus Scharnhorst for his helpful 
comments, criticism and encouragement. 

We are also grateful to Mrs. Virginia Dittrich, who helped us to put this 
work into correct English. 


Tubingen, Walter Dittrich 
April 2000 Holger Gies 
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1. Introduction 


During the development of quantum field theory, it has become a popular 
point of view to consider the quantum vacuum as a medium. The manifold 
phenomena which arise from the presence (or the provoked absence) of virtual 
particles in the vacuum, such as the Lamb shift or the Casimir effect, tempt 
one to assign real properties to the vacuum. On the other hand, a physicist 
can hardly accept an establishment of this kind of “modern ether” without 
reservations; it is, at least, unsatisfactory to formulate a fundamental theory 
with the aid of some ingredients which elude direct measurement. 

In the present volume, we do not insist on either point of view as the 
one and only foundation of physics, but intend to demonstrate that it can be 
pragmatically appropriate and useful to understand certain quantum effects 
as peculiarities of the vacuum — both intuitively and formally. 

The formal concept of relating the full quantum theory to properties of the 
vacuum is given by the effective action. By integrating out the high-energy 
degrees of freedom of the exact theory, one arrives at an effective description 
of the low-energy degrees of freedom which are relevant to the physics of the 
vacuum. 

This procedure is particularly successful for theories such as quantum 
electrodynamics (QED), where it is easy to identify and separate the differ- 
ent degrees of freedom. In QED, it is the electron, which is separated from 
the low-energy photons by its mass, that represents the fundamental scale in 
the theory. In strongly coupled (gauge) systems such as quantum chromody- 
namics (QCD), one has to rely on some more or less justified approximations 
in order to establish the effective-action approach. 

The effective-action approach has also proved useful when additional en- 
ergy scales are introduced which can be varied over a wide range compared 
with the high-energy scale. These additional scales may represent pertur- 
bations of the vacuum, probing its response under external influences. The 
(pragmatic) idea then is to compare the response of the vacuum with the re- 
sponse of a medium under the influence of such a perturbation. The properties 
of a medium are finally assigned to the vacuum itself in order to complete 
the comparison. 

In the present work, we apply this philosophy to QED, which is pertur- 
batively accessible. We primarily employ external electromagnetic fields as 
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2 1. Introduction 


the perturbation of the vacuum, i.e. as the additional energy scale. Further 
examples of perturbation are given by coupling the system to an external 
heat bath or limiting its spatial extension by means of perfectly conducting 
(Casimir) plates. Also imaginable are gravitational perturbations and _per- 
turbations that arise from space-time embeddings with nontrivial topology. 

Technically speaking, we integrate out the fluctuating particles which are 
coupled to the external perturbation, to all orders if possible. The result is 
then compared with the unperturbed vacuum, and the effects that arise from 
the discrepancies are investigated. Since the remaining low-energy degrees of 
freedom of QED are electromagnetic fields, we study the properties of the 
modified vacua by, in particular, searching for a modification of the propa- 
gation of low-frequency light in these modified vacua. It is proposed that the 
deformation of the light cone can be used as a detector of the various char- 
acteristics of the vacuum. Our intention is that this theoretical work can be 
related to experiments, currently in preparation, that are aimed at proving di- 
rectly the quantum-induced nonlinear extensions of classical electrodynamics 
for the first time [167]. 

These investigations are presented from two different starting points. In 
the first part, we start with the complete quantum theory and study the 
polarization tensor and induced current in an electromagnetic field in detail, 
whereas in the second part, we take the effective action as the primary object. 
Once the effective action is deduced from the quantum theory, we can employ 
it as the definition of a new classical theory which effectively incorporates the 
quantum physics. 

In the perturbative approach, the proper-time method as developed by 
Schwinger is extremely useful, since it not only represents a powerful reg- 
ularization technique, but also supports a detailed investigation of gauge 
invariance. Moreover, it provides for a clear formulation and solution of the 
technical difficulties. 

Another important tool, which we use throughout these investigations of 
QED, derives from the fact that the effective Lagrangian is a scalar (in all 
respects) and can therefore depend only on the invariants of all allowed sym- 
metry transformations of the theory (gauge and Lorentz symmetry). Iden- 
tifying the complete set of invariants at the beginning of the investigations 
allows us to formulate the calculations in full generality, and simplifies the 
calculations in most cases. The simplifications arise from the fact that the 
computations of the dynamics of a system are separate from the algebraic 
computations referring to the symmetries of the theory. 


2. Nonlinear Electrodynamics: 
Quantum Theory 


2.1 Introduction to Proper-Time Methods 


We give a brief survey of the proper-time technique as formulated by Schwinger, 
in order to deal with quantized fermionic fields interacting with an external elec- 
tromagnetic field. The relation to one-particle quantum mechanics is emphasized, 
and questions of gauge invariance are studied. We describe three different meth- 
ods for computing the proper-time transition amplitude, which represents the cen- 
tral object of this technique. The derivation of the fermionic Green’s function and 
the Heisenberg—Euler effective Lagrangian of QED in Schwinger’s representation is 
sketched. 


The main purpose of this section is to establish conventions and notation, as 

well as to lay the foundations for subsequent investigations. 
One of the most important tools for the analysis of quantum electrodynam- 
ics is the proper-time method introduced by Fock [79] and Schwinger [148]. 
It has been proved extremely useful in studying propagators and effective 
Lagrangians, especially for the case of additional external fields. 

Schwinger’s main intention was to circumvent problems associated with 
gauge invariance. The proper-time method explicitly deals with objects that 
transform gauge-covariantly, thereby ensuring the invariance of the procedure 
and its results. In the literature, the proper-time method is in most cases 
simply used as a regularization procedure, because it is able to isolate the 
divergences of a calculation with respect to the proper time. Lorentz and 
gauge invariance of this isolation process is maintained, since the proper- 
time parameter is not related to a particular reference frame or choice of 
gauge. 

But more than being a regularization procedure, the proper-time tech- 
nique relates the field-theoretic problem of how a particle field interacts with 
an external (“c-number”) electromagnetic field to the description of a par- 
ticle’s motion with respect to an additional evolution parameter, the proper 
time (the “fifth parameter”). In this sense the technique falls back on the 
principles of classical and one-particle quantum mechanics. 

In the following, we shall give a brief introduction to the proper-time 
method, aiming especially at the construction of the Green’s function of a 
Dirac field and at the calculation of the effective Lagrangian. The electromag- 
netic field is considered to be an external one, i.e. it is treated as a c-number; 
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4 2. Nonlinear Electrodynamics: Quantum Theory 


hence, radiative corrections are neglected and we are, by definition, dealing 
with the one-loop approximation. 

We begin by stating that the vacuum-to-vacuum persistence amplitude in 
the presence of an external electromagnetic field A,, is related to the effective 
action (effective Lagrangian) by 


(04 | Oe A _ iW [A] = elf dtac™ (a) (2.1) 
The superscript (1) indicates the one-loop character of the quantity to which 


it is attached. W“) is defined so that it generates the vacuum expectation 
value of the current j“ upon differentiating with respect to the external field 


= (0| (2) |0)*. (2.2) 


According to Schwinger, the correct definition of the current operator is based 
on the explicitly symmetric treatment of the oppositely charged Dirac fields:! 


jh = 5 vd. (2.3) 


When the desired vacuum expectation value of the current operator is calcu- 
lated, the charge symmetrization translates into a time symmetrization, and 
we finally recover the definition of the propagator of a Dirac particle: 


(0| j*(x) |0)* = —e lim (0| T h(a") h(a) [0)* 
= ietr[y" G(a, «| A)], (2.4) 
where the limit has to be taken symmetrically with respect to the time coor- 


dinate, and T denotes the time-ordering operator. The propagator G' satisfies 
the Green’s function equation of a Dirac particle: 


("TT ,.) + m] G(a, 2"|A) = 6(a — 2’), (2.5) 


with I, = —id, — eA,. Equation (2.5) can be interpreted as the rep- 
resentation of an operator equation in configuration space (G(a#,2’|A) = 
(x|G[A]|2’)): 


(71 + m) GA] = 1. (2.6) 


We introduce the proper-time representation of the formal solution of the 
operator equation (2.6), 


1 yil—m c + lm? 2 

Al = ——— _ = ——__ = (m- 7) i sis[m*—(yI)"] (9, 

a) yI+m  (yil)?—m? ny Vifase (2) 
0 


Obviously, the proper-time representation simply expresses an inverse opera- 
tor in terms of a convenient exponential function. Convergence of the proper- 


time integral at infinity is ensured by the implicit prescription m? — m?—ie. 


* Spinor indices will be suppressed in the calculation. 
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We are interested in the proper-time representation of the effective action 
W\). Hence, we have to solve the equation (cf. (2.2) and (2.4)) 


6w) [A] 
j}——— = — & sal A 2: 
i Aa) etry|y" G(x, x|A)| (2.8) 
for W“). We now show that the ansatz 
1 Tas 300 F 2 
1) 3% 4 (i) —ism is(y/Z) 
=i xl >[< e tray le (2.9) 
0 


fulfills (2.8) and thereby gives W“) to within a constant. This constant has to 
be chosen so that the action satisfies the boundary condition that it vanishes 
for vanishing external field. For the calculation of the functional derivative of 
(2.9), we note that d174(x) = —edAq(z2): 


WA] ds nism OTT" (y rca, )I isyp.y TW" OW” 
TOAa(t) Je «fren Te 


= ie fase lv (oly 8a] 


= —etr}7* (al(m =A) f dsen'*"*-O™ jay 


27 
“=? -etrly*G(a,2/4)], 
where in the third line we have made use of the fact that the trace of an odd 
number of y’s vanishes. 
In this way, we have demonstrated the validity of (2.9), and so we can 
write for the unrenormalized Lagrangian 


. 7 d : 
oe str [Sei (x| 8D? |x), (2.10) 


0 


For the propagator G(a,«x’|A), as well as for the effective Lagrangian, we 
need to evaluate the object 


K(x, v';s|.A) = (ale) |2"), (2.11) 


For the remainder of this section, we shall mainly be concerned with the 
various methods of finding an explicit representation in configuration or mo- 
mentum space. 

The first method that we shall discuss was proposed by Schwinger. It is 
based on the interpretation of K(«,x’;s|A) as the coordinate representation 
of the proper-time “evolution operator” 
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Ue =aa™, (2.12) 
where we have introduced the “Hamiltonian” 
H = (yl)? = I? — Soy FH, Ty, = Pu — eAp, (2.13) 


and Oy, = i/2[y,, Ww]. In this sense, the desired object K (2, 2’; s|.A) is equal 
to a transformation amplitude (a| U(s) |x’) = (x, s|x’,0), while the evolution 
operator satisfies a “Schrodinger equation” 


id, U(s) = HU(s). (2.14) 
To obtain the transformation amplitude, we have to solve the dynamical 


problem formulated by the following one-particle equations of (proper-time) 
motion of Heisenberg type: 


dz, : 
nee = —ilv,,H] = 2H, 
dil 
Sf = - ily, H] = @ (Buy HT” + I” Fy) + 50 8,.F” 
= 2¢ Fy Hl” —ie 0" Fy + SoM 6,F™. (2.15) 


Our strategy is as follows: first, solve the (operator) equations of motion 
(2.15) for IT(s) as a function of x(s) and «(0); secondly, insert these findings 
into the Hamiltonian; and thirdly, solve the Schrédinger equation (2.14) in 
the coordinate representation, in which the Hamiltonian is now diagonal (for 
a pedagogical review, see e.g. [106]). 

Of course, this procedure can only be performed analytically for a cou- 
ple of simple external-field configurations, e.g. for constant and plane wave 
fields [148]. In Sect. 2.3, a detailed example of such a type of calculation is 
presented. 

The second method to be discussed is based on the classical WKB ap- 
proximation (see e.g. [147]). Here, we want to compute the transformation 
amplitude by means of 


(x, s|x",0) = (2ni)-4/? VDe'S, (2.16) 


where d = 4 is the dimension and i = 1, and the Van Vleck determinant is 


Ox! # Ox" 


S denotes the classical action. For the constant-field case, this was treated in 
[57], and also in [97] and [155] using the heat kernel method in QED (with not 
necessarily constant fields). As a side remark, we note that the transformation 
amplitude can also be expressed by means of the path integral representation: 


D(x’, x"; s) “=* (—1) det oe! ; (2.17) 


(a’, s|x",0) = K(a’, 2"; s) = Da(A)eS2O] (2.18) 


«(0)=a"' ,2(s)=a’ 


2.1 Introduction to Proper-Time Methods 7 


es / dite .atn): (2.19) 


The Lagrangian associated with the Hamiltonian of (2.13) is given by 
1 
L = 7a,i" + Abe, + SoM” Fup. (2.20) 


Now, we have to calculate the classical action (2.19). This can be achieved by 
first solving the equations of motion (2.15), which, for constant fields, reads 
(UT = «/2 = p-— eA) 


(A) = 2eFa(A), (2.21) 


where we have used matrix notation, i.e. Fr = Fx”. This equation can be 
solved with the ansatz 


&(d) = e2F3(0), (2.22) 


v1 
bi 


and a further integration, together with the initial conditions «(A = 0) = x 
x(A = s) = 2’, yields 
1 2eFA _ 1 
+(0) 2eF(a’— x"), x(A) — 2(0) = (a! — a’). (2.23) 


-_ e2eFs _— 1 e2eFs _— 1 


This information is sufficient to compute the classical action, which turns out 
to be 


S(a',a";s8) = e fas, A*(E) 


e 
p 
The last step on the way to evaluating (2.16) involves two partial derivatives 
of S with respect to 2’ and wx” (cf. (2.17)), which at last brings us to the 
desired quantity, 


i 1 sinh eFs 
VD=-—~ — tr 1 ; 
4s? exp ( 2" eFs ) 


1 
+7 (2 — x")*eF,° [coth(eFs)] g (a — 2" )y + Ow Fs. 


According to (2.16), the complete transformation amplitude for constant 
fields is given by the result 


ee ae i il 1 sinh eFs : 7 
(x’, s|a",0) = —Teq2 gz oxP (50 In oF exp fie | dé,,A"(£) 


x exp pole er coth Fs\(a'-2') eleyeiars (9:94) 
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where the entire gauge dependence has been isolated in the form of the holon- 
g! 

omy factor (counter-gauge factor) exp (ie i dé,,A"(e)), and the integration 
al! 


is along the straight path connecting x’ and x”. 
A useful result is given by (cf. (2.18)) 


aaa 
Dx(A) exp i far (Fini" + catty) 
0 


«(0)=a"", x(s)=a! 


ie | dean (s) (—i) 1 1. 1 sinh eFs 
ee —— — exp | —=tr In ——— 
1672 5? : 2 eFs 


x exp Fa — x")(eF coth eFs)(x’ — 2")| (2.25) 


Finally, we shall present a third method to evaluate the transformation 
amplitude K (a, 2’; s|A) that, on the one hand, represents a more pedestrian 
way of solving the problem but, on the other hand, supplies us with the 
Fourier transform of K (a, 2’; s|A). The latter turns out to be extremely useful 
for finite-temperature calculations. 

In the following, we confine ourselves again to constant-field configurations 
where F“” =const. and work in the Schwinger—Fock gauge 


1 
Age = 5h (a —2'),. (2.26) 


First, we move one step backwards and consider the object 
A(a, a'|A) = i fas e—im’s K (a, 2"; s|A), (2.27) 
0 


which is contained in the propagator of a Dirac particle (in coordinate rep- 
resentation) (2.7). From the Green’s function equation (2.5) for the Dirac 
particle, we can easily read off the corresponding Green’s function equation 
for A(«, z’|Agr) in the Schwinger—Fock gauge: 


as ; 27 ; 
5(a — 2!) 2) (y+ m) G(a, 2! |Agr) “2? [m? — (ID?) A(z, 2'|Asr) 
2 
= m? — P — (ea!) (FM FX)(a—2")y, (2.28) 


e 
2 


Translational invariance reduces the coordinate dependence of A: A = 
A(« — «'|Agp). The differential equation (2.28) is further simplified by ob- 
serving that any term except for the last one in the equation is invariant 
under (generalized) Lorentz rotations. Since the differential operator acting 
on A(a — 2’|Agr) contains the generator of these rotations in this last term, 


oF + = F™ (a0, —2v0y) A(2, 2'|Asr). 
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namely (2,0, — 2 0,), A(# — x'|Agr) must also be invariant. We conclude 
that 


=F (ay, — 2,0,) A(x — 2'|Agy) = 0. (2.29) 
This leads us to the problem of solving the Green’s function equation 
2 
—3? +m? — a - S(a—2')y FOR (e—2"), A(a — x'| Agr) 
= 0(x—2'). (2.30) 


It is helpful to study this equation in Fourier space by introducing the mo- 
mentum description 


dtp wy 
— a! = | —eP-®) A(p| Agr). 2.31 
A(e-a'lAse) = f Gre (p|Asr) (2.31) 
The differential equation (2.30) can then be written as 
2 
2 2,€ 0 res 
‘ —— FF A(p|Agr) = 1 2.32 
(0 +R + 4 Opt! ‘a (p| SF) ’ ( ) 


where we have used the short form «? = m? — (e/2)oF. 
The solution is given by [55] 


A(p|Asr) = i / dsei*"s e—M(is) — il dae? a=), (2.33) 
0 0 


where, in the last step, we have performed the substitution is — s (no contour 
rotation!), and M(s) can be decomposed according to 


M(s) = pa X°9(s)pg + Y(s). (2.34) 


The quantities X and Y depend additionally on the field strength and are 
given by 


Y(s) = str In{[cos(eF s)], (2.35) 
X(s) = = (2.36) 


where we have used matrix notation, e.g. F4” = (F)#Y. 
From the definition of A(a — x’| Agr) ((2.27) and (2.31)), we can read off 
the expression for the transformation amplitude K(a# — 2’; s| Agr): 


d+ a i : . a 
K(« _ a: s| Agr) = / ae Jeile/2)o F's .—¥ (is) g—PX(is)p | 37) 


For the purpose of obtaining the Lagrangian, we are especially interested in 
the coincidence limit 2’ > 2. We obtain 
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K(s|Asr) = K(0;s|Asp) 
4 
= [| eile/2)oFs e Y Gis) e PX(is)p (2.38) 
(27)4 
= i gile/2)¢Fs oY (is) fot X(is) —2/2 
Gne e ce [det X(is)] 
(2.35) i 


‘ 1 
_  o—oi(e/2)oFs =o 
np e exp | 5 tt In cosh(eF)| 


. 1 i 1 x 
sap OX =F 
(sy Pa "Gs 
(2.36) i i(e/2)0F 1 sinh(eFs) 
wy) ___ Gile/2)oFs iin), 0 
(47s)? 7 ee ae ee) 

= (ale™"|2), 
which is the result we obtained in (2.24) for x = 2” = x. To complete 
our study of the proper-time transition amplitude, the question of gauge 
dependence has to be discussed. Again, we start with the Green’s function 
equation (2.5) in coordinate space for an arbitrary choice of gauge: 


[3(-ia —eA)+ m| G(x, 2'|A) = 5(a — 2’). (2.40) 


Replacing A,, by a different gauge Aj, = A,,—0,A (where A(z) is continuously 
differentiable), this equation reads 


5(x — 2’) = [¢ id — eA+edA) 4 m| G(x,2/|A — AA) 


_ eicA(x) [ia _ eA) + m| eet G(s, x'\|A = OA) 


e ie A(2’) [ia —eA)+ m| eA) G(x, a'|A— dA) 
= |[o(-i0 - eA) +m eel4@)-40)] @(a,2/|A- 9A), (2.41) 


where, in the third line, we have made use of the properties of the 6 func- 
tion. Comparing (2.41) with (2.40), we can identify the gauge transformation 
property of the Green’s function: 

G(x, 2'|A — 0A) = e7l4@)-4@)] G(a, 2" A). (2.42) 
Since A(x) can be viewed as a “potential” for the difference between two 


equivalent choices of gauge, we may write for (2.42) 


ie f dé, [A’*(€)—4"(9)] 
G(a,2'|A’)=e # G(x, 2’|A). (2.43) 


Since A(a,2’|A) and K(a,«’;s|A) are linearly related to G(x, 2’|A), they 
behave equivalently under gauge transformations. 
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Taking these considerations into account, the proper-time transition am- 
plitude in an arbitrary gauge can be obtained from that in the Schwinger— 
Fock gauge according to 


K (a, 2"; s|A) = ®(x, 2'|A) K(x, 2’; s|Asr), (2.44) 


where we have introduced 
i 1 
(x, x'|A) = exp ic [ a, (ar + greg _ 2’) : (2.45) 


Since @(x, 2’|A) represents a mapping from a path in coordinate space onto 
the gauge group U(1), it is called the holonomy factor (or simply the holon- 
omy). Note that ®(a, x’|A) is invariant under continuous deformations of the 
integration path, because the integrand is curl-free.? In the coincidence limit 
x’ — x, the holonomy factor simply reduces to 1, which explicitly demon- 
strates the gauge invariance of the effective action. 

This completes our search for an appropriate expression for the transfor- 
mation amplitude K(x — 2’; s|A) or its coincidence limit K(s|A). In (2.39), 
we have rediscovered the findings of Schwinger [148]. The results of (2.37) 
and (2.39) are sufficient to finally evaluate the propagator of a Dirac particle 
and the effective Lagrangian according to the formulas (2.7) and (2.10). 

We conclude this section by stating the final expressions for the desired 
objects. The Green’s function for a Dirac particle (the electron propagator) 
in a constant external electromagnetic field (in an arbitrary gauge) reads 


to 1 
G(a,x'|A) = @(x,2'|A ao/S fm = a1 f(s) + Flpe(e—2')| 
0 
xe7im’s—L(s) exp Flea H(o)(e-2'| eens. (2.46) 


where we have used the abbreviations 
1 sinh(eFs) 
n—— 


f(s) = eF coth(eFs) and L(s) = =trl ; (2.47) 
2 eFs 
and 
ie f dA" (€)-+(1/2)F™ (€—2")y] 
P(x, 2'|A) =e * (2.48) 


carries completely the gauge dependence of the propagator. 
According to (2.10) and (2.39), the one-loop effective Lagrangian for con- 
stant external fields can be written as 


? These statements are not strictly tied to the use of the Schwinger-Fock gauge. 
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cL = saz | Seevm*{ (es)? ot lest, / F2 + G2 + F)¥?| (2.49) 
0 


x coth [es( VF? +G? — Fue] + = (es)°F - i} 


where we have introduced the gauge and Lorentz invariants of the electro- 
magnetic field, 


1 Vv 

Ete rae , (2.50) 
if 1 

G= qi k™, * RY aes (2.51) 


The last two terms in the curly brackets of (2.49) stem from a field strength 
and charge renormalization. 

An expansion of the integral for small values of e corresponds to a weak- 
field approximation F“” < m? and yields 


8 a? 14 a? 
a) 8 © 72, tO O2 
a 45 m4 a 45 m4 G 
2a? 2 2)2 2 


Euler, Kockel and Heisenberg [75, 98] and, independently, Weisskopf [164] 
were the first to discuss effective Lagrangians of this type. 

Equation (2.52) can be interpreted as the first nonlinear correction term 
to the Maxwell Lagrangian, which defines the linear theory of classical elec- 
trodynamics. 

This concludes our introductory remarks about the proper-time method, 
which turns out to be a powerful tool with which to analyze the underlying 
(fundamental) gauge field theory of quantum electrodynamics. 


2.2 Polarization Tensor in External Fields 


We derive a new representation of the one-loop photon polarization tensor cou- 
pling to all orders to an arbitrary constant electromagnetic field, fully maintaining 
the dependence on the complete set of invariants. The problem of extensive Dirac 
algebraic computations is avoided by constructing a one-to-one mapping from the 
special case of parallel electric and magnetic fields, as treated by Urrutia, to the gen- 
eral case. The polarization tensor is decomposed into its eigenvalues and eigenspace 
projectors. We work out explicitly certain limiting cases, e.g. purely magnetic fields, 
crossed fields and arbitrary weak electromagnetic fields. Finally, the modification 
of light propagation in external fields is discussed. 

The polarization tensor II"”(k), also known as the photon self-energy, can 
be viewed as a modification of the (classically trivial) photon structure by 
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virtual processes of vacuum polarization. To one-loop order, it is an electron— 
positron pair which comes into existence for a certain time and annihilates 
itself during the propagation of the photon. 

On a heuristic level, the physical consequences of these vacuum polariza- 
tion effects can be illustrated by an intuitive picture: the virtual transitions, 
e.g. the electron—positron loop, confer the properties of the participant par- 
ticles on the photon. By this means, the photon can therefore acquire, for 
instance, a “size” (of the order of the Compton wavelength of the participant 
particle) or a “charge distribution”. 

In the trivial vacuum, i.e. in the absence of external perturbations, these 
internal photon properties are hidden; the photon propagates with the speed 
of light on the trivial light cone, which is defined by k? = —(k°)? + (k)? = 0, 
where k& denotes the wave vector of a photon of arbitrary frequency. 

This situation changes substantially in the presence of various external 
modifications of the vacuum, even if an interaction with the propagating light 
is classically forbidden. These classically forbidden processes are, of course, 
the most interesting ones, and will be elucidated in this and the following 
sections. Within our heuristic picture, the vacuum modifications can interact 
with those properties of the photon which are caused by the virtual particles. 

In the present section, we consider constant, but otherwise arbitrary, elec- 
tromagnetic fields as the external perturbation. The study of the polarization 
tensor IT"”(k|A) will therefore serve as an investigation of the properties of 
the QED vacuum with external fields. The derivation of this kind of polariza- 
tion tensor has a rather long history. The properties of the tensor in a constant 
magnetic field have been studied by many authors [14, 124, 45, 159, 47, 152); 
focusing on light propagation, a comprehensive investigation was performed 
by Tsai and Erber [160]. Another special case, the crossed-fields configuration, 
has been investigated by Narozhnyi [126] and Ritus [139]. However, a gen- 
eralization to arbitrary constant electromagnetic fields in a straightforward 
manner is associated with a substantial increase in calculational difficulties; 
detailed results like those for the purely magnetic case have still not been 
worked out. Although Batalin and Shabad had already obtained a represen- 
tation in proper-time form for the polarization tensor in an electromagnetic 
background in 1971 [22], their extensive result was only brought into a practi- 
cal form almost 20 years later [11]. A calculation employing special operator 
techniques has been performed by Baier et al. [15]. Within the world-line 
formalism, the polarization tensor has recently been calculated by Schubert 
[146] with comparably little computational effort. 

In the following, we shall derive the polarization tensor in an arbitrary 
constant electromagnetic field in a simplified manner; our approach is based 
on the findings of Urrutia [162], who solved the problem for the special case of 
parallel electric and magnetic fields. We shall demonstrate that the general 
case can be deduced from this particular one by an appropriate Lorentz 
transformation. Applications will be described afterwards. 
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2.2.1 Derivation of IT#” 


To begin with, we shall outline the direct calculation of 1[#” and point out 
where one encounters technical difficulties. According to the usual rules of 
perturbation theory, the polarization tensor can be calculated from 
3 d‘p 
Ty (k|A) = —ie* tr Ont g(p) Ww g(p — k), (2.53) 


where we have chosen to work in momentum space. Therefore, g(p) denotes 
the Fourier transform of the Dirac fermion propagator, which, according to 
(2.7) and (2.27), can be written generally as 


G(a,2'|A’) = 6(2, 2'|A’ — A) (m— ) A(z, 2'|A). (2.54) 


In the following, we shall use exclusively the Schwinger—Fock gauge for con- 
stant fields, A&, = —(1/2)F“”(ax—2’),, which allows us to express the gauge 
potential in terms of the field strength as well as to forget about the holon- 
omy factor 6(z, «’|A’—A). Introducing the Fourier representation A(p| Agr) of 
A(x, x'|Asr), we can easily derive the Fourier representation of G(x, 2’| Agr): 


d4 : , ie 5 0 
G(ea!|Ase) = [FF er) Im — a9 (t+ SP) | AtvlAse) 
d‘p 


_ / apr ome" al. (2.55) 


In (2.33)—-(2.36), we obtained the explicit form of A(p|Asr); inserting these 
results into g(p) and performing the momentum differentiation leads us to 


g(p) = i f dse-mre-¥ [m — Vo (p— ieFXp) "| eg Pre he/a)eeF (2.56) 
0 


where we have employed matrix notation, and the quantities Y and X are de- 
fined in (2.35) and (2.36). After insertion of (2.56) into (2.53), the remaining 
problems are some Gaussian integrations and various Dirac traces; in fact, the 
Dirac traces can be looked up in Appendix C ((C.25)-(C.31)); these obviously 
demonstrate that the direct computation will be more than tedious. But the 
main problem is the reorganization of the terms at the end of the calcula- 
tion, especially the simplification of the trigonometric and hyperbolic func- 
tions. The latter would even prohibit successful use of algebraic-manipulation 
programs, at least for higher-order calculations. 

As already mentioned, the calculation becomes enormously simplified for 
a selected class of field configurations, such as the case of parallel magnetic 
and electric fields. Since space-time can effectively be decomposed into a 
transverse and a longitudinal subspace with respect to the field axis, the 
four-dimensional tensor analysis reduces to two-dimensional. If we choose the 
field to point along the z axis, without loss of generality, a vector decomposes 
according to 
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kM = ki + kf, ki = (k°, 0,0, k°), R=O.k46 0). 57) 
In the same manner, tensors can be decomposed, e.g. g#” = i + gi". With 
respect to each subspace, we easily find the unique vector orthogonal to a 
given vector: 


ki = (k®,0,0, k°), kt = (0,k?,—k',0). (2.58) 
The polarization tensor for this special field configuration has been calculated 
in [162] in the way outlined above. We simply state the result here: 


co 1 

a [ds [dv ; zz! 

T#’(k|A) = — | — [| —¢ e i840 __—~__. 

KIA) 2nrJ s / 2 ‘ sin z sinh z’ 
0 -1 


(oer? — kk”) No + (9) Af = kiki) (2.59) 


oe a 
+g" RL — RR ).No — (RR + iyiz)n4| + ont 
where “c.t.” means “contact term”. The electric and magnetic field strengths 
FE, B are contained in the variables z = eBs and z’ = eEs. The exponent ¢o 
is given by? 


2 
a kj cosh 2’ — coshvz' —k?_ cosvz — cos z 


o=m : : 2.60 
? 2 z/ sinh 2! 2 zsin z ( ) 
The functions N; are 
No = coshvz’ cosvz —sinhvz' sinvz cot z cothz’, 
/ / 
cosh z’ — coshyvz ~ 
N, = 2.cos z———_,——_ — Ng = Ni — No 
: DQ if ’ 
sinh* z 
cos Vz — COs Z ~ 
Nz = 2cosh 2’ ————,—— . — No = No — No, (2.61) 
sin* z 
1—cosz cosyvzcoshyvz’ coshz’—1 . ; 
N3 = ———_ — > sinvz sinhvz’, 
sin Zz sinh z’ 


where we have also defined the functions V 1,2 for later use. The contact term 
is, finally, determined by the requirement that [7“” should vanish in the limit 
of vanishing fields and for wave vectors on the mass shell (light cone), k? = 0. 
This corresponds to a charge and field strength renormalization and ensures 
that the real photon will remain massless. We obtain 


c.t. = —e71""8(1 — v?) (gt? k? — kHkY). (2.62) 


Now, our claim is that the Lorentz-invariant form of the polarization ten- 
sor for an arbitrary constant electromagnetic field can be completely recon- 
structed from the special form given above for parallel electric and magnetic 


3 This formula has been misprinted in [162]. 
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fields. The situation should be familiar from the simpler case of a problem 
where it is known that the solution depends on the field invariants only. In 
that case it is sufficient to solve the problem for the special case of parallel EF 
and B fields, i.e. to go to a Lorentz frame in which E]| + B, and reconstruct 
the invariants later on according to F = (1/2)(B?— E”) and G = —EB. This 
procedure leads to the correct results, since there is a one-to-one correspon- 
dence between the two sets of linear independent variables E, B — F,G. 

Returning to the present problem, we have to establish such a one-to-one 
correspondence between the dynamical variables contained in (2.59) and a 
complete set of linearly independent Lorentz and gauge invariants, as well 
as a one-to-one correspondence between the tensor structure of (2.59) and a 
complete tensor basis for the polarization tensor in arbitrary fields. 

Let us begin with the scalar quantities. In the present problem, the basic 
building blocks for the construction of gauge- and Lorentz-invariant scalars 
or pseudoscalars are given by the field strength tensors F“” and *F#” and 
the wave vector k“. The number of linearly independent invariants is four, 
as can be proved by a simple group-theoretical argument (cf. Sect. 3.5). Here 
it is convenient to choose the secular invariants a,b as defined in Appendix 
B for the purely field-dependent invariants, since they reduce to a — B and 
b — —E in the case of antiparallel electric and magnetic fields. Note that 
we shall assume F < 0 in the following without loss of generality to obtain 
a simple invariant structure (cf. Appendix B). A convenient choice for the 
remaining invariants is given by 


a= (byl) (kal x), (2.63) 
vee 


In fact, there are exactly four dynamical variables which I7#” in (2.59) de- 
pends on: E, B, ki and k?. The map from these variables onto the set of 
invariants is simply given by 
a=bB, b =—-E, 
ty = —E7 ki +B? ki, P= ki +k, (2.64) 
which is valid in a system where B||—E. The inverse map is obtained by a 
simple calculation; the nontrivial relations are 
12 — ark? — zy 2 b?k? + zy 
Il gz 4 52” 1 G24 52 
Hence, the one-to-one correspondence between the scalar quantities is estab- 
lished. 
Let us turn to the tensor structure of 1J#”. There are exactly four lin- 
early independent vectors which we can construct from k“ and F'”; we shall 
employ the choice 


ke, Fee= Peep, Pea PHP gk’, *FkRY = *F HOR. (2.66) 


(2.65) 
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(Note that vectors containing higher powers of the field strength tensors can 
be decomposed with the aid of the fundamental algebraic relations (B.3), 
(B.4).) Since 7"” is a symmetric second-rank tensor by construction, it can 
only possess ten independent components; indeed, we can only construct ten 
independent symmetric Lorentz second-rank tensors from the four vectors 
given above. 

Next, we take advantage of Furry’s theorem, which in this case tells us 
that the polarization tensor can only contain an even number of powers of 
F¥*” in each term. This is because, at each external line, a field strength tensor 
is attached to the loop, and there is only an even number of external lines. 
Since the invariants, as chosen above for example, only involve even numbers 
of F¥” (note that a and 6 are defined via F"” F,,, and F"”*F,,,), the possible 
Lorentz tensors must also contain only even numbers of F'“”. This leads to 
the precept that we are only allowed to combine the four vectors in (2.66) 
in such a way that the tensor product contains even powers of F“”. So, the 
number of possible tensors reduces to six. 

Finally, we employ the Ward identity as a consequence of gauge symmetry, 
which demands that [J"”k, = 0. This reduces the number of basic tensors 
to four. In other words, there are only four linearly independent tensors that 
generate the tensor structure of 7” (k|A). In fact, the polarization tensor for 
the special case (2.59) is constructed from four linearly independent tensor 
quantities which respect all of these symmetries: 

gtk? — RRY, gt! kt — RRA, GAY RL RRL, RIL RY + Bil (2.67) 
Our final task is to establish a one-to-one correspondence between these ten- 
sors and an appropriate set of Lorentz-invariant tensors constructed from the 
vectors (2.66) in the special Lorentz frame where B|| — E. 
As a first step, it is useful to note the following identities: 
a A — Ry A = Ay Af 
ght’ k3 — kM RY = kh RY, (2.68) 


which can be verified by a straightforward calculation employing the defi- 
nitions (2.57) and (2.58). Next, we represent the Lorentz-invariant vectors 
(2.66) by ki , and ki in the special Lorentz frame. By simple matrix mul- 
tiplication, we find 

Fk = Ek + Bi =—bki + okt, 


ERM = Bhi — Eki = aki + bk, 
F°kH = E* ki! — B? kit = b ki! — a? kt, 


ke = kit + kit. (2.69) 


These equations can easily be inverted: 
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1 * L 1 2 2 
iff = <p (a*FRY — bFRM), Rf! = 5 (F'et + aH), 
; 1 1 
Re = pp (PR +a FeY), RE = ag (PRY + RY), 2.70) 


which are valid in the special system. However, the right-hand sides of (2.70) 
are written in a Lorentz-invariant form and can therefore be transformed into 
any Lorentz system. For instance, let us define the Lorentz transformations 
ag 
of ki, as 
=> y= : (a *FKY — b Fk) 
ll a2 + b2 : 
~ 1 
i ult = 5 (FR + a Fh"), (2.71) 


a? + b? 


pb 
ki 


where the subscripts || and are intended to remind us of the meaning of vj 
and v, in the special Lorentz system (the longitudinal and transverse parts 
of k). As a cross-check, we can prove the following identities in a general 
system; they are, of course, also valid for a in the special system: 


a? + b? 
b2k? + Zk > 
vt = Ol Vig = Pore eS ” ke = an (2.72) 
viv, =0 (= hte.y). 


Inserting the Lorentzian generalizations of ki ,, and ki given in (2.70) into 
the tensor quantities of the special system (2.67), we find a Lorentz-invariant 
tensor basis for the polarization tensor in an arbitrary constant electromag- 
netic field: 


lu Hw 
oy — Ay Ry > vy vy 
gf’ k2 — KRY ult ve, 
> Hey 4 kik > vt uf 4 uy vi, (2.73) 


gt’ k? — kERY i? (PBY + PY + PLY), 


where the projectors Pj! I. _ are defined by 


1 : 
i = i a Cas 2 (P+ i”) ; 
k? | 2Fz4/k2-+ G?— (2x/K?) k k 
uly yt A 
pry = ll pry _ Lt =, 2.74 
fl we 1" (2.74) 
and satisfy the usual projector identities Poy = Poy, Poy. = 1. 


Moreover, the projectors are orthogonal to each other: P!”P;,* = 0 for 
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i # j and i,j = 0,||,L. We may furthermore introduce the short form 
De = uy vi + vi Uy , which is neither a projector nor orthogonal to the 
Pi *’s but is orthogonal to Pj”. 
We are finally in a position to transform the polarization tensor for the 
parallel field configuration into its generalized form for arbitrary constant 
electromagnetic fields : 


IT*”(k|A) = Ip Pi” + I Byrd PI’ +eQ"’, (2.75) 
where //o,,; and © are functions of the invariants and are given by 
IIo k?.No 
2 NT gi 
Ty \_ a fds jess e-isdo__easebs ebs ou = il Eat 
IT, sineassinhebs ) Novi — Novj 
O —N3 


(2.76) 


Substituting the invariants into (2.60) and (2.61), the functions N; and ¢o 
yield 


2 
2 Uj coshebs—coshvebs v7 cosveas — cos eas 
o=r7- Lear 
2 ebs sinh ebs 2 eas sin eas 
No = cosh vebs cos veas — sinh vebs sin veas cot eas cothebs, 


~ cosh ebs — cosh vebs 
N, = 2cos eas ——___,—____ 


sinh? ebs 
~ cos Veas — COs Eas 
N2 = 2 cosh ebs ——_,—— (2.77) 
sin“ eas 
1—coseas cosveas coshvebs coshebs— 1 . : 
N3 = = J_ is $ Sin vers sinh vebs. 
sin eas sinh ebs 


The scalars UT, |, are given by certain combinations of the invariants and can 
be found in (2.71). The contact term given in (2.62) contributes equally to 
the IT;,’s, 


c.t. = —e7 "9201 — p?), (2.78) 


but does not modify the function O, which is already finite. 

Although (2.75) is the most convenient representation, a physical meaning 
can only be ascribed to the particular terms in a diagonalized version. While 
Pi” indeed projects onto an eigenspace of II“” with eigenvalue Ip, this 
is generally not the case for the projectors Pr ‘|, owing to the mixed term 
0 QY’. However, the function O vanishes in those cases where either a or b 
vanishes, i.e. E- B = 0, since N3(a = 0 or b = 0) = 0. Then, the vectors 
Uy , indeed represent eigenvectors of IJ” with eigenspace projectors Pi ff 
and eigenvalues J/),,; in other cases, the eigenvectors are formed by linear 
combinations of Uy and vu‘. These can be found by a direct computation, 
which we shall encounter in the next subsections. 
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The fourth eigenvalue of IJ#” is, of course, zero, since the remaining 
eigenspace projector Py'” = gt” — Pi” PY Pi’ = k+k’/k? satisfies 
the Ward identity IZ,,,(k) P/* = 0. 

In view of the technical problems associated with a general, direct com- 
putation of I7"” for arbitrary constant field configurations, the simple ten- 
sor formalism developed so far reduces the calculational efforts considerably. 
Moreover, the use of the one-to-one correspondences between the invariants 
and the basic tensors established here is not limited to the one-loop level, 
but remains applicable to all orders in perturbation theory. 


2.2.2 Applications 


This representation of the polarization tensor in an arbitrary constant elec- 
tromagnetic field can be reduced to various well-known representations for 
the limiting cases of certain field configurations. As a demonstration of the 
physical information contained in I7"”, we shall apply our findings to the 
question of how the propagation of light is modified in an electromagnetic 
background. Here, we mainly focus on low-frequency photons in order to 
make contact with the effective-action approach in chapter 3. Nevertheless, 
the polarization tensor contains information about light propagation at any 
frequency scale. 

Having integrated out the fermions (electrons and positrons), the effects 
of vacuum polarization can be included in the effective action for the electro- 
magnetic field by writing 


1 
Wor = f dteLog = — f ate P(0)Fus(2) 
4 A+a 


1 
—5 f atcata’ age a, @ |Ajage j. (2.79) 


In view of the physical situation under consideration, we have separated the 
electromagnetic field into a constant background part A, and a plane wave 
field f"” with potential a,,(k) and wave vector k". Deriving the equation of 
motion for the plane wave field in momentum space leads us to the light cone 
condition for the propagating wave: 


[A2gh” — kekY + ITY(k|A)] ay (h) = 0. (2.80) 


Employing our knowledge about the tensor structure of I7*”, the light cone 
condition simplifies if the polarization of the plane wave lies entirely in an 
eigenspace of IJ”. For example, if a“(k) = P§'”a,(k), ie. a(k) is propor- 
tional to F?k“ + (z,/k?)k“, then we obtain the light cone condition for a 
“longitudinal” photon, 


k* + Ip = 0, for 0° (kh) = Pi au (ke). (2.81) 
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Since [Ip ~ k? (cf. (2.76)), (2.81) can always be solved trivially by k? = 0. 
From this, we may infer that there are no longitudinal photons. The interest- 
ing question is whether there are further, nontrivial solutions to (2.81) which 
hint at the existence of longitudinal photons and a new mode of propagation. 
Different points of view on this subject can be found in [47], [152] and [161]. 

The existence of non-trivial solutions to the light cone condition should 
be expected if the polarization of the plane wave lies in the plane spanned 
by Uy , since these polarizations are continuously related to the transverse 
ones in the trivial vacuum. The light cone condition then reads 


| (? + Ty) PY + (B+ 11) PLY + 0 Q*”] a.(k) = 0, 


for aM(k) = (Pi + Pi’ )av(k), (2.82) 


which we shall refer to as the light cone condition for transverse photons. Of 
course, the physical polarization modes still have to be identified by diago- 
nalization of (2.82). 

For the following applications, it is useful to be aware of some identities 
that relate the Lorentz-covariant objects to their Galilean counterparts in 
a certain reference frame; these identities can be checked by simple matrix 
algebra (cf. Appendix A): 


A 


k¥ = (w,k) =k(v,k), 
Feu =k(k- E,k x B+vE), 
"Fk =k(k- B, -—k x E+vB), (2.83) 
F*ke =k[E- (kx B)+vE’,(k- B)B+(k- E)E- B’k+vEx Bi, 
ze = k?[B* sin? Op + E* sin? Om — (1 — v*)E? + 2uE - (k x B)]. 
In the first line, we have introduced the phase velocity of the plane wave, 
defined by v = w/|k|; we have furthermore employed the short form k = |k| 
(the Lorentz scalar k? should not be confused with the O(3) scalar k? = |k|?). 
In the last line, we have defined the angles @g and @¢ between the magnetic 
and electric fields and the wave vector k via B? sin? 6g = B? —(B-k)? and 
similarly for #g. In terms of the phase velocity, a light cone condition of the 
form k? + IT = 0 can be written as 


IT 


w=lt+s (2.84) 


where JT generally still depends on v?. 


Magnetic Field 


The problem of evaluating the polarization tensor becomes considerably sim- 
plified if at least one of the invariants vanishes. This is the case, for example, 
if a reference frame exists in which the electric field vanishes. We are left with 
a purely magnetic field, and the invariant structure can then be written as 
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b=0, a=B, w%=k?B*sin? 6g, k? =k?(1—v”). (2.85) 


It is therefore useful to rewrite the problem in terms of B,k,v instead of 
a, 2p,k?; for convenience we shall omit the subscript B on the angle Oz. 
Furthermore the functions N; and ¢o reduce to 


No = cosveBs — vsinveBs cot eBs, 
~ cosveBs — coseBs 


N, =(1- v”) coseBs, N2 = 2——_,—_———_, (2.86) 
sin* eBs 
1—v? — sin? @ cosveBs — coseBs 
450 4D s2n 4 12 sin ¥ COSVEDS — COBEDS 
i { (sn =e ) 4 - 2 eBssineBs \ 


Since N3 and, consequently, O vanish, IZ), become eigenvalues of the polar- 
ization tensor, and the transverse light cone condition (2.82) decouples. For 
the different modes, we obtain 


k? + II) =0, || mode: a#¥~ uf, 

k? + 1, =0, i mode: a4 wvi. (2.87) 
The eigenvectors for purely magnetic fields read: 

uy = k[(& . B), vB}, 

vt =k(0,k x B). (2.88) 


Referring to (2.87), the vectors Oh determine the polarization directions 
of the plane wave which diagonalize [[#”. The direction of the electric 
field vector of the propagating plane wave é is related to these vectors via 
e, = f% = ka’ —k'a® ~w Ui - up. Hence, the mode is polarized per- 


pendicular to the plane spanned by the magnetic field B and the propagation 
direction k, while the || mode is polarized parallel to this plane: 


ey ~ vB = (k . B) k, 
e, ~kx B. (2.89) 


Note that the || mode is only “almost” transverse, owing to the factor of v?. 

Now we arrive at a subtle point with a long tradition in the literature: since 
we are dealing with a one-loop calculation, we expect the shift of the phase 
velocity to be small compared with the vacuum velocity. This assumption 
should at least hold for moderate magnetic fields 0 < B < O(Ba = m?/e) 
and moderate frequencies 0 < w < O(m). In this case, we may set v = 1 
and k = w in the polarization tensor, because a small deviation would lead 
to only a next-to-leading order correction to the velocity shift. Note that this 
assumption must be confirmed by consistent results. The first consequence is 
that the longitudinal light cone condition is already satisfied, since v = 1 << 
k? = 0; in this regime, there is no longitudinal photon. The contact terms 
also vanish. The function ¢9 reduces to 
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— 2; 
4 2 eBssineBs ay) 


fo =m? usin? (A Seared 


The scalars Uf, |, simply become uF | = w*sin? @. The relevant components 
of the polarization tensor can then be written as 


[oe] 1 
9.2,a [ds fdr _,, 
Ty =w' sin pm [Sf Se Po Ny,1; (2.91) 
0 
where 
B ‘B i B 
N\ = —— — eBscoteBs (: —v+ ane) (2.92) 
eBscosveBs  veBs sinveBs coteBs 
Ny SF —] 


sineBs sineBs 
ae 2eBs(cosveBs — coseBs) 
sin? eBs 
Here, we have arrived at the representation of the polarization tensor found 
by Tsai and Erber [160], who employed this expression to obtain refractive 
indices for a magnetic background over a wide range of frequency and field 
strength. We shall confine ourselves to the case of low-frequency photons, 
w <m, which allows us to approximate the function ¢9 in the exponent by 
Ij — m?. Bearing in mind that we assume a small velocity shift, we may 
write for the phase velocity 


a - 2 
v=1— 7 sin OI ,15 (2.93) 
where 7), are functions only of the field strength: 
fds fd 
Ss V 2 
= — |) ee Ne a 2.94 
|, L = -[=]5 |, (2.94) 
0 1 


The necessary integrations can be performed analytically; details may be 
looked up in Appendix D (see (D.28) and (D.29)). We find 


m(B) = 86! (1, $2) —452¢' (0, 32) — Su (14+ 52) 
in Pen (Be) 4 a 7 
2B 2B 2B 3B 3 

Ba» (. Ber Ba\* Ba 

ni(B) = 455 ¢ (0, =e) +4 (52) v(i+ =) 


Be. Ba Be (a 
29 in - 252 —4( ) +5 (2.95) 
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Our representation employs the first derivative of the Hurwitz zeta function 
¢’(s,q). With the aid of the identities of Appendix D (see (D.40)), its equiv- 
alence to the representation of [160], which involves a generalized gamma 
function, can be proved. 

In the limit of weak fields, B << Bo, we recover the well-known result for 
the velocity shift: 


2: 
vy wl a8 sin? 0 + O (2.96) 


(a) 


The limit of strong fields can be studied by expanding (2.95) in terms of 
Ba/B<«1. We obtain 


2B 1 2 Bea, Ber 
1 sino |? +(F+2-sn) +0( In Ms 


An 3 Be 3 3 2B 2B 
saci tty ea (Bay Bes 
vp~l 7, 52 o|F+0(F In a) (2.97) 


where y denotes Euler’s constant and Ly = 0.248754477.... Note that the 
phase velocity for the mode remains close to one, even for strong magnetic 
fields. The maximum velocity shift amounts to dU, max = —a/(67) ~ —3.8 x 
10-4. This justifies the assumption regarding the smallness of the velocity 
shift at the beginning of the calculation for the L mode. 

In contrast, the velocity shift for the || mode increases linearly with B 
for strong fields and seems to be unbounded. This, of course, contradicts the 
assumption that the velocity shift should be small; hence, (2.97) for the || 
mode is only valid as long as —dv, < 1. This restricts the magnetic field 
strength so as to obey B/Ba < t/a ~ 430. 

To obtain the correct strong-field behavior in the limit B — oo, one must 
evaluate the integrals without a restriction to small velocity shifts. In Sect. 3, 
we shall obtain the correct strong-field behaviour within the effective-action 
approach. In this approach, it is not necessary to perform tedious integrations. 

Let us finally remark that these phase velocities for the low-frequency 
limit do not explicitly depend on the frequency; hence the group velocity 
coincides with the phase velocity in this limit. It will turn out that this is a 
general feature of the low-frequency (= soft-photon) limit. 


Absorption in a Magnetic Field 


As an example of a high-frequency process, we investigate the absorption 
rate for a propagating photon in a magnetic field due to ete~ pair produc- 
tion, following the work of Tsai and Erber [159]. By reference to the optical 
theorem, the absorption coefficients for the different polarization modes are 
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related to the imaginary part of the polarization tensor in a magnetic field 
(2.91) by 


1 
Ky (w) = ~~ Im Ij,1. (2.98) 


Of course, it is hardly possible to evaluate the imaginary parts of IZ, ex- 
actly; therefore, we shall confine ourselves to the energy regimes relevant to 
the present situation. 

In particular, the exponential factor e~i#°* has to be treated with great 
care. Substituting for the s integration by means of eBs = z, the exponent 
reads 


2 2 2 
dos = = E - 2 sin? eee ee = )| (2.99) 
First, note that the term in the round brackets has the following expansion 
for small z: 
lcosvz—cosz 1l-—v? 1 
yes Se) } 


We are allowed to insert (2.100) into (2.99) if the principal contribution to 
the z integral stems from the lower bound, where z < 1. Regarding (2.99), 
this is the case if m?/eB > 1 and w/msin@ > 1, i.e. for weak fields and high 
frequencies.* For photon absorption, the latter condition exactly matches our 
requirements, since pair production can only occur beyond the two-particle 
threshold, w >> 2m. 

Therefore, we approximate the exponential factor by 


@ 10 ag (2.101) 


(1 —y*)? 27 + O(2"). (2.100) 


2 zsin Zz 4 


where = is defined as 


2 2 {a7 
= = (< + — sin? gee *) 
m 


~ eB 48 
3 1; 
== += ’ 2.102 
me (u 34 ) ( ) 
In the last step, we have performed the substitution 
l-vw ., 8m2m 1 1 


For our further purposes, it is useful to introduce another parameter: 
3 eB 4 1 
pe ec sin@, and hence € = ———. 
A1l-v? 


2m? m 
4 Throughout these considerations, it is understood that the z integral contour 
lies slightly below the positive real axis. 


(2.104) 
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Note that the requirements m?/eB > 1 and (w/m)sin@ > 1 do not restrict 
A to a particular interval; \ can become large for sufficiently high frequencies 
or small for weak magnetic fields. 

Since only small values of z are relevant for the integral, it suffices to 
approximate the functions N) , by the first terms of their Taylor expansions: 


1 1 
Ni, = 30 - yw) | 1— =v") 2’, 
2 3 
1 1 1 
mtn (Lede) 2 ep 


Finally, the absorption coefficients can be written as 


1 
d is 
Ky 4 (w) = - Sw sintotm f% fave Ny 


1 BA 
ey ea (2.106) 
2 m 


<fvo-vf0- “) ’ (5+ =) | Kya (S ao 1) 


where the representation of the modified Bessel function (Airy integral) 


Sq Kayalé )= Jwy sin Ee (u + 32°) (2.107) 


has been employed. Equation (2.106) demonstrates that the absorption coeffi- 
cients are proportional to the Larmor frequency wy, = eB/m. Apart from the 
angle dependence sin @, the remaining formula is a pure number depending 
on the parameter \ as defined in (2.104). 

In the various limits of 4, one can make use of the usual asymptotic 
expansions of the Bessel function. For example, in the region where A > 1, 
i.e. sufficiently high frequency, we find, following [159], 


eB 1/3 2/8 V3 
TT 


1 
Ky. (w) & asin 9— 
2 m 


I'(3/2) 


x pone (: 7 5) 7 € ° =), 
eB y_1/s 21/34/3 F?(2/3) 
7/m (7/6) 


[(3)),2).] 


I 
I 
=) 
ee 
5 
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1 B 
~ 5asind—)-"8 [(1.04),), (0.69), ]. (2.108) 


For small values of \ < 1, i.e. sufficiently weak magnetic fields, we obtain 


See 3 
Ky 1 (w) ~ asin em ram 
1 
2 2 
x f dv (1-v?)-Ve WO (i- “) (3+ “) 
BJ) \2 6), 


Oo 


i gi 24 
on ee oo eee ee a —4u/d 
«| m1 (2+) (2 Ha) |: ‘ 
1 
La fee ua f3 1 1 
ee oe PGE ge y ill.. 21 
50 sin O—— ce S lita 3 a (2.109) 


These findings coincide with the expressions found in [158, 117, 74, 14, 116, 
135, 166]. 

Note that (2.108) and (2.109) describe the asymptotic absorptive behavior 
of the magnetic field. Both absorption coefficients tend to zero for \ — 0 or 
A — oo. In between, a maximum exists at \ ~ 16 for «/wy and at \ ~ 19 
for k,/wy. These features are exhibited in more detail in Fig. 2.1. 
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Fig. 2.1. Absorption coefficients «\, in units of the Larmor frequency wy, = eB/m 
versus the parameter A as defined in (2.104); the propagation direction is assumed 
to be orthogonal to the magnetic field, i.e. 0 = 7/2, sin? = 1 
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Crossed Fields 


A particularly interesting field configuration is provided by so-called “crossed” 
fields, where FE and B are not only orthogonal but also of equal modu- 
lus: ELB and E? = B?. This causes the vanishing of the two invariants 
F = (1/2)(B? — E?) = (1/2)(a? — b?) and G = —E- B = ab. The field 
dependence is therefore completely carried by the invariant z, = (k,F"”)?. 

The structure of the polarization tensor in such a background was orig- 
inally studied by Narozhnyi [126] and Ritus [139]. In the present work, the 
crossed-field configuration serves as an instructive example of the question of 
how to take the correct limits for the invariants; it also represents a touch- 
stone for our formalism, since we derived our representation for IJ’” from a 
completely different field configuration, which cannot be trivially related to 
the crossed-field situation by a smooth limiting process. 

Indeed, taking the limit a,b — 0 requires special care. Problems arise 
from the fact that the choice a = b = 0 does not uniquely determine a class 
of Lorentz-equivalent field configurations; e.g. F¥” = 0 implies a,b = 0, but 
a,b = 0 obviously does not force F” to vanish. Thus, we must ensure that 
our limiting procedure of taking a,b — 0 does not automatically lead us to 
the trivial vacuum F” = 0. The latter would be the case if, for example, we 
first set b to zero and then took the limit a — 0. Since 6 = O corresponds 
to the existence of a reference frame in which the field is purely magnetic, 
a = B, taking the limit a — 0 would then definitely lead us to the trivial 
vacuum. The same undesired result would be achieved by interchanging the 
roles of a and b. 

The correct procedure is to set a = b first, and then take the limit (a = 
b) — 0. In terms of field strengths, we first choose |E| = |B] and afterwards 
rotate the direction of either EF or B into the perpendicular position ELB. 
By construction, taking the limit (a = b) — 0 does not affect the electric 
or magnetic field strength but changes their orientation in a given reference 
frame. 

To obtain the polarization tensor in the limit of vanishing a and 8, it is 
sufficient to consider the functions 9 and N; in (2.77) for small values of a 
and b: 


¢o = m? 4 7 y?) k? 4 es) (1—v*)? zz, 
No = (i- 2) a (es) y*(1—v") (a? — 6), 


2 
N, =(1—v?) + tes) (b= 27)(~38? +075? = 607), 


2 
Np = (1—v?) - ies) (1 — v?)(—3a? + v2a? — 687), 
Mo (1 —v?)? ab. (2.110) 
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Employing (2.72), we find the following identity in the limit (a = b) — 0: 
KT 232 2 2 2 (es)? 2 2 
Novi — Novy = k*(l-v enya )(9 — v*) ze 


= Novi — Muy, for (a=b) > 0. (2.111) 


Referring to (2.76), we are able to conclude that the contributions to the 
polarization tensor IZ and IT, are equal for crossed fields. Nevertheless, 
the polarization tensor is not degenerate, since the term OQ” does not 
vanish for crossed fields.° Therefore, the projectors Pi ‘| are not related to 
the eigenspaces of IJ”. In order to diagonalize the polarization tensor, it is 
useful to note the following relation, which is valid for crossed fields (JZ) = 
IT, = ITy,1): 


FRKFK | *FK*FK ) ‘as 


Zk 


where we have made use of the explicit form of the projectors Pi "as de- 


fined in (2.71), (2.72) and (2.74). The contribution OQ"” can similarly be 
represented; we find for the combination —N3Q#” in (2.76) 


FRFK a 


+ 
Zk Zk 


2 
— N3QHY = ey —v")? zp (- (2.113) 
In fact, the tensors FRY Fk’ /z, and *FkM*FK’/z, are orthonormal projec- 
tors in the case of crossed fields and they are orthogonal to the eigenspace 
projector Pj”. Hence, we arrive at the diagonalized form of the one-loop 
polarization tensor in crossed fields : 


EKER RY FR FRY 
——— + 


TT#” = Ty PHY + TT, HH : (2.114) 
Zk Zk 
where 
IIo fore) 1 
Ti; =~ ds e( = Veo s 
S 
Ip 4 -1 
k? 
xy lenitie 2 R24 (es) 9, shy omg —v?)x, $—k? | , 
es 7 es 2 
k? = zy — (1 —v?)z, 


1 2 
¢1 = sav?) 4 Sa a, (2.115) 
For the derivation of (2.115), we have employed (2.111)—(2.113), which we 
have inserted into (2.76), taking the limit (a = b) > 0. 
° At first sight, the situation appears to be paradoxical: OQ"“” — 0 for either 


a — 0 or b— 0, but OQ” remains finite for (a = b) — 0. This demonstrates 
how important the correct treatment of the limiting process is. 
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The dynamical content of the polarization tensor (2.114) is completely 
determined by the two dynamical variables k? and z,, while the orientation 
of the eigenspaces can be read off from (2.83) in the limit |E| = |B| and 
E-B=0. 

A different representation of JJ“” for the case of crossed fields, in terms 
of integrals over Airy functions, can be found in [139]; the corresponding for- 
mulas for the functions JZ; are particularly useful for studying the analytical 
properties of IT” in the complex k? plane. 

Finally, we apply these findings to the question of light propagation in a 
crossed-fields background; for convenience, we confine ourselves to the soft- 
photon limit w < m and consider weak fields only. Regarding z, in (2.83), 
the weak-field condition can be summarized as the requirement for z;/ k? to 
be smaller than m*: z,/k? < m*. Again, we have to impose the additional 
assumption that the velocity shift remains small in order to set k? = 0 in the 
polarization tensor. This implies that we can neglect the function ¢) in the 
exponent of (2.115): e~'8%: — 1. As an initial consequence, we observe that 
IIo vanishes in this limit; this is not astonishing, since new longitudinal modes 
of photon propagation are not expected in the classical limit of weak fields. 
The remaining integrals in IJ; 2 can be carried out elementarily, leading to 
the following simple result to first order in zz: 


| _ 14/45 | a? 
Upon insertion of this into the light cone condition (2.84), we find for the 
phase and group velocities of the respective polarization modes 


= 14a? zp, 
ae 45 m4 k2’ 
8 a? Zk 
=l|1-———. 2.11 
" 45m? 2 Ce 


Equations (2.117) are identical to the findings of Narozhnyi [126], who also 
studied the strong-field case. 

From the form of the eigenvectors Fk" and *Fk" as given in (2.83), we can 
conclude, similarly to (2.89), that the polarization directions of the electric 
field in the two modes are (v? ~ 1) 


e,~ -kx E+B-(B-b)B, 

eg~kx B+E-(E-k)E. (2.118) 
It is also useful to consider z;/k in a given reference frame; for this, we also 
retain the assumption v ~ 1, and conclude from the last line of (2.83) that 

Zk 


ao B? sin? 0p + E’ sin? 0g + 2k - (B x E) 


= B’ sin? 0g + E’ sin? 0g —2k-S (2.119) 
= (14+ (k-A))’. (2.120) 
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Equation (2.119) expresses z;,/k? in terms of the transverse electric and mag- 
netic fields and the Poynting vector S = E x B. Equation (2.120) explicitly 
exploits the properties of the crossed-fields configuration: we have defined 
a variable € for the modulus of the field strengths € = EF = B and intro- 
duced the vector # normal to the plane spanned by B and E: i = B x E. 
From this representation, we can read off that a propagation direction in the 
crossed-fields case exists which renders no modifications: if k +f = —1, then 
Zp = 0 = 6v1,2. In other words, the propagation of light is not affected by 
weak crossed background fields if (k, E, B) form the basis of an orthonor- 
malized coordinate system. 


Arbitrary Constant Weak Fields 


For weak fields, we recognized in the previous sections that the assumption 
v = lor k? ~ 0 is consistent with the results for the velocity shifts in the low- 
frequency limit. To the same order of accuracy, we are now interested in the 
form of the polarization tensor for an arbitrary constant field configuration in 
the weak-field limit. As usual, the contribution proportional to [Ip Pi)” can 
be neglected. The physically more interesting part of J7"”, which exists in 
the || subspace spanned by Uy. > can be written as a matrix: 


II (2) vey 


(e) UPeL IT, 


HY = (2.121) 
Here we have employed the fact that pe = 22/(a* +b?) + O(k?) > 0, and 
UML is the normalization of the tensor Q“”. Diagonalization of this matrix 


is straightforward; we obtain the eigenvalues 


1 / 2 
A122 = 3 (1 +i, + (11 — IT.) +46 | : (2.122) 


With the aid of the weak-field approximations (2.110) to the functions N; 
and setting ¢9 = m? to our order of approximation, the functions IZ ij. and 
O can easily be evaluated: 


2 14 
h= 2 (Ber ee), 


m* a2 + b? \ 45 45 
a zp 14 8 
ty =-3— | — +0? 2.12 
- m* a2 + b2 (= - 45° ) : ( 3) 
a? 6 


Inserting these equations into (2.122), we find, surprisingly, that the eigen- 
values do not depend on the invariants a and b any more: 
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a2 (1, 3 
= 9a, | |. 2.124 
ae ma “* € zm) aa 


Hence, we obtain exactly the same eigenvalues for the ||, subspace of the 
polarization tensor as in the crossed-fields case in the weak-field limit: [7,2 = 
A1,2. Obviously, this leads to the same velocity shifts as obtained in (2.117): 


11 3\ a x 
=1-(|—i—)— =. 2.125 
oe (3 z) me ie a 


The eigenvectors u{’, of the matrix (2.121) are constructed from certain linear 
combinations of “ and vu}: 


af oa 
maT +mt 2 (2.126) 
The coefficients can immediately be calculated: 
ml! = —— my = — 
Vere io (eee 
i b a a 
n= —-——— ny = ——. 2.127 
2 Tae 2 = T2Le ee 
Inserting (2.127) into (2.126), the eigenvectors ui’, reduce to 
*EkH ERY 
ul = : in = : (2.128) 
JZk J 2k 
so the directions of the polarization modes are given by 
e,~ —kx E+ B-(B-k)B, 
egv~kx B+E-(E-)E. (2.129) 


This is the same result as the one that we found for the crossed-fields case. 
In the weak-field limit, the polarization tensor near the light cone does not 
depend on the complete set of invariants k?, a,b, z,, but loses its dependence 
on the pure field invariants a and b. Furthermore, the remaining influence of 
the field via 


z, = k?[B? sin? 0p + E? sin? 0g + 2k- (Bx E)| (2.130) 
is strongly dependent on the orientation of k, EF and B. 
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The calculation of the electromagnetic current induced by an external constant 
magnetic field is comprehensively performed in all technical details. For this, we 
solve explicitly the proper-time equations of motion, mapping Lorentz matrix com- 
putations onto simple Pauli spin algebra. The outcome agrees with Adler’s result, 
and coincides with the findings obtained via the polarization tensor in the previous 
section. 


2.3 Induced Electromagnetic Current 33 


As an example of a proper-time calculation, we investigate here the electro- 
magnetic current induced by an external c-number field. For this, we employ 
the Hamiltonian formalism for a quantum mechanical one-particle problem 
as outlined in Sect. 2.1. In particular, we review the approach of Adler [4], 
whose calculation of the effects of photon splitting and vacuum birefringence 
is based on this technique. Adler’s work, in turn, was inspired by the ideas 
and calculations of Minguzzi [124]. A generalization of the results for vacuum 
birefringence was later worked out by Daugherty and Lerche [51]. 

As our physical starting point, consider the effective field equation of a 
wave field a, propagating in an external (constant magnetic) field: 


"au = —Gu)- 
The appearance of the expectation value of the current on the right-hand side 
accounts for the fact that an external field modulated by a propagating wave 
field generally induces vacuum polarization, which can be diagrammatically 
understood in terms of virtual loop processes. Hence, the expectation value 
of the current depends, in general, nonlinearly on the external field as well 
as on the wave field. In a classical sense, the linear part with respect to the 
wave field can then be reinterpreted as an effective contribution to the index 
of refraction for the propagation of light. 

To be precise, if there is a contribution to the current which is linear in 


Ops 

(iu) ~ —f(w, B) ay, f(w,B) arbitrary, 
then the field equation is solved by a plane wave field 
iw(—t+nh-x) 


On ~v ee ; 


where the refractive index is given by 
_ fe, B) 
Bearing this concept in mind, we begin with the expression for the current 
given in (2.4): 
(0| j4(x) |0)4 = ie tr[y" G(a, 2|A)]. (2.131) 


Representing the Green’s function as an operator in configuration space, 
G(x, 2|A) = (a|(yIT + m)~1|x), and treating the inverse operator expression 
symmetrically leads us to 


(Olp*(a)l0)4= —< tr yi (al(yD) VT) \x)| , 


(2.132) 


m— Cle * mP— GAP 


where we have omitted two mass terms which contain odd numbers of y 
matrices. With the aid of the proper-time integral representation (2.7) of the 
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inverse squared Dirac operator, we may write the current in the following 
way: 


(0|9"(2)J0)4 = 5 fas em” te fy" (LL, U(s)|2) +7"4" (a0 (8). la), 
0 


(2.133) 


where the proper-time evolution operator U(s) was defined in (2.12). 
Introducing the proper-time definitions 
|z) = |x(0)), (x(s)| = (2(0)| U(s), 
z= 2(0), I =II(0), (2.134) 
x(s)=U-(s)2(0)U(s), — H(s) =U~*(s) (0) U(s), 
and employing the identity y“y” = —g#” —io” (cf. Appendix A), we obtain 


our final representation of the current for arbitrary external electromagnetic 
fields: 


(9H(0))= —§ fase" te [(0(s)|1(s)-+12*(0) (0) 
0 
tio” (x(s)|II,(s)—IZ,(0)|x(0))]. (2.135) 


To evaluate this expression further, one has to diagonalize the operators 
IT(s) + IT(0) in configuration space to obtain c-number expressions, i.e. one 
has to represent I7(s) + I7(0) as functions of a(s) and x(0). This can be 
achieved by solving the one-particle equations of proper-time motion as given 
in (2.15). 

Obviously, analytical solutions to these equations for arbitrary electro- 
magnetic fields are difficult to obtain. Therefore, we specialize to the situ- 
ation under consideration in which a plane wave field f"” propagates in a 
strong magnetic background field B pointing along the z axis. In particular, 
we make the replacements 


Fv = Pg Fill E=n-a, (2.136) 
where n“ = (1,%) defines the direction of propagation of the plane wave and 
00 00 
oo . 00 BO : 
PP SR gh S| gg |= ee (2.137) 
00 00 


The index “t” (transverse) on the second Pauli spin matrix specifies the 
Lorentz subspace in which p,v = 1,2. The remaining tensor space will 
be labeled by the index “!” (longitudinal). Introducing a potential a, = 
€,,exp(iw€) for the plane wave field, with a polarization amplitude e,, we 
may write 
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fuv = Ondv — Ovdy = iw(Npev — tye le. (2.138) 


An appropriate expression for I7(s) — IT(0) is immediately obtainable by 
integrating the equations of motion (2.15) once. Considering the second line 
of (2.15), we obtain 


EEA) a [Fu + fuvle(s)]HIT” 


+(9){Fv + Suvo))} + 50(8) a0 OPEC) 


= 2e IT” (s) Fy, + ®,(s), (2.139) 
where 
Vv Vv 1 AV 
5,(s) =e (a (5) furlE(8)] + fr lE(9)] 1P"(8) + Sorel s)uf e(o)) 
(2.140) 


Substituting the equation of motion (2.15) for x,,(s) into (2.139), we can 
perform a proper-time integration to find 


Ss 


II,,(s) — 1,,(0) = i ot) dt ol pu (<2 Fu + #,(0)) 
0 0 


= C()”[x,(s) — 2,(0)] + [ot dt, (2.141) 
0 


where we have introduced the short form co Pei 

Some more effort is needed to find an expression for [T(s) + I7(0). Clearly, 
we have to extract the information from an integration of the proper-time 
equation of motion for the coordinate variable x,,. For this, we need an inte- 
grable expression for the momentum I/,,(s), which can be obtained by solving 
the momentum equation of motion (this time without inserting the coordi- 
nate equation of motion): 

atl) = 2 OO)" T"(s) + G,(s) 


s 


—s jie (2) "1,(0) + f (ee) v8, dt. (2.142) 
0 


In the following, the 4 x 4 matrix calculations can be simplified by employing 
Pauli spin algebra, since it is useful to note that 

oc) (2.137) 
e2cs 


2ieBs or2 


= 1, +1; cos2eBs + iotg sin2eBs, (2.143) 
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where we have made use of the notation 1; = diag(1,0,0,1) and 1, = 
diag(0, 1, 1,0). Owing to the absence of an electric component in the external 
field, the Lorentz tensor structure completely decomposes into purely trans- 
verse and longitudinal tensors which commute, i.e. [P,, Q;] = 0 for arbitrary 
tensors P and Q. 

Substituting (2.143) into (2.142), we find the desired expression for IZ,,(s), 
which can now be inserted into the equation of motion for x,,(s). Upon inte- 
gration, we obtain 


= 211,,(0) pu (1) + 1, cos 2eBt + ioy2 sin 2eBt),,” 


0 
s 


42 f ar(a +1, cos2eBr + iote sin 2eBr) 


0 
r 


x pu (1, + 1, cos 2eBt — ioy2 sin 2eBt) \"@,(t). 
0 
Integrating the r integral in the second term by parts leads us to 


eB[z,(s) — x,(0)] 
= [2eBs 1+ 1, sin 2eBs + iotg (1 — cos 2eBs)| Psi IT,,(0) 


- / dt [2eBs 1, + 1, sin 2eB(s—t) — iox2 cos 2eB(s—t)] ” .(t) 
0 


- [a (2eBs 1) — io)” y(t). (2.144) 
0) 


From this equation, we can determine JJ,,(0) completely in terms of x, and 
@,, by multiplying by the inverse of the matrix 


M = 2eBs1,+ 1; sin2eBs + iot2 (1 — cos 2eBs). (2.145) 


As can be easily checked by direct matrix multiplication, the inverse M~! is 
given by 


1 1+cos2eBs rT 
M7! = a 2.14 
2eBs | QsinteBs * 2° eee 
Multiplication of (2.144) from the left yields 
IT) (0) 


= (M“') “eB[z,(s) — #,(0)] (2.147) 
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f t 1 1+ cos2eBs 
tty =i aoe — — — fi. ae 
+[a |: a ine ( 2sin2eBs )}. (t) 
0) 


Parlay a1, ( (Lt sos2eBs)sin2eB(s—t) _ cos 2eB(s~1) 
2sin 2eBs 5) 


. (1+cos2eBs) cos2eB(s—t) | sin2eB(s—t) 
= NE ON | (Et). 
ina 2sin 2eBs v 2 ee) 


For the moment, let us go back to the integrated momentum equation of 
motion (2.142), use the representation (2.143) and add J/,,(0) on both sides: 


II,,(8) + 1T,(0) 
= [21 + 1; (1 + cos 2eBs) + ioxg sin 2eBs] 2 H,(0) (2.148) 


+ fatfn +1; cos 2eB(s—t) + ioe sin 2eB(s—t)] "P,(t). 


Finally, we can insert the representation of J7,(0) found in (2.147) into the 
right-hand side of (2.148) to obtain 


T1,,(8) + H,y(0) = CW” [x,(s) — «(0 y+ fer (s,t),.” ,(t), (2.149) 


where, after a straightforward calculation, the tensors C(t) and T(s, t) are 
found to be given by 


CO) = [21 + 1, (1 + cos 2eBs) + iot2 sin2eBs] M71 eB, 
Uv 0 0 
0 C(s,t) S(s,t) 0 
0 —S(s,t) C(s,t) 0 
0 0 Ov 


T=v14+C(s,t) li + S(s,t) iotg = : . (2.150) 


The functions in the last line of (2.150) are computed as 


2t sineBus coseBus — coseBs 


erg C(s,t) = , S(s,t) (2.151) 


sineBs sineBs 
Now we are in a position to rewrite the current for this special field configura- 
tion. We insert the expressions for [7(s) + I7(0) found in (2.141) and (2.149) 
into the representation for a general current, (2.135). Noticing that terms pro- 
portional to 2(s)— (0) vanish, since (a(s)|a,(s)—2a_(0)|x(0)) = a,-a2, = 0, 
we find the induced current to be 


(2.152) 
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It should be pointed out that this result is exact for an external field config- 
uration of a constant magnetic background field modulated by a plane wave 
field where both are treated without taking radiative corrections into account. 
Diagrammatically, we are dealing with an electron loop with infinitely many 
external photons of both origins (constant and plane wave fields) attached to 
it. 

However, c-number results can only be gained by performing further ap- 
proximations. The physical circumstances of a weak plane wave field propa- 
gating in a strong background field suggest expanding the current in powers 
of the plane wave amplitude. This can be achieved in a systematic way by 
going over to an interaction picture in which the “free” evolution operator 
contains only the constant magnetic field, and the plane wave field is treated 
as a perturbation. We therefore need the exact solution of the zeroth-order 
approximation, i.e. the case of a magnetic field alone — a problem that was 
originally solved by Schwinger [148]. 

In the following review of this solution, the zeroth-order quantities will 
be marked by a superscript ). In particular, we employ the definitions 


UO (s) = e HHO s, HO) = yp” — tae 
(0) =, T(s) = U(0)~*(s) 1 (0) Us), 
aS a, #(s) = U(0)7*(s) 2 (0) U (s), 

Ea = tae, (2.153) 

[7 , 17] = Te Fy, (Fav =iBore. 

It is evident that the equations of motion in this case simplify to 

den (8) _ 5 7700 
= 211)(s), 
(0) 

IT, 

e 7 oe 2¢ Fy, IT”(s), (2.154) 
8 


since [Fy,v, IL, Oy = 0). Solving these equations is a simple task of integration. 
In particular, the momentum equation yields 


IT{9)(s) = (ef) 1” TT) (0) 
= (11+ 1, cos 2eBs + iot2 sin 2eBs),, ” I!) (0) 


= Ris)” HP"); (2.155) 
where we have defined 
1 0 0 0 
R(s)4”=R(s) = gees 0 cos2eBs sin2eBs 0 (2.156) 


0 —sin2eBs cos 2eBs 0 
0 0 0 1 
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Inserting (2.155) into the coordinate equation of motion (2.154), the latter 
can immediately be integrated, with the result 


in2eBs cos 2eBs — 1 
(5) = -O/(9) +9(4 eda a ¥ Og 
25969) = (0) +2 (tye + I — tos AEE) 10) 
= x!) (0) + 1(s)’ 1 (0), (2.157) 
where 
I(s)u” = I(s) 
2s 0 0 0 
_ | 0. (sin2eBs)/(eB) (1—cos2eBs)/(eB) 0 (2.158) 
~ | 0 (cos2eBs—1)/(eB) (sin2eBs)/(eB) 0 |° ~ 
0 0 0 2s 


One further necessary ingredient for the following expansion is the zeroth- 
order evolution operator in coordinate space (2) (s)|a)(0)), which has al- 
ready been found in (2.39) of Sect. 2.1. In the case of a purely magnetic field, 
the expression reduces to 


(2) (s)|x (0)) = (2 | Us) |x) 


Se OE. lepers 

(47s)? sineBs 7 ere) 
This completes our investigation of the zeroth order, i.e. the constant-field 
part of the problem. 

Our next intermediate step is characterized by finding the relations be- 
tween the zeroth-order and exact quantities. While the exact and zeroth-order 
coordinates at zero proper time coincide and thus can be viewed as a bound- 
ary condition, the corresponding canonical momenta differ by the plane wave 
amplitude: 


x4(0) = 210), H.(0) = py — eA, = HY 0) — ea,[€(0)], (2.160) 


whereby €© = n- #), By insertion of (2.160), the exact Hamiltonian can 
be related to the zeroth-order Hamiltonian: 


H= I? — So(F + f) = {HQ(0) — eay[E(0)]}” — 5 oF + f) 


= HO e|a,[€ (0)] 1" + 1" a,[€(0)] (2.161) 


—€ ay [€ (O)]al*€ (0)] + 5 on f*”(E (0)]] 


In order to divide the complete evolution operator into the “free” (zeroth- 
order) and interaction parts, 


U(s) =U (s)Uy(s) <=> ets = HH 8 17 (s5), (2.162) 


we employ the operator identity 
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e4+B — eA T exp [tet Be" : (2.163) 


where A = —iHs and B = —i(H — H))s. Obviously, the interaction 
evolution operator can be computed as 


U;(s) = T exp 3 fawwor (A — H)sU (st) 


= Texp +f UO (u) (H — H) Vu) ). (2.164) 


With the help of (2.161), the integrand in the exponent of (2.164) can be 
written as 


=U (u) (A — HO) U(x) 
=ie lenis (u)) TO (u) + 1#(0) ay[E (w)] (2.165) 


~e aye (u)Ja*[E (w)] + : of) (u) fe" (EO (u)]] 


where we have repeatedly inserted factors of U)(u)U©-1(u). Incidentally, 
the proper-time-dependent o matrix in the last term is given by 


eu) =O" (a) guy UO (u) =e MF g,, ele/ueF (2.166) 


since (i, Ow] = 0. 
Substituting (2.165) into (2.164) produces 
Uy Tesi du{ aie (u)] T"(u) + 1©#(0) a,,[€(u)] (2.167) 
0 


~c ay[e(u)Ja"(€(u)) + 5 0 (u) fH” en] 


The collection of the tools required for the interaction picture is now com- 
pleted, and we can turn to the remaining problem of rephrasing the ob- 
ject (a(s)|®,(t)|x(0)), which is contained in the equation for the the current 
(2.152): 

(x(s)|®, (¢)|2(0)) 
= (x(0)|U(s)U~*(t)£, (0)U(t)|2(0)) 
= (2(0)|UO (s)Ui(s) Up (QUO (HH, (0)U (Ui) x0) 
= (x) (s)|Ur(s) Uy *() 8) (t)Ur(#)|e(0)). (2.168) 
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We may give a more explicit expression for pl (t) in the last line by employ- 
ing its definition in (2.140) and noting that IZ” = IT” — ea”: 


BNC) = e( TOME fol) + Lol] TOMO 


—2e aE pl UB] + 5082 0A. P*E(O]) (2.169) 


Inserting the last line back into (2.168), which finally enters (2.152), we obtain 
the desired expression for the current in the interaction picture: 


(jn(a)) 
= a ‘ [ever rte + io,,”] (2.170) 


x (ea) OHS) M0 "Ce fpl€MD] + Fol (O] ZOEY 


—2eaPlE (EY) Foyle (A) + 50 OI™ eC] Ui(t)|e on}. 


To study the birefringence properties of the vacuum, it is sufficient to consider 
the first-order approximation of the current, which describes the lowest-order 
interaction of the plane wave field with the magnetically induced currents. 
Since the operator in the large square brackets in (2.170) is at least of first 
order in the plane wave field, the interaction evolution operators U; have to 
be approximated simply by Uj ~ 1. Furthermore, the third term in the large 
square brackets of (2.170) has to be omitted, because it is already of second 
order in the plane wave field. The resulting first-order approximation of the 
current then reads 


(ju(2)) = =F faserim’s fare [T(s,t).” + io,”] (2.171) 
0 0 
x (a(s)| Lazo fuplé(0) 


+ Fol €(0] (0 + 5oru(0)O..P™*(6(0) joy 


For convenience, we have omitted the superscript () in (2.171) and shall 
continue to suppress it in the following, since it should be clear that from 
now on we are only dealing with zeroth-order quantities. 

Our final task is to evaluate the matrix elements of the operators in the 
large square brackets in (2.171) in coordinate representation and then take 
the Dirac trace to obtain an explicit c-number expression. With the aid of 
(2.155), and inverting (2.157), we obtain a coordinate representation for the 
momentum operator: 
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IT(t) = R(t) - 17"(s) « [2(s) — x(0)], (2.172) 


where we have used matrix notation and the dot denotes matrix multiplica- 
tion. Similarly, we can represent the plane wave phase by 


expliw€(t)] = expliwn - x(t)] mee) exp{iw n - [x(0) + I(t) - 7(0)]} 


= exp{ A[a(s)] + B[x(0)] \, (2.173) 
where we have defined 
A[a(s)] =iwn- I(t) -I7"(s) - 2(s), 
B[x(0)] = iwn- [1 — I(t) -17*(s)] - x(0). (2.174) 
Since the commutator of x(s) and x(0) is nonvanishing, 


[2(s).,2(0),] ?2” 


we find for the commutator of A and B 
1 
R(s,t) = — 5,214 [x(s)] : B[x(0)]] 


= 5 [re] -{n- [1-1 --)]} (2.176) 


which is c-number valued. Employing the Baker-Campbell—Hausdorff for- 
mula, 


ills), (2.175) 


= 
cAtB — (AGB ZIAB] 


we may write for (2.173) 
eivE(t) — eAle(s)]QB[2)] Qu? R(s,t) | (2.177) 


Regarding the products of H(t) and f,,[&(t)] in (2.171), we need to order 
the operators in such a way that all the 2(s)’s stand to the left of all the 
x(0)’s. In this way, they can be pulled out of the (#(s)| and |a(0)) brackets. 
For this, we make use of the operator identity 


e“b = be* + [a, ble®, 
which we apply to 

(0) e4[(9)] = eAl7(s)] 2° (0) — w[n - I(t)] * eA) (2.178) 
and 


eBlz)| a(s)* = x%(s) eBl2()| 


+w (1s) {n- [I(t) -1-2(s) - 1] }) eben, (2.179) 


With the help of (2.172)—(2.179), we can rewrite the equation for the current 
(2.171): 
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(ule) Sw fas enim fat ew Alot ty { + io,,”) (x(s)|x(0)) 
0 0 


Vv 


x (° R(t) - {1-\(s) - [n- M(t)] 4n- M(t) 7 4(s) = n}) (2.180) 


mPa ! : 


where the transition amplitude (x(s)|x(0)) = K(s) is given in (2.159). Here 
it should be pointed out that the object o(t),, can only be pulled out of 
the sandwiching bracket to the right, since (x(s)| possesses a nontrivial Dirac 
structure, while |7(0)) does not. 

In principle, the Dirac traces, as well as the matrix manipulations, could 
be performed in full generality, but for reasons of lucidity we shall make use 
of the simplifying specifications of our particular configuration. The magnetic 
background field points along the positive z axis; we consider the plane wave 
as propagating along the positive x direction: n“ = (1,1,0,0). Consequently, 
we denote the two possible polarization vectors as ¢ = (0,0,1,0) and ej = 
(0, 0,0, 1), specifying the directions perpendicular (L) and parallel (||) to the 
plane spanned by the magnetic field and the propagation direction.® This 
choice also normalizes the plane wave potential, |ay,. 2 


= ai, nae ay 
The matrix multiplications can be performed straightforwardly; I(s) is 
given in (2.158), and its inverse reads 


1 eBsin2eBs 1 
I-!(s) = —1, + ———~_ 1, - -eB 2.181 
(s) ag 1 2(1 — cos2eBs) * ali ( ) 


which enables us to evaluate the function R(s,t) defined in (2.176): 


(2.182) 


ils coseBus — coseBs 
R(s,t) = 5 Ee —v?) = ee 


eBsineBs 


Using (2.156), the plane-wave-independent part of the first term in the second 
line of (2.180) is now computed as 


=U: 


R(t) - {1-1(s) - [n-I(e)] +n 1(6) -1"(s) ~ nfo = ste) 


0 a 
=(n-T)., (2.183) 
where the functions S(s,t) and C(s,t) are defined in (2.151) and the matrix 
T is given in (2.150). 


° Besides the use of different metric conventions, note that Adler’s definition of 
perpendicular and parallel components is opposite to ours, since he refers to the 
magnetic field vector of the photon field. In the present work, the polarization 
vector designates the direction of the electric field vector of the photon field. 
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Substituting (2.183) and (2.159) into (2.180) leads us to 
(j"(@)) 


co 8 1 B 
Qa. Serine fae*Rton (7<.) (2.184) 
0 


On 8 4sineBs 
0 
x {i .f. (n : T)] , tr [elle/A)eoF dt ilf . (n . T)] i tr [o,Melle/AeoF| 
+5(T . n) pte lelle/2eoFo,,.(¢)] 


1 ; 
—5m i tr Joyrelle/erF g,, al} 


The simplest way to, on the one hand, calculate the Dirac traces and, on 
the other hand, extract the desired information is to project the current onto 
the polarization directions by multiplying by a) _“. Incidentally, the current 
can only be constructed as a Lorentz vector om the polarization vectors, 
because gauge invariance implies transversality. 

For the reduced case of a purely magnetic field, the exponential function 
of oF can be conveniently represented by Pauli spin matrices (cf. Appendix 
C): 


ei(e/2)s°F _ 1 coseBs +io3 sineBs, (2.185) 
where it is understood that the (2 x 2) Pauli matrices are doubled blockwise 
in Dirac space. We can immediately read off that 

tr [elle/A)eor = 4coseBs, (2.186) 
and, in conjunction with the identities listed in Appendix C, we also find 


tr [owvele/ 2)soF = —AsineBs(oi2) (2.187) 


py” 
The same relation holds for the third trace in (2.184). For the last trace, we 
observe that, by employing the contraction of the current with ay, /, this 
object can be written as 


tr Fu )ettehe-O> (fy,.1.0) 0/007 
=-w (+16) 


i (cos eBus — coseBs), (2.188) 


which involves the definition of o,,,(t) in (2.166). (Details can be looked up 
in Appendix C.) 

After inserting these traces into (2.184) and computing the scalar products 
by projecting onto the polarization directions, we can summarize our findings 
for the induced current regarding this particular field configuration as 


Gia) = —w* Aya, B) af (2.189) 
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where Aj; is given by 

co 
_ ds oi 
on J 8? 
0 


Aj,1(w, B) a ms Ny,1.(s8,2), (2.190) 
0 


and the functions Nj ; are constructed from simple combinations of trigono- 
metric functions: 


B B 
Ny = ARR — cbiscoteds (1—u? +0 
sineBs 


sineBus 
—— 2.191 
sin eBs ) : ( ) 
eBscoseBus  veBs sineBvs coteBs 
N, = 3H 
sineBs sineBs 


4, 2eBs(cos ad cos eBs) (2.192) 
sin” eBs 

An expression for R(s,t) has been obtained in (2.182). 
These results are completely consistent with the findings of the previous 

section, in which the same situation was discussed via the polarization tensor. 

To be precise, the induced current as calculated here for a plane wave field 

moving in an external constant magnetic field is related to the polarization 

tensor given in (2.91) according to 


(i) = —H*” (wn) a,(wn), (2.193) 


which simply reflects the implications of the fundamental principle of lin- 
ear response as described by (2.2). At this point, we want to stress that 
the present calculation has been simplified in two ways compared with the 
previous section: first, we assumed a specific propagation of the plane wave 
field, namely, perpendicular to the B field; however, the general case can be 
immediately restored by inserting a factor of sin? @ into the function R(s, t) 
in (2.182) and as an overall factor in front of (2.190) (@ denotes the angle 
between the magnetic field and the propagation direction). Secondly, we as- 
sumed during the whole calculation that the plane wave field propagates on 
the light cone by requiring that n“ is a null vector (cf. (2.136)). This implies 
that the refractive index for the plane wave field remains close to 1, which 
is, of course, not true in the strong-field limit (B/Bo > a/a). As has been 
demonstrated by Daugherty and Lerche [51], it is not essential to maintain 
this assumption during the calculation; indeed, from the details given above, 
it is obvious that it only enters the final matrix manipulations, which sim- 
plify slightly for this case. Of course, the strong-field limit has to be analyzed 
without any a priori assumptions about the wave vector (cf. Sect. 3.2). 

As mentioned above, the technique outlined here can also be applied to 
the calculation of photon-splitting matrix elements [4]. For this, the induced 
current has to be evaluated to second order in the plane wave field. 

Finally, let us mention that a generalization of the present calculation to 
the case of parallel electric and magnetic fields was treated by Daugherty and 
Lerche [51]. 
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2.4 Schwinger’s Equivalence Theorem 
and the Axial-Vector Anomaly 


Schwinger’s equivalence theorem, which claims equivalence between the pseu- 
doscalar and pseudovector interactions of a pseudoscalar field with electrically 
charged fermions at low energies, is derived. It is shown that there are no non- 
perturbative effects arising from the all-order coupling between the external elec- 
tromagnetic field and the fermion loop. 


The relation between the equivalence theorem and the axial-vector anomaly is 

outlined, proving their coincidence for small photon momenta only. As a corollary, 
we find that there are no nonperturbative contributions to the axial-vector anomaly 
to one loop in the domain of small photon momenta. 
Besides being a powerful tool for investigating QED, proper-time techniques 
provide for a detailed study of axial couplings between pseudoscalar and 
fermionic fields in the presence of external electromagnetic fields. In particu- 
lar, problems related to gauge invariance can be investigated thoroughly. 

In his seminal work, Schwinger [148] proved the equivalence theorem, 
which states that, in the low-energy regime, a pseudoscalar interaction be- 
tween a spinless neutral meson and a fermion field leads to the same result 
for the decay of the meson into two photons as a pseudovector interaction. 

In the following, we shall reinvestigate Schwinger’s equivalence theorem 
with special emphasis on the nonperturbative domain, i.e. the coupling of the 
external electromagnetic field to the fermion loop to all orders. Furthermore, 
we shall point out in what respect the equivalence theorem is related to the 
axial-vector anomaly as discovered by Adler, Bell and Jackiw [2, 25]. 


2.4.1 Equivalence Theorem 


Let us first describe Schwinger’s view on the two-photon decay of the neutral 
pion, which was inspired by a paper by Steinberger [156] on the question of 
the equivalence of various interaction Lagrangians. In fact, it will turn out 
that the present considerations cannot be immediately applied to pion decay, 
owing to a mismatch of energy-momentum regimes; let us, however, stick to 
the historical viewpoint for the time being and later translate our findings 
into modern language. 


Pseudoscalar Interaction 


For the pseudoscalar interaction between a neutral meson field and a fermionic 
field, we begin with the Lagrangian: 


£PS = ~ig (2) 5[H(a), wV@)], (2.194) 


where g denotes a dimensionless coupling constant, and @¢ represents the 
spinless meson (pion). The fermion was identified with the proton; nowadays, 
w should be associated with a quark appearing in three colors. 
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In order to describe the decay of the pion into two photons, Schwinger 
replaced the fermion fields by their vacuum expectation value in the presence 
of an external electromagnetic field: 


LPS £28 = —ig f(x) S((B(2), 75 ¥(@)))4 
= 9 d(x) tr 75G(a, x|A), (2.195) 


where taking the vacuum expectation value in the first line translates into a 
time-ordering prescription via the point splitting procedure: 
itrysG(a,2|A) = lim 45(0|T (a’)¢(x)|0)4. (2.196) 
nt sar 
In (2.196), the limit has to be performed with respect to the time-like com- 
ponents, and the invariant distance (2 — x’)? should be space-like, i.e. > 0. 
Equation (2.195) can be diagrammatically represented as in Fig. 2.2, 


gh 
Y5 


Fig. 2.2. Diagrammatic representation of (2.195) 


where the double line represents the coupling to the external electromagnetic 
field to all orders. Obviously, taking the vacuum expectation value with re- 
spect to the external field corresponds to integrating out the fermions to one 
loop. 

Inserting the proper-time representation of the Greens function G (cf. 
(2.7)) into (2.195), we obtain 


£88 = g(a) te [95 (cl(M - van) f dserle?-O™"j0y 
0 


= gM ¢(a)itr 1s f dsen®™" (alot [a (2.197) 
0 


employed the fact that traces of odd numbers of y’s together with a 75 
vanish. In the last term of (2.197), we encounter the trace of the proper-time 
evolution operator. 


where M denotes the mass of the fermion. To arrive at (2.197), we have 
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Now Schwinger, identifying the internal fermions with protons, argued 
that the momentum of the outgoing photons of the pion decay is much smaller 
than the mass of the loop particle. Therefore, the electromagnetic fields as- 
sociated with the photons vary slowly compared with the length scale set 
by the Compton wavelength of the proton. As a consequence, the constant- 
field approximation for the proper-time transition amplitude appears to be 
appropriate in the present situation. 

However, it is not the proton whose fluctuations constitute the loop; 
rather, the loop particles have to be identified with the quarks.” But the 
current masses of the light quarks are much smaller than the momenta of the 
outgoing photons of the decaying pion, which completely spoils the slowly- 
varying-field assumption. The fact that pion decay is nevertheless describable 
with our final results can be attributed to the general form of the anomaly, 
which is already revealed by the constant-field approximation. This will be 
elucidated in more detail later on. 

Hence, let us forget about pion decay and simply proceed with the 
constant-field/low-photon-energy approximation assuming that a heavy fer- 
mion runs in the loop. With the aid of (2.39), we insert the representation of 
the evolution operator into (2.197) and find® 


gM ‘ds 


Lin = a (2) 
0 


ds isa? an C5 in sinh =) 


Pl eFs 


(amp? 


_ eas ebs 
sin eas sinh ebs 


x tr{75 glare 


— ee 
C20) 


Aisin eas sinhebs 


= 
= —Aj g a 


(47) 
a o(x)G=—2 d(x) E-B (2.198) 


This equation represents the low-energy effective Lagrangian of a pseu- 
doscalar interaction between a spinless meson and a heavy fermion in an 
external field. Although we have included the coupling of the loop fermion 
to the external field to all orders, the final result is only of second order 
in the electromagnetic field strength. Hence, if we had expanded the loop 
perturbatively in a, then only the graph with two external photons would 
have contributed to the final result. Note also that we have encountered no 


” In fact, in order to obtain a reasonable value for the pion lifetime, one has to 
take the number of colors into account. 
® Remember G = (1/4) Fyv*F"" = —E- B=ab. 
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singular terms while calculating G(x, x|A); the dangerous terms vanished by 
Dirac algebraic arguments. 


Pseudovector Interaction 


Let us consider a — interaction of the following particular form: 


~i55 0,6(2) 5 [9@), w'¥(@)]. (2.199) 


Classically, this ae interaction Lagrangian is formally equivalent 
to the pseudoscalar counterpart as defined in (2.194), since 


cry ep Fg = eer + [B, 15d] } +s. 


=" —ig 6(a) 3 = [B(@), 64 (@)] +s.t., 

where “s.t.” means “surface terms”. Here, we have first integrated by parts 
(i-b.p.); then we have employed the equations of motion (e.o.m.). However, 
at the quantum level, things become more complicated. Proceeding in the 
same way as in the ae case, we naively arrive at 


LNs “oy 462) 5 ([B(2),we"H(@)])4 


on 5, 0(a) te ys" G(e, 214) 


Lev 


Ig 


a 
ings say M2) Outt 15" G(a, x|A) + s.t. (2.200) 


Now we are in trouble! Not only do we have to face the problem of singularities 
in G(a,a|A), but we also have to give a meaning to the derivative at this 
singular coincidence point. The first guess is to introduce an appropriate 
point splitting regarding the two arguments of the Green’s function. But 
then, we have to keep in mind that G(az,2’|A) is a gauge variant quantity 
while G(x, x|A) is not. In order to ensure gauge invariance, we have to replace 
the ordinary derivative with covariant derivatives. Following Schwinger, we 
reinterpret the critical term in the last line of (2.200) as 


Optr ysy" G(x, | A) (2.201) 
— lim { (2%, _ ieA,(z2’)] + [ar + ieA,(x”)] her sy" G(x’, x!\A). 


One can easily check that the right-hand side reduces to the left-hand side 
after naively taking the limit in a formal sense. Now we could follow Schwinger 
and evaluate the right-hand side of (2.201) in the weak-field limit, i.e. up to 
second order in the field strength. This would again correspond to a triangle 
graph, which is known to contribute solely to the axial-vector anomaly to 
any finite order of perturbation theory. 
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Instead, we shall try to maintain the coupling to the external field to all 
orders in order to pursue the question of possible nonperturbative contribu- 
tions to the meson—photon interaction. Of course, the price we have to pay 
is that we are strictly tied to the slowly-varying-field approximation. 

So, let us employ the representation of the fermionic Green’s function in 
an arbitrary constant electromagnetic field given in (2.46): 


G(x, x'|A) 


4 

where 

f(s) = eF coth(eFs), 

_! sinh(eFs) EG x. eas ebs 

se " eFs = % sin eas sinhebs’ 

and 
/ 1 
(x, x'|A) = exp ic [ a, (4"@ + greg - 2") (2.203) 


completely carries the gauge dependence of the propagator. Having separated 
the gauge dependence in this way, we may also write 


G(a", v!"|A) = ®(2', 2""|A) G(2', 2" |Asr), (2.204) 


where G(a’, x’|Agr) is the Green’s function evaluated in the Schwinger—Fock 
gauge and depends only on the field strength. 
Regarding the required Dirac traces, we find 


trysyit elle/2)oFs — 9 (odd number of y“’s), 
tr-ysytiy® elle/2)9Fs — 4i(er *Pua 4 P gia _ eT ne), (2.205) 
where we have extensively employed the results of Appendix C. Furthermore, 
it is useful to find an explicit expression for the function f(s)qs; for this, we 


make use of the spectral representation of F“” as described in Appendix B. 
We obtain 


f(8)o3 = aap Jag + F2,)ebcoth ebs 
1 
tap (O Japs — Fi) eacot eas. (2.206) 


Note that f(s)og is symmetric. In view of (2.201), we also need the result of 
the following derivative construction: 
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{of ~ieu(a!] + [0 + ieAyla”)] boa! 24) 


22 1 
2209) ic (4) + sual") — ieA, (2) 
a 
—ie Antal) +5 f ag. P*y +ieA,(2")| B(x’, 2A) 
= ieF,,)(a' — 2")* G(2', x""|A). (2.207) 


It is this term, in particular, which we would not have discovered in the naive 
calculation of the left-hand side of (2.201). 
Let us now combine our findings from (2.201)—(2.207), leading first to 


{ [), —ieA, (2’)] + [or + ieA,,(x”)] Helen z"|A) 
(2.204) ({[a,.- icA,,(2’)] 4 [ar+ ieAy(2”)]}0(2’, 2"|A)) G(a',2" |Agr) 
4+0(x', 2!"\A) (2, de ay) G(2’, 2" |Agp). (2.208) 


Since G(2’, 2” | Agr) = G(a’ — x"|Asr) owing to translational invariance, the 
second term vanishes completely in the constant-field case (we shall come 
back to this point later on). Upon insertion of (2.205) and (2.207) into (2.208), 
we arrive at 


tr ar { (a, _ ieA,,(2’)] + [ar 4 ieA,,(2”")] a@',a"|A) 


1€ 


= — Banya Fuala’ a") @(a’, 2"|A) (2.209) 
{ ds _iM?s a eas ebs 
x| oe (f + eF)ap(z'—2") sin eas sinh ebs 


0 
x exp [pele —2")| 4i(er *PHO 4 P gio _ eT* He), 
Here, we encounter the Lorentz product, 
—(2’ — 2”)Fy, (ersre + P gt” — eT pre) (f+ eF )oa(2’ —2”)?. 


Since this product is symmetrically contracted with (a’—2"’), only symmetric 
terms with respect to the field strength indices can contribute. With the aid 
of the explicit representation of the function f (2.206), we find, after a tedious 
but straightforward calculation, 


—(2' — 2”)Fy,, (er *FuO 4 P gt _ eT* Hee) (f + eF )ap(a’ — 2”)? 


e€ » mx | 2.9 [ Sineas sinh ebs 
= Sa le = 2.21 
a? + b? te c : (= ebs " sin eas ) no aay) 
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rf ( on eas 2 on =) Fs (a! —2"")9. 


sinh ebs sin eas 


Now, the crucial observation is that the result of (2.210), read together with 
the last factor of the second line of (2.209), can be related to the total deriva- 
tive of the function f(s),g with respect to the proper time: 


df(s df(s)ag (2.206) e? | 2 *( 1 1 ) 
b* | ——_ + ——_ 
ds a2 +b 7 sinh? ebs sin? eas ane 
1 1 
Se ny a | 2.911 
( sinh” ebs 7 sin? —) a ( ) 


Inserting (2.210) and (2.211) into (2.209), we obtain a comparably simple 
representation of the desired expression on the right-hand side of (2.201): 


tr asr{ (a, _ ieA,,(2’)] + [ay +4 ieA,,(2”")] \e@',a"|A) 


2 ° 

ae row ,—iM?s | Lhe all yoo 

= reeac , a |A) ab | ase exp Fe x’ )f(a' — & ) 
0 


x(a —2")” pee) (2'—a")® — (2.212) 


ds 


z(a'—ay(a-2")| : 


co 
ze A i 
=i *F,, FY B(a!,2"|A) f dse™ ° exp F 
20 ds 
0 
Substituting this result back into the starting point, i.e. into the effective 
Lagrangian in (2.200), yields 


1 
Len = _ eT, J rVikasa Fak (2.213) 


a! e/a 4 


x lim (a! 2"|A) fase”? S exp [zo'—ey(e’-2")] 
s 
0 


Comparing this with our result for the pseudoscalar interaction in (2.198), it 
is obvious that an equivalence exists between the two different interactions 
on the quantum level if the limit expression in (2.213) finally reduces to 1 for 
any kind of constant electromagnetic field. By construction, the proper-time 
integration has to be performed before the limit x’, 2” — x can be taken. For 
example, if we interchanged this processes in (2.213), then we would find a 
zero result, since (d/ds)e° = 0. 

Employing the fact that &(2’,x’"|A) > 1 for v',x — x, we are left with 
the question of whether 


love) 
d i 
lim [ dse™*s zy exe s(a! _ a" )f (a! _ a") 
0 


2.4 Schwinger’s Equivalence Theorem and the Axial-Vector Anomaly 53 
i 2 i - 
AEP lim jem 8 exp Fa 2 x" )F (a! = 2") \ 

Co 
+iM? lim | dse™’S exp FG — 2" \f(z' — 2") (2.214) 


equals 1. First, we shall demonstrate that the boundary term vanishes. For 
this, note that convergence at the upper bound s — oo is ensured by the 
prescription M? — M? — ie. This prescription can also be implemented by 
rotating the contour of s slightly below the real axis. Hence, the boundary 
term at s — oo vanishes because the mass term approaches zero exponen- 
tially. For the lower bound, we need an expansion of f(s) for small values 
of s; referring to (2.206), we obtain 


3 
3 
In the limit s — 0, only the first term is relevant, and we find that 
exp [(i/4)(2" — 2”)?/s] — 0 for s slightly below the real axis and (a! — 2")? > 
0 space-like. This completes the proof that the boundary terms in (2.214) 
vanish. 

Hence, we are left with the following integral:° 


1 
f(8)ap = = G8 + 8 Fae + O(s°). (2.215) 


(a,b) =iM2 lim | dse~!™’* exp Ge! = 2"yF(@! — 2") . (2.216) 


a! ala 


To get a better feeling for this integral, let us first make contact with 
Schwinger’s original work and consider the weak-field limit. Since the result- 
ing effective Lagrangian is already of second order in the fields (cf. (2.213)), 
it suffices to consider the integral (2.216) in the zero-field limit; for this we 
employ the expansion (2.215), because the weak-field expansion of f(5)a 
coincides with the small-s expansion: 


o . 1 all\2 
I(a=0,b=0) = M? lim | dse™”* exp | 
x! ,2' 2 Ss 
0 
5 ” 7 1 a lt)2 
“=" M? lim dse-™ “exp -75 ia | 
aw! xv! ax 4 Ss 
0 
(3.166) 


= lim M (a! — 2") ky [M(2' — ce 


av! a! a 
= i; (2.217) 
° Tt is amusing to see that a (forbidden) interchange of the limit and the s inte- 


gration would lead to the correct result: (2.216) — 1. But this is accidental, as 
we shall soon demonstrate. 
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where we have encountered the modified Bessel function Ky(a), which has a 
simple pole at « — 0 with residue 1. Inserting this into (2.213), we obtain 
the effective Lagrangian of a pseudovector interaction between a spinless 
meson and a heavy-fermion field in the presence of a slowly varying and 
weak external electromagnetic field: 


la g 
LEY = -- Se F,*FY". 2.218 
off ak $(x) F, ( ) 


This is identical to the outcome for the pseudoscalar interaction and shows 
the essence of Schwinger’s equivalence theorem for the low-energy regime. In 
this sense, the terminology “low energy” refers to the energy of the outgoing 
photons (variation of the field strength) as well as the strength of the field. 

But we want to go one step further and prove the validity of the equiva- 
lence theorem without the weak-field assumption. For this, we have to show 
that I(a,b) = 1 for all values of a and b. As stated above, interchanging the 
limit and the s integration in (2.216) is not a valid operation. To put this 
in mathematical language, let h(a) be the limiting value of a sequence of 
functions h,(x); then 


b b 
pre dx = lim | h,(a) da 


if the h,(a) are integrable on the interval M = [a,b], and 

Jim, ||h — hallac = 9, (2.219) 
where 

|All ac = sup {|h(x)| | ze M} 


is the supremum norm of h(a) for the complete interval M = [a,b]. As an 
example, let us study the zero-field limit, as treated above; here, h(s) = e~i™"s 
and hiq_2)(s8) = e7iM*se(i/4)(2/—2"")"/s Obviously, we find for the supremum 
norm: 


4 S 


lim 
a! ale 


e =1, (2.220) 


M 


7 / N\2 
—iM?s _ eiM"s exp F (2! — 2") | 


where M denotes the s integration interval from zero to infinity slightly 
below the real axis. This does not satisfy the necessary criterion (2.219) for 
an interchange of limit and s integration. But since a direct evaluation of the 
integral in I(a,b) in (2.216) is not in sight, we have to find an indirect way 
to prove that I(a,b) = 1. 

For this, we choose to work in the special Lorentz frame where the electric 
and magnetic field are antiparallel, say B = aé,, EF = —bé,. In this case, 
the square of the field strength tensor appearing in (2.206) has the form 
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- 0 0 0 
: 0 -a2 0 0 
Foa=1 9 0 a2 0 
0 0 0 PB 


In this special system, the exponent (a’ — #”’)f(a’ — x’) takes the particularly 
simple form 


(a! — 2")" f(s)aa(a’ — 2")? = Ax; ebcothebs + Ax? eacoteas, (2.221) 


Ag! _ ((2’ _ x’), 0, 0, (a = ah, 
Agi = (0,(2’—2")",(2’—2")?,0). (2.222) 


As an exercise, let us briefly investigate the case of purely magnetic fields, 
i.e. b> 0. Then, we may write 


1 
(2'—2")"f(s)ap(x!—2")|, = Ax} — +4 Ax’ eacot eas (2.223) 
=0 5 
21 2 1 
= Ar” —+Azx4 | eacoteas——}, 
S S 


where we have introduced the short form Av = a’ — «”. For I(a,b), we obtain 
in this limit 


I(a,0)°="* lim = M? | dse~™”® (2.224) 
2 
Az? Ax?—0 5 
lAg? 1 1 
x exp = - gael (cacoth eas — =): 


Here, we have replaced the limiting process 2’, x2” — «x, which is essentially 
four limiting processes, one for each component, by two limiting processes 
Ax’, , Ax — 0. Now, we make the crucial observation that the Ax? — 0 limit 
can be interchanged with the integral, since 


Le 1 
1 — exp — Atl eacotheas — — 
8 


lim 


=p, (2.225) 
Ax? 0 


M 


Equation (2.225) is a consequence of the fact that ea coth eas—1/s is bounded. 
Therefore, we obtain, following (2.217), 


co 
1 1 
I(a,0) = lim M? fase exp (-Fa:*2) =, (2.226) 
22-0 4 S 
0 

Hence, for arbitrarily strong external magnetic fields, the equivalence theorem 
remains valid. But (2.226) tells us more; since a function which is constant 
(= 1) on the whole positive real axis is constant on the whole complex plane, 
we obtain 
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1 = I(a,0)|,__,,= I(—ib, 0) = (0, 8), (2.227) 


which can be easily checked with the aid of the definition of (a,b) in (2.216). 
Thus we do not even find a further contribution to the low-energy effective 
Lagrangian of the pseudovector theory for arbitrarily strong electric fields. 
The latter might have been expected, since the present situation resembles the 
familiar situation of calculating the effective Heisenberg—Euler Lagrangian for 
constant electric fields, which is known to reveal a nonperturbative imaginary 
part.!° 

The final proof that I(a,b) equals 1 is a simple generalization of the pre- 
ceding considerations. For this, we write for (2.216), with the aid of (2.221), 


I(a, b) 


a=— 


7 - i Ag? 
‘2 lim iM? dse~'™*s exp (G~) (2.228) 
Az? Ax? ,Az?—0 ‘ 4s 


i i i 1 
x exp Fe (coeotn ebs — -)| exp Fra (cc cot eas — -)| : 


Let us now treat the Ar?,Ax*? and Ax} limits independently of each other, 
ice. let us forget about the fact that Ax? = Ax? + Axj. Note once again that 
the convergence of (2.228) is ensured by the prescription M? — M? — ie. 
Furthermore, assuming that Ar”, Ar? , Ax} > 0, we are allowed to rotate the 
s integral contour by an angle of —7/4 below the real axis: 

s— —ei7/4 5 = eit/45 — ma —i)s. (2.229) 


The convergence properties are maintained, since 


gs exp ( i Mes) 


exp (7) — exp (-=° n i) ~) (2.230) 


Now the crucial observation is that both combinations, eb coth ebs — 1/s and 
eacot eas — 1/s, are bounded along the new s path. Hence, we are allowed to 
interchange the Az) and Az, limits with the s integration, leading to 


: vi sin fA py i: Ar? 
I(a,b) = lim ie'*/4 M? [ dso“ MM?s oxy (Ger) 
0 


Axz?—0 
i / 1 Ax? 
= lim a? [ dseM** exp (-;~) 
x20 4 s 


'0 Tt can in fact be checked directly that I(0,b) has a vanishing imaginary part by 
summing all the residues of the cot poles on the lower imaginary s axis. One 
finds that the residues are all of the order of Axi and thus vanish for Axi — 0. 
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24; (2.231) 


This proves Schwinger’s equivalence theorem for arbitrary constant external 
field strengths. Besides, it proves that there are no nonperturbative contribu- 
tions to the effective pseudovector Lagrangian in an external field. This latter 
remark will be important for the discussion of the axial-vector anomaly be- 
low; it demonstrates that there are no nonperturbative corrections to the 
anomaly at the one-loop level in the low-energy domain. To summarize the 
equivalence theorem, the main result can be written in the form 


ae = CA (x) Ves = ce. (2.232) 


where the tree-level interaction Lagrangians for the pseudoscalar and pseu- 
dovector interactions are defined in (2.194) and (2.199). Equation(2.232) 
holds for arbitrary electromagnetic field strengths as long as the fields vary 
slowly compared with the Compton wavelength of the fermionic loop particle. 


2.4.2 Axial-Vector Anomaly 


It has often been emphasized in the original literature [2, 84, 107] that the 
discovery of the axial-vector anomaly (Adler—Bell-Jackiw anomaly) has its 
roots in Schwinger’s work, which we have outlined above. Hence, we want to 
investigate the connection between the equivalence theorem and the axial- 
vector anomaly more closely. The anomaly can be summarized in the state- 
ment that the axial vector current is not conserved, not only because of an 
explicit breaking of axial symmetry by mass terms, but also because of the 
appearance of the F,,,*F'"” term induced by quantum effects. 

In order to derive this statement, we have to give a proper definition of 
the axial-vector current, as well as its divergence. On the classical (or even 
on the operator) level, the following definitions are reasonable: 


i= 5[v76¥), (2.233) 
js = sla). (2.234) 
(2.235) 


The investigation of the pseudoscalar interaction leads us to the conclusion 
that for the expectation value of the axial (scalar) current, we obtain 
NAL iia, x Rey 
(js) itr VeG(z,2| ) 4 1 M bv ’ 
= Lop = —ig O(a) (is)*. (2.236) 
Note that (j5)4 is well defined, since the singularities of G(x,x|A) are re- 
moved from (js) by the Dirac algebra. 
Applying the same ideas to the case of the pseudovector interaction, we 
are tempted to write 
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“Ggh)4 = itrysy" Gla, aA)”. (2.237) 


However, this time, the singularities of G(a,2|A) are not protected by the 
Dirac trace, which causes (j!)4 of (2.237) to be an ill-defined quantity. 

Since we are not interested in (j£’)4 but in its divergence, we shall not pur- 
sue the question of how (2.237) can be corrected; instead, let us concentrate 
on a proper definition of 0,,(j£)4. 

During the study of the pseudovector interaction, we were forced to give 
a proper meaning to 0, trys7" G(x,2|A), which then was achieved by a 
point-splitting procedure in (2.201). Separating the Green’s function into 
its gauge-dependent part @(2’,x’"|A) and a part which depends only on the 
field strength G(a’, x” |Agr) (cf. (2.204)), we arrived at (2.208): 


lim { [d), —ieA,,(a")] + [0 + ieA, (2”)] leq, x" |A) 


(2.208) . lim [ieFya(a" = al) B(x’, x" |A)] G(2', a" |Asp) 
+ lim (a",2"|A) (9, ES ay) G(2',x"|Agp). (2.238) 


We remark that the second term is singularity free, since the singularity in 
G(a’,2"|Agp) must be of the form limy 2742 G(a’, a” |Asr) ~ lime asa 
h(a’ — x’), with some function h, where h(0) — oo. Hence, the singularity 
vanishes in the second term because of the symmetry in 0), = 0//. Since 
P(a2',x"|A) > 1 for 2’,2” — «x, we are led to interpret the second term in 
(2.238) as a building block for an appropriate definition of the divergence of 
the axial-vector current: 


On{95(2)) = lim B(2',x"|A) (0,,+0/) itr ys7" G(2', 2” |Asr).(2.239) 


We want to stress that this definition is gauge-invariant, although it is not 
obvious, since, after taking the limit x’, 2’’ — x, the left-hand side and the 
first term on the right-hand side of (2.238) are separately gauge-invariant. As 
shown above, the trace of ys" times the first term on the right-hand side of 
(2.238) yields 
jim ieFjx(2' — a”’)* @(a"', e!’| A) tr ys" G(2", "| Agr) 

_ ia kay 

= 5 Fw *F™. (2.240) 
Substituting (2.239) and (2.240) into the right-hand side of (2.238) and apply- 
ing the equivalence theorem to the left-hand side, ie. tr [ysy“LHS of (2.238)| 
= —2M (js), we finally arrive at 
a 
Qn 
This is the well-known equation for the divergence of the axial-vector current 
and represents the Adler—Bell-Jackiw anomaly. However, by employing the 


Ou (Is) = —21M (js) + o— Fu FH”. (2.241) 
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equivalence theorem, we have proved (2.241) only for the special case of 
constant external fields. Hence, Schwinger’s work on the constant-field case 
is only capable of deriving the anomaly in a certain energetic regime, namely 
the low-energy domain. 

Within the usual diagrammatic approach [2], one also arrives at (2.241), 
but this time without assuming that the electromagnetic field has to be con- 
stant. For example, starting with the left-hand side of (2.240), one may ex- 
pand the Green’s function in an arbitrary external field as a power series in 
the coupling constant: 


G= Sr +r ieSr yAG 
= Sp+ieSpyASpt+ (ie)? SpyASpyASpt.... (2.242) 


Then one observes that the zeroth-order term vanishes owing to the Dirac 
algebra, the second term leads to the correct anomaly and the e? term, as 
well as all higher-order terms, vanishes in the limit 2’, — x, since these 
terms do not contribute to the singular behavior of G. (Note that the latter 
statement holds only perturbatively.) It is exactly this second term in (2.242) 
which is diagrammatically represented by the famous triangle graph. 

To summarize our considerations, we want to stress that the equivalence 
theorem corresponds to the axial-vector anomaly in the domain of slowly 
varying fields only. This is the only regime where the equivalence theorem is 
applicable. Moreover, by giving up the weak-field assumption, we were able 
to prove the equivalence theorem for arbitrary field strength, i.e. to all orders 
in the external field. Translating this into the language of the anomaly, we 
have proved that there are no nonperturbative corrections to the anomaly in 
the case of slowly varying external fields. 

Without the constant-field approximation, one can show perturbatively 
that (2.241) for the divergence of the axial-vector current holds for arbitrary 
fields to any finite order of perturbation theory. The price that one has to 
pay for this stronger statement is that one loses control over the nonper- 
turbative domain. Within these techniques, the question still remains open 
as to whether the anomaly receives nonperturbative corrections for rapidly 
varying fields. However, Fujikawa’s path integral procedure, which is truly 
nonperturbative for arbitrary A fields [81], demonstrates that (2.241) is not 
modified. 

Let us remark in this context that the validity of (2.241) for arbitrary 
electromagnetic fields does not tell us anything about the question of whether 
the equivalence theorem holds for arbitrary photon energies. 

Let us conclude this chapter with an interesting observation for the 
constant-field case. Inserting our findings for (js)4 for constant fields (cf. 
(2.236)) into (2.241), we find that the divergence of the axial-vector current 
vanishes: 


A, (jt) =0. (2.243) 
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This is already clear from its definition (2.239), since G(a’, x”’| Agr) for con- 
stant fields depends only on a’ — 2”. Hence (2.239) vanishes simply by an- 
tisymmetry. Nevertheless, the result appears rather unfamiliar, because it 
signals the conservation of the axial-vector current at the quantum level, al- 
though this current is not conserved at the classical level owing to the explicit 
breaking of the axial symmetry by mass terms. Therefore, the constant-field 
case is an exceptional situation which creates an “inverse anomaly”: a clas- 
sically and explicitly broken symmetry is restored by quantum effects. 

Since the fields are considered to vary slowly compared with the Compton 
wavelength of the fermionic loop particle, one can reinterpret the constant- 
field limit as a heavy-fermion limit. In this sense, very heavy fermions, al- 
though breaking the axial symmetry very violently, do not violate the axial- 
vector current conservation after quantum fluctuations are taken into ac- 
count. 

Finally, let us stress once more that our considerations remain strictly at 
the one-loop level. Similarly to the Fujikawa method, we do not take photonic 
fluctuations into account; hence our statements about nonperturbative contri- 
butions to the anomaly do not touch questions about higher-loop corrections. 
In particular, we cannot comment on the correctness of the Adler-Bardeen 
theorem [3]. 


3. Nonlinear Electrodynamics: 
Effective-Action Approach 


In the preceding chapter, we studied examples of quantum electrodynamic 
effects induced by external fields by means of the electron Green’s function, 
the polarization tensor and the induced current. The “operator” language we 
employed made explicit reference to the quantum nature of the underlying 
physics. In contrast, the physical effects that we extracted from this formal- 
ism, such as optical birefringence, resemble closely the features of classical 
physics. 

An important tool that interpolates between the full quantum theory and 
classical field theory is provided by the concept of the effective action: once the 
high-energy degrees of freedom which are invisible in the classical low-energy 
domain are integrated out, the resulting effective action for the remaining 
degrees of freedom can be employed to define a new quasi-classical theory.! 
In particular, classical equations of motion can be derived whose solution 
provides for the description of quantum effects in the language of classical 
physics. In this sense, electrodynamics represents an excellent laboratory for 
investigating and applying this concept. 

While classical electrodynamics is distinguished by Lorentz invariance, 
gauge invariance and linearity, quantum electrodynamics features only the 
first two principles. Nonlinear effects clearly are of quantum origin and arise 
as a result of the polarization of the vacuum. Self-interactions of the electro- 
magnetic field are a by-product of the creation and subsequent annihilation 
of charged pairs. Hence, these self-interactions are nonlocal in nature on a 
microscopic scale, but are, of course, causal, since the interaction with the 
charged pairs is causal. Nevertheless, this nonlocal nature can be disregarded 
on a scale where the virtual creation and annihilation processes can no longer 
be resolved. This scale is set by the Compton wavelength of the electron, 
A= 1/m. 

Taking these considerations into account, the one-loop effective Lagrang- 
ian of QED for constant fields as derived in Sect. 2.1, (2.49), read together 
with the classical Maxwell Lagrangian, can be employed to define a local 
classical field theory that enriches classical electrodynamics by nonlinear self- 


' In this work, we do not elucidate the question of whether the effective action 
might be used as a defining action for a new quantum theory of the residual 
degrees of freedom. This type of approach is reviewed in [111] and [136]. A 
subtle example demonstrating the limits of this approach can be found in [32]. 
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interactions of the fields. The validity of this theory is, on the one hand, 
limited by the validity of the loop expansion; on the other hand, it is restricted 
to scales larger than the Compton wavelength of the electron; in particular, 
the fields must vary only slowly on that scale. 


3.1 A First Look at Light Propagation 


It is proposed that the study of light propagation in a perturbed QED vacuum is a 
useful tool for investigating the manifold properties of such a quantum ground state. 
As an introductory example, we solve the equations of motion for low-frequency 
light propagating in an external field for the simplest nonlinear extension of classical 
electrodynamics: the Heisenberg—Euler Lagrangian. We obtain a modified light cone 
condition, and discuss polarization dependences as well as velocity shifts. 


The main purpose of this section is to illustrate on a simple level the various 

techniques and necessary approximations that will become important in the sections 
to follow. 
Since we are interested in the borderline at which classical and quantum 
physics meet, i.e. where nonlinear effects begin to play a significant role, the 
study of the propagation of light, which is trivial in the classical vacuum the- 
ory, serves as an important example. In this introductory section, we briefly 
present our strategy by means of the simplest example: the lowest-order cor- 
rection to the classical Lagrangian. The more sophisticated investigations 
in the later sections are based on the same philosophy as described in the 
following. 

In (2.50), we found the lowest-order correction to the Maxwell Lagrangian; 
in combination, the “next-to-leading-order” classical electrodynamics can be 
defined by the lowest-order Heisenberg—Euler Lagrangian 


8 a? 14 a? 
2 2 
L=-F+aF +o, = eee? 8 swe (3.1) 
The equations of motion derived a la Euler-Lagrange reduce to 
OL OL OL OF, OL 
0=— -0,———— =-0 B20, (3.2) 


aA, “"O(0, Ay) "OF a3 O,Av) 


where the differentiation with respect to F,, must be performed under the 
constraint of antisymmetry of the indices. With the aid of the identities 


OF wy’ 


OF 1 OG 1 
= oppose — ~*pos 3.3 
OFug 2 , OFug 2 , oo) 
we end up with 
0= 0, (Fey — 2c, F FRY — 209G ee), (3.4) 


which represents the vacuum field equation for the lowest-order nonlinear 
electrodynamics. This equation is accompanied by the usual Bianchi identity 
OF YY = 0. 
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Applying these equations to the case of propagating light in a background 
field, we decompose the field strength tensor into the background part F'¥” 
and the plane wave field f"”, F¥” — FY + fH”, We assume the background 
field to be constant or, at most, slowly varying and disregard any derivative of 
Fr” Furthermore, we linearize the field equations with respect to the plane 
wave field; this is equivalent to neglecting self-interactions of the propagating 
light itself. In a certain sense, the plane wave is thus reminiscent of a test 
charge in classical electrodynamics. It is important to note that the lineariza- 
tion does not necessarily imply that the background field is much stronger 
than the plane wave field. The zero-field limit for the background field will 
be well defined. 

With these assumptions, we obtain for the field equations, with the aid 
of the Bianchi identity, 


0= 0, fF!” — cy Fup FY” 8, f° — co *Fag*FY 0,f. (3.5) 


Since f"” is assumed to be a plane wave field, we perform a Fourier 
transformation to momentum space, where f"” can be written as f"” = 
kha’ — k’a". Here, k# = (w,k) denotes the wave vector of the propagating 
light; consequently, the wave vector replaces the derivative in (3.5); 04 — ik". 
Finally, we impose the Lorentz gauge constraint on the gauge potential a” of 
the plane wave, k,a” = 0, and arrive at the light cone condition 


0 = k? a” — 2c) Fag kh” kyk® a8 — 2c *Fog*FHY ky k* a8. (3.6) 


Obviously, we recover the trivial light cone condition k? = 0 in the classical 
limit where c;,2 = 0. For the two different polarization states that solve this 
field equation, we may try the ansatz 


at ws *Fhe = *P ky, ab ~ FkY = Fk, (3.7) 


which is motivated by our findings in Sect. 2.2, (2.128). Employing the fun- 
damental algebraic identity (B.4), we find upon insertion of this ansatz into 
(3.6) 


ie 0= (he — 2co ZR + 2c Bs a _ (2c Gk") FR" 
as: 0= (k? — 2c 2p) FRY - (2c2 Gk?) *Fk”, (3.8) 


where z;, = (F¥”k,)? denotes the Lorentz- and gauge-invariant quantity that 
we have already encountered in (2.63). Owing to the last terms on the right- 
hand sides of (3.8), it is obvious that the polarization states af and a} do 
not solve the field equation exactly; however, since we are in the weak-field 
domain, we expect k? to deviate only slightly from the trivial light cone 
condition: k? = 0 + O(c1,2). Hence, the terms proportional to c1,2Gk? or 
c2Fk? will be of higher order in c1,2 and should be omitted for reasons of 
consistency. We find 


als k? =2exe,, aye k= Dey ee, (3.9) 
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Introducing the phase velocity v via k! = (k°,k) = k(v,k), where k = |kl, 
we obtain 


ie Zk 14 a? Zz 
Me a a iad 
Zk 8 a? zp, 
as 0g = 1g = 1 Fee (3.10) 


which exactly corresponds to our findings in (2.125). An appropriate repre- 
sentation of the invariant z, in terms of E and B fields is given by (2.130): 
zy, = k? |B? sin? 0p + EB? sin? Og + 2k-(B x E)]. 

Within the Lagrangian formalism developed so far, this result was first 
obtained by Bialynicka-Birula and Bialynicki-Birula [28] (correcting and gen- 
eralizing a result of Klein and Nigam [115]). For purely magnetic fields, a sim- 
ilar calculation was performed by Adler [4]. With a noncovariant notation, 
the weak-field computation is nicely reviewed in [125]. 

The following remarks should be made: 


(1) The light cone condition derived from the field equations is of second or- 
der in k# by construction, since the effective Lagrangian (3.1) contains no 
derivatives of the field strength. The latter property, in turn, follows from 
disregarding the nonlocalities of the effective action. As a consequence, 
the phase and group velocities of the propagating plane wave coincide, 
because the phase velocity does not depend on the frequency. This agrees 
with the fact that the results are only valid for soft photons, i.e. for low 
frequencies, w <_m, which cannot resolve virtual processes. 

(2) The phase velocities do not exceed the vacuum velocity c (=1), because 
the coefficients c1,2 are strictly positive. However, even if they were not, 
we could not draw the conclusion that causality is violated, because the 
signal velocity is equivalent to the front velocity; but the latter is related 
to the phase velocity in the infinite-frequency limit w — oo (cf. the 
discussion of causality in Sect. 3.3.4). 

(3) From (3.8), we could read off the linear combinations of Fk“ and *FkH 
which, as the correct polarization states, solve the field equations exactly 
[28]. In the following, however, we shall be particularly interested in light 
cone conditions averaged over polarization (and propagation direction), 
which might be called “sum rules”. In this case, the calculation following 
(3.6) can be simplified by multiplying (3.6) by a, and summing over the 
two polarization states according to the rule 


So ava ~ g¥?. (3.11) 
pol. 

This yields 
0 =2k?(1+ 2cpF) — 2(c1 + c2) zm. (3.12) 


Neglecting the higher-order terms in c;,2 again, we finally find 
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1 Zk ll a? zz 
2, _ = 
ke = (ci +¢2) Zp > v=1—- slate) =l-FG i: 


In fact, this is the arithmetic average over the polarization states of (3.10). 


(3.13) 


3.2 Light Cone Condition 


We derive the light cone condition for low-frequency light propagating in an ar- 
bitrary constant external field. The dynamics of the field is determined by a La- 
grangian which is assumed to depend on the two invariants of the electromagnetic 
field but is otherwise left arbitrary. We show that the deformation of the light 
cone is determined by the (vacuum expectation value of the) energy-momentum 
tensor of the field, and a field-dependent factor which we call the effective-action 
charge. By inserting the one-loop QED effective action, the light cone condition 
is applied to the cases of weak fields and strong and superstrong magnetic fields, 
yielding refractive indices for the various electromagnetically perturbed vacua. We 
observe that a vacuum modified by a superstrong magnetic field shows striking 
similarities to a magnetized plasma. This domain is also studied with the aid of a 
renormalization-group-improved effective action. 

The comparably simple procedure of the previous section will be generalized 
in the present section in order to obtain a light cone condition for a plane 
wave propagating in an electromagnetic field of arbitrary strength. Again, the 
basic quantity will be the effective action of QED in an arbitrary constant 
background field. The success of this strategy will further support the picture 
of considering the modified vacuum as a medium. 

In the following, we mimic the steps of the preceding calculation, but this 

time drop the weak-field assumption for the background field. To be concrete, 
we first demand that the following condition is satisfied: 
(1) Any length scale which we can construct from the parameters of the system 
(except from the field strength) is large compared with the Compton wave- 
length of the lightest massive particle (the electron) \. =1/m. This ensures 
that the effective Lagrangian is local, implies that the field is “slowly” varying 
and restricts the plane wave to be of “low” frequency (compared with d.). 

This property is sufficient for considering the effective Lagrangian to be 
a function only of the gauge and Lorentz invariants of the electromagnetic 
field; a convenient choice for the two linearly independent invariants is given 
by the standard (pseudo)scalars 


1 1 1 
r= awk = se -—E’), G= qh «Puy — _E. B. (3.14) 


For example, the Maxwell Lagrangian can simply be written as Cy = —F. 
The general Lagrangian therefore reads 
L=L(F,G). (3.15) 


Note that a parity-conserving fundamental theory (e.g. standard QED) de- 
mands that £ is an even function of G. 
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Following (3.2) and (3.3), we obtain the equations of motion from £ by 
variation: 
OL OL 

0 = 0, - = 0, (OF L FY + OGL *F HY 3.16 

“8(8,,Av) dA, .( F + Og ), ( ) 

where Or, 0g denote the partial derivatives with respect to the field strength 

invariants (3.14) (and should not be confused with space-time derivatives 

O,,). If we take advantage of the Bianchi identity and move 0,, to the right, 
we alrive at 


1 ; 
0 = (O¢-L) 0, FM + 5 Mas Orr, (3.17) 


where Mf, is given by 


Mig = FH Fog (O¢L) + *FYY *Fop (86L) 
+0¢gL Lee “Fos + *FY Fag) : (3.18) 


Note that M is antisymmetric in the upper, as well as the lower, indices: 
Mee — —Mep = Mea: 

Next, we apply this field equation to the case of a plane wave field f'"” 
propagating in a background field F”, i.e. we decompose the field strength 
according to F¥” — FY + f#”, In doing so, we specify the second basic 
condition as follows: 

(II) Vacuum modifications (= self-interactions) of the plane wave field are 
negligible; this is formally achieved by a linearization of the field equation 
with respect to fH”. 

Furthermore, neglecting derivatives of the background field (owing to con- 
dition I), we can replace the partial derivatives by the wave vector of the plane 
wave field in momentum space; this leads us to 


Vv 1 yey af 
0= (OrL) ky ft” + sie ae (3.19) 
As mentioned above, we are primarily interested in an average over polariza- 
tion states. Representing the plane wave field strength by f¥’ = k#a’ —k’at 
(imposing the Lorentz gauge ka, = 0), multiplying (3.19) by a, and sum- 
ming over polarization states according to (3.11), therefore yields 


0 = 2(0¢L) k? + MEY k ko. (3.20) 


Equation (3.20) already represents the desired light cone condition and actu- 
ally indicates that the familiar k? = 0 will, in general, not hold for arbitrary 
Lagrangians. Our final task is to put M#” into a convenient shape. Using the 
powerful fundamental algebraic relations of the field strength tensors given 
in Appendix B, (B.3) and (B.4), we obtain 


MEY = 2 [(1/2) FY" For (0% + OG)L + K(GOrglL -—FOZL)]. (3.21) 
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Since the remaining indices js and a will be contracted with k, and k® upon 
insertion into (3.20), we note that the first term of M#? will create the in- 
variant zp, while the second term results in a term proportional to k?. This 
proves that the deformation of the light cone caused by electromagnetic back- 
ground fields will always be of the form k? ~ z,. However, it is extremely 
useful to choose a different way of representing the light cone condition, by 
introducing the Maxwell energy-momentum tensor, 


Thy = FY Fy, — FH, (3.22) 


In principle, the Maxwell energy-momentum tensor is devoid of any phys- 
ical meaning, since we are simply not dealing with the Maxwell Lagrangian. 
The right quantity to deal with is therefore the vacuum expectation value 
(VEV) of the energy-momentum tensor, defined by? 


(rm FO re fate v=9e, (3.28) 
[Lv 


where I’ denotes the effective action. Performing the calculation, we arrive 
at 


(T!) = —T!" (OL) + go!” (L— FOrL -—Gagl). (3.24) 


On the quantum level, the conformal symmetry is broken, since the fermionic 
measure of the functional integral is not invariant under space-time scale 
transformations. As a consequence, the trace of the vacuum expectation value 
of the energy-momentum tensor does not vanish any more, but develops an 
anomaly given by 


(T° ,) =4(L-— FO¢L —GdgLl). (3.25) 
By differentiation, we find 

Or (Ta) = —4(FOEL + GOrgLl), 

Og (Ta) = —4(GOZL + FOrgL). (3.26) 


Inserting the various formulas related to the energy-momentum tensor into 
(3.21), we obtain two equivalent representations of M#Y: 


1 (0¢+03)L D gags bi 
py __ ee Le — —_ 
weg =2| es (T",) (SF (ok +08)6 
1/8)(03%-+02)L 
Pe msc a melee (T% 5) | 54] , (3.27) 
4 O¢Ll 


MiY =2|=(02 +02) THe — ( =F(2-+02)£ + 2dr (Ts) ) ot] 
9 \OF TOG gg FUNG 4 . 
(3.28) 


? Note that the variation with respect to the metric tensor is just a trick to calculate 
the symmetric energy-momentum tensor. With some care, the same result can 
be obtained by canonical methods. 
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Substituting these representations of M#” into the field equation (3.20) and 
solving for k?, we obtain the final versions of the light cone condition: 


eS Ore Ras en el age ae (3.29) 
The functions Q and Q’ are given by 


Q = SOR + a) | (One)? — (Ore) |(Ob-+08)C+ TOe(T".) 


+5 ((+28)C] (Tes) } , (3.30) 


(1/2)(0% + O8)L 
—(O¢L) + [(F/2)(0% + OB)L + (1/4)Or(T%a)] | 


The classical limit k? = 0 is immediately recovered, since the Q factors sim- 
ply vanish for £ = Ly = —F. We regard the light cone condition involving 
the vacuum expectation value of the energy-momentum tensor as the more 
fundamental one, since only the information contained in (T“”) provides for a 
proper definition of the energy, momentum, etc. of the electromagnetic back- 
ground field. Nevertheless, the representation involving the Maxwell energy— 
momentum tensor is the simpler one and can therefore be evaluated more 
easily. Of course, both representations are equivalent by virtue of (3.24). 

Since an average over the different polarization states entered the deriva- 
tion of the light cone condition, we may call it a “sum rule”. While the factor 
of (T"”)k, ky (or T"’k, ky) essentially carries the information about the ge- 
ometry of the system determined by FE, B and k, the value of the @ factor 
dictates the strength of the light cone deformation. In the following, we shall 
call the Q factor the effective-action charge for reasons that will be elucidated 
below. 

Note that the validity of the light cone conditions in (3.29) is not restricted 
to results of perturbation theory or to only small modifications of the Maxwell 
Lagrangian. As long as we do not leave the parameter space that is limited 
by conditions (I) and (II), the light cone condition is an exact statement in 
the sense of an effective theory. The better we determine £(F,G), the larger 
the domain of validity will be. 

For the special case of weak electromagnetic background fields, this repre- 
sentation of the sum rule was first found by Shore [153]; the present discussion 
of the light cone condition is as given by [60, 86]. 

In the remainder of this section, we calculate further representations of the 
sum rule by choosing a certain reference frame and introducing the modulus 
k = |k| of the spatial components of the wave vector in that frame: 


Q' = (3.31) 
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where we have again introduced the phase velocity by means of v = k°/k. 
For (3.29), we obtain 
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Here and in the following, we may replace Q by Q’ and (T#”) by TH”. An- 
other representation of the light cone condition is found by averaging over 
propagation directions, i.e. integrating over k € $?. We furthermore assume 


the resulting velocity shift to be small in order to set k° = v ~ 1 on the 
right-hand side of (3.33): 


pre LE (Q/3)((2%) + (T25)) 
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For Q(T°°) <1 and (T®,) of even lower order, this reduces to 
4 4 
v =1-ZQ(T") =1-3Qu, (3.35) 


where u denotes the (renormalized) energy density of the modified vacuum. 
Let us point out again that the last two equations denote approximations to 
the light cone condition, while (3.29) and (3.33) are exact representations. 


3.2.1 Effective-Action Charge 


To illustrate the various versions of the light cone condition given above, let 
us assume for the moment that the effective Lagrangian under considera- 
tion is dominated by the Maxwell term £y4 and yields only a small quantum 
correction £L., £L. < Lm. Since the numerator of the Q factor (3.30) is deter- 
mined only by the quantum correction £,. anyway, we can approximate the 
denominator by 1 (from the first term), because additional terms will be of 
order £, and therefore negligible. The Q factor thus reduces to 


Le 
Ln 


Here, we have introduced the two-dimensional Laplace operator V? acting in 
the space of the field invariants F and G. It is the similarity of this equation 
to the two-dimensional Poisson equation of classical electrodynamics which 
justifies calling the Q factor the effective-action charge. In fact, we shall 
demonstrate that the shape of Q as a function of the field invariants (and 
later of further parameters) in many cases resembles a localized, charge-like 
distribution. Hence, it will support our intuition to think of Q as a charge 
which can be associated with the effective Lagrangian in the role of an elec- 
trostatic potential; for example, the classical vacuum Ly = —F is uncharged. 
This agrees with the structure of, for example, (3.35). There, the velocity 
shift increases linearly with the energy density of the modified vacuum and, 
therefore, similarly with respect to the field invariants. If the effective-action 
charge Q indeed obeys a charge-like distribution, i.e. it decreases for increas- 
ing invariants, the increase of the velocity shift will slow down (and may halt) 
for increasing field invariants. 


g~ 102 +4. 2)£ = W’L~2Q, for <1. (3.36) 
2 F G 
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Nevertheless, let us stress that the concept of Q as a charge is nothing but 
a picture and not an interpretation. There may certainly exist various coun- 
terexamples for which the picture of a localized charge distribution will fail; 
but this will be without consequences for the correctness of our formalism. 

There have been earlier attempts to interpret the role of the Q factor; 
in particular, Shore [153] suggested a deeper connection between the ve- 
locity shift and the scale anomaly. He observed that the coefficients of the 
field invariants in the trace of the vacuum expectation value of the energy— 
momentum tensor in the weak-field limit, 


ra,)=—4(22 5 “ g? 3.37 
(Tea) = ($5 + 9a ). (3.37) 
coincide in modulus and sign with the coefficients of the velocity shift (see, 
e.g. (3.10)) for the different polarization states. He therefore conjectured that 
the sign of the conformal anomaly may be linked to causality in photon 
propagation. 

Within the framework developed so far, we are in a position to clarify 
whether such a deeper connection indeed exists in the general case or whether 
the coincidence arises accidentally. Our task is to investigate the possibility 
of expressing the effective-action charge Q in terms of the anomaly. It is 
sufficient to consider the simpler case of a small quantum correction to the 
Maxwell Lagrangian £. < Ly. Then, the effective action charge Q can be 
rewritten by virtue of (3.25) and (3.26) as 


1 1 1/1 1 

Q~ 5 OF+dgL =75 ($+3) Orgh—s (Gar+ 5%) (T“ ).(3.38) 
It is obvious from (3.38) that there is no immediate connection between 
(T°) and the velocity shift (3.10). The findings of Shore arise from the spe- 
cial structure of the lowest-order Heisenberg—Euler Lagrangian (3.1), where 
OrgL = 0 and (1/F)O¢ = 2/F? (similarly for G). In general, higher order 
mixed terms exist, since they are not forbidden by gauge, Lorentz or parity 
invariance. With regard to (3.38), the introduction of the scale anomaly into 
the numerator appears regrettably to be artificial rather than interpretable. 


3.2.2 Weak Electromagnetic Fields 


As a first application and a cross-check, we may consider the case of light 
propagating in a weak electromagnetic background field again; incidentally, 
the weak-field condition here reads E, B < m?/e. A simple improvement of 
our earlier results can be achieved by employing the two-loop-corrected ver- 
sion of the weak-field-approximated Heisenberg—Euler Lagrangian this time. 
According to Ritus [140, 141], the two-loop version is given by 


L=-F+eF?+4G', (3.39) 
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In the following, we denote the two-loop-corrected coefficients by ci_2, while 
the one-loop coefficients remain unprimed: c, = 8a7/45m+, cy = 14a?/45m+*. 
Obviously, the quantum correction is small compared with the classical 
Maxwell term. Hence, we may simply employ the light cone condition 
as stated in (3.35); we immediately obtain for the polarization and the 
propagation-direction-averaged velocity 
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The term proportional to 11 clearly corresponds to the one-loop part and is 
equivalent to our preceding findings (note that the average of the quantity 
zp/k?, e.g. in (3.13), over propagation directions yields z,/k? = (2/3)(E? + 
B?)). The numerical value of the two-loop correction amounts to (1955/36) 
x(a/m) ~ 0.12629..., which is a 1% effect (compared with 11). At this point, 
we should stress that (3.41) contains the complete a*® two-loop correction to 
the effective-action charge Q; modifications arising from an exact treatment 
of the denominator of Q in (3.30) contribute to the order of a‘. 

In the spirit of the previous section, it should be pointed out that (3.41) 
represents the value of the effective-action charge at the origin in field space 
(at F,G = 0). As we shall soon demonstrate, this value plays a significant 
role in various other cases of modified light propagation. 


3.2.3 Strong Magnetic Fields 


While (3.39) represents an expansion of the effective Lagrangian about the 
origin in field space, we shall now extract information about the behavior 
of £ and Q along the complete positive F axis. The positive F axis implies 
the existence of a reference frame in which the field is purely magnetic. Any 
other point in field space is additionally related to electric-field components 
and therefore represents a nonstable vacuum state. 

As our starting point, we use Schwinger’s well-known formula for the 
one-loop effective QED Lagrangian [148], 
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where we have employed the following representation of the secular invariants 
a and b (see Appendix B, (B.5)): 


2 


a=(VFtG+F)”, o=(/F4e-F)”. (3.44) 


It is understood that the convergence of the integral in (3.43) is implicitly 


ensured by the prescription m? — m?—ie. (Note that we have not performed 
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a proper-time Wick rotation yet.) To obtain the effective-action charge, we 
have to evaluate the Laplacian V? of the effective action in field space; for this, 


a transition to the secular invariants is convenient, which has been achieved 
in (B.12) of Appendix B: 
1 
2 2 2 

Ve= ape + 68). (3.45) 
For the term in the square brackets in (3.43), we can straightforwardly per- 
form the differentiation. In the limit of purely magnetic fields, b — 0 and 
a — |B| = B, we find 


2(es)? (= cotheBs — 1 


v" f , i, ~~ Be 


The complete formula for the numerator of the effective-action charge might 
be written (with the substitution z = eBs) as 
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With some effort, the evaluation of the integral can be performed analytically 
by standard means which resemble dimensional regularization. Details are 
given in Appendix D (cf. (D.47)). The result is 
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where w denotes the logarithmic derivative of the I function and ¢’ is the first 
derivative of the Hurwitz zeta function with respect to the first argument [91]. 

Remembering that we are dealing with a perturbative approximation of 
the effective action, we can conclude that the domain of validity of our cal- 
culations is marked by the condition £L. < Ly. To be precise, as long as 
the quantum corrections are small compared with the classical behavior of 
the system, we can completely trust our results. Nevertheless, the one-loop 
Lagrangian contains, in principle, information over a wider range of field 
strength; in particular, the infinite-B-field limit will be discussed in the fol- 
lowing subsection. Here, we restrict ourselves to the “severe” region in which 
Lo. < Ln. 

Thus, we neglect higher-order contributions to the effective-action charge 
Q stemming from the denominator of (3.30), which results in Q ~ (1/2)V?7L 
=(3.48). For strong fields, the last term of (3.48) « (B/(3B.,) dominates the 
expression in the square brackets. We find, obviously, that the effective-action 
charge decreases with 
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=[1+O(1)] for B> Ba, (3.49) 


as we move along the positive F axis in field space (Fig. 3.1). Indeed, the 
effective-action charge exhibits a localized charge-like distribution, which 
serves as an example of how this picture of the Q factor should be viewed. 
To lowest order in £., the contraction of the energy-momentum tensor VEV 
may be cast into the form 


(T\ kk, = B? —(B-k)? + O(L,) = B* sin? 6+ O(L,), (3.50) 


where @ measures the angle between the B field and the propagation direc- 
tion. 
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Fig. 3.1. Effective-action charge Q(B) in units of 1/m* versus magnetic field B 
in units of the critical field strength Ba = m? /e. At the origin, we find the value 
Q =c1 +c, while for strong fields the decrease is proportional to B~* 


Finally, the light cone condition (3.33) yields, for arbitrary background 
fields consistent with the one-loop approximation, 
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Equation (3.51) corresponds to the polarization-averaged velocity shift for 
strong magnetic fields that we found in Sect. 2.2, (2.93)—(2.95). Hence, we 
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have proved the coincidence of the original results of Tsai and Erber, ob- 
tained via the polarization tensor, and the outcome of the quasi-classical 
effective-action approach. This has also independently been shown by Heyl 
and Hernquist [99, 100], who additionally treated the field invariant G per- 
turbatively. 

Although the velocity shift increases proportionally to the magnetic field 
for large B, the total amount of the velocity shift remains relatively small 
for values of B of the order of the critical field strength Be, (Fig. 3.2). To be 
precise, the terms in the neglected denominator of the effective-action charge 
Q are of the order of a?/7z? and multiply the field invariant F ~ B?. We 
therefore expect our approximation to be appropriate as long as B/By < 
t/a ~ 430. 
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Fig. 3.2. Squared velocity v? versus magnetic field B in units of the critical field 
strength Ber = m?/e. The dashed curve indicates the region in which higher-order 
contributions become important 


3.2.4 Superstrong Magnetic Fields 


The following considerations might be judged to be of purely academic in- 
terest, since we investigate here the propagation of light in magnetic fields 
whose strength lies beyond the limit of B/Be, ~ 7/a ~ 430. While the re- 
sults for strong magnetic fields given in the previous section may be relevant 
to “usual” astrophysical objects such as neutron stars, only the recently dis- 
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covered, mysterious “magnetars” [67] might produce magnetic field strengths 
of the order considered in the present section. 

Formally, we are interested in the infinite-B-field limit of the light cone 
condition (3.29) obtained by insertion of the one-loop effective Lagrangian 
(3.43). For this, we have to improve the previous calculation by no longer 
neglecting terms of higher order in the quantum corrections £,. In particu- 
lar, we have to take the denominator of the effective-action charge, as well 
as the higher-order terms of (3.50), completely into account. For reasons 
of convenience, we switch to the representation of the light cone condition 
involving the Maxwell energy-momentum tensor and the modified effective- 
action charge Q’ given in (3.31). The denominator of Q’ can be read off from 
(31): 


denom(Q’) = —O¢L + SVL af zor Ta). (3.52) 


The Laplacian of £ has been calculated in (3.48), and the strong-field behay- 
ior is exhibited in (3.49). We need to know the F derivatives of £ and (Tq). 
Since no G derivative is involved, it is sufficient to consider these functions 
in the limit of G — 0. Regarding the effective Lagrangian, we can make use 
of Weisskopf’s [164] well-known formula (F — (1/2) B?): 
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Employing (3.25), we can deduce the correct form of (T%,) in a simple man- 
ner from (3.53): 

2a 
= 
Upon insertion of (3.49), (3.53) and (3.54) into (3.52) and (3.31), we arrive 
at 


(T%.) =F =  as(T%,) = (3.54) 


a a/(6mBerB) [1 + O(1)] 
~ 1=(a/3m)[1 + In(B/Ber)| + (a/127)(B/Be) + O(1) 


14+ O(Ber/B)]. (3.55) 
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Remembering that Q’ represents an average over polarization states, we can 
reconstruct the information about the contribution from each mode by em- 
ploying the findings of Sect. 2.2. In (2.97), we observed that the dominant 
contribution leading to a linear increase of the velocity shift with respect to 
the magnetic field appeared only in the || mode (where the polarization vector 
is in the plane spanned by the magnetic field and the polarization direction). 
In contrast, the velocity shift of the L mode approached a constant value in 
the limit B — oo. Thus, we have to conclude that the dominant contribution 
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to V?L proportional to 1/B in (3.49) is produced by the || mode, while the 
-L mode contributes only to the terms of order O(1). Hence, we obtain 


The averaged form in (3.55) is recovered by using Q! = Q' + Q!. The second 
improvement required for evaluating the light cone condition (3.33) in the 
superstrong-B-field regime concerns the exact treatment of the bilinear form 
T"’k, ky, where k# = (v,k). With the aid of (3.22) and the representation 
of the field strength tensor in terms of F and B fields (Appendix A, (A.8)— 
(A.12)), we find 


T"’ kk, = B? sin? 0g + E? sin? 0m —2uk- (E x B) 


5(E + B?)(1—v?), (3.57) 


where #g, denotes the angle between k and B, and Og the angle between 
k and E. Inserting (3.57) into the light cone condition (3.33), we obtain a 
quadratic equation for the phase velocity of low-frequency photons, 
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+Q’ G sin Op + E* sin Og — 5 (E + ?)) -1=0, (3.58) 
where Q’ can be replaced by Q) or Q’, for a particular mode. For vanishing 

electric fields, we obtain 
goi= Q’ B? sin? 63 + Q’(B?/2) =o sin? 0p . 
1+ Q'(B?/2) (1/2) + (1/Q’B?) 


Substituting the Q’ factors for the different modes into (3.59) finally leads us 
to 


(3.59) 


uj =1-sin?@p+ O(Ba/B), vi =1+ O(Ber/B). (3.60) 


First of all, observe that the phase velocities remain bounded even in the 
limit of an infinite magnetic field, 0 < v < 1, ie. the results are still inter- 
pretable. In fact, the mode that is characterized by a polarization vector 
perpendicular to the magnetic field and to the propagation direction ceases 
to be influenced by the magnetic field; it propagates as in the trivial vacuum, 
without regard to the direction of propagation. In contrast, the phase velocity 
of the || mode is directly related to the direction of the wave vector; prop- 
agation along the direction of the magnetic field (sin@g = 0) is preferred, 
without restrictions, while perpendicular propagation is strictly forbidden, 
since vj (kLB) = 0. As a consequence, waves in the || mode will eventually 
propagate along the magnetic field lines, irrespective of their incidence angle. 
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It is highly remarkable that this outcome can be immediately interpreted 
in terms of wave propagation in a magnetized plasma. The || mode is reminis- 
cent of the Alfvén mode; the latter is electrodynamically transverse like the 
|| mode and exhibits an identical angle dependence ~ 1 — sin? 0g. Since the || 
mode describes a propagation along the magnetic field lines, it is illustrative 
to interpret it as an oscillation of the magnetic field lines. The properties of 
the _ mode resemble those of the fast magnetoacoustic mode with an Alfvén 
speed much greater than the speed of light, which are also not influenced by 
the direction of the magnetic field in this limit. This analogy between physics 
in superstrong magnetic fields and magnetohydrodynamics was first discov- 
ered by Melrose and Stoneham [123] by studying the polarization tensor in 
such intense fields to one-loop order. 

In this sense, the results of (3.60) seem to fit nicely into the picture which 
is evoked by the concept of vacuum polarization. The polarization of virtual 
particles caused by such superstrong magnetic fields seems to induce plasma 
properties in the vacuum, resembling the behavior of real particles. 

However, there is obviously a blemish in this appealing interpretation: 
we should not forget that we are dealing with a one-loop approximation to 
the effective Lagrangian, which is known to fail for an unbounded increase 
of the field strength. In fact, to study the infinite-field-strength limit is a 
truly nonperturbative task, inasmuch as the electrodynamics of strong fields 
is very reminiscent of the electrodynamics of short distances [141], including, 
for example, the Landau pole problem. 

Nevertheless, despite being tied to perturbation theory, we may be able to 
draw conclusions with the aid of the renormalization group which go beyond 
a low-order perturbative approximation. First, note that, regarding (3.59), 
an analogy to waves in a plasma can immediately be drawn if Q’B? — 2 for 
B = ov, or, equivalently, Q’F — 1 for F — oo (F=(1/2)B?). Then, the 
results of (3.60) hold. Employing the explicit representation (3.31) of Q’, 


(F/2)V?L 
—(O¢L) + (F/2)V2L + (1/4)0F(T%Q)’ 


this will generally be the case if —(O¢L) + (1/4)0r (Ta) can be neglected 
compared with (F/2)V?L for F — oo. As recognized above, the one-loop 
approximation exactly satisfies this criterion; there, (F/2)V7L increases lin- 
early with B, while O¢£ increases only logarithmically and 0¢(T%.) even 
approaches a constant. 

As far as V?L is concerned, little is known beyond the one-loop calcula- 
tion, since its computation first requires the knowledge of £ with its complete 
dependence on F and G, which has only been computed up to two-loop or- 
der. However, it is not unreasonable to assume that (F/2)V?L remains an 
increasing function of F of the type F? with p > 0 (p = 1/2 in the one-loop 
case). If this does not hold at higher-loop order or in the nonperturbative 
regime, the function FQ’ might increase logarithmically (then, we cannot 
conclude anything and further discussion is pointless) or tend to zero; in 


FQ = (3.61) 
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the latter case, we would find, according to (3.59), that v = 1 for B > oo. 
This is at least a reasonable result that satisfies the a priori assumptions 
on v, 0 < v < 1, although it seems to be counterintuitive, since then the 
plane wave would propagate as in the trivial vacuum. Therefore, we assume 
a power-like increase of (F/2)V?L for the remainder of this section. 

As far as the other terms in the denominator of (3.61), —(O¢£) + 
(1/4)0F (Ta), are concerned, we need to know £ only in the limit G — 0 
and F = (1/2)B? — oo. Indeed, as is known from higher-order perturbative 
calculations [140], this renormalized effective Lagrangian in the perturbative 
regime can be expanded according to 
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where the coefficients a;; are constants determined partly by fixing the phys- 
ical parameters (e and m) and partly by the coefficients of the Callan— 
Symanzik (@ function. The constant y is related to Euler’s constant: C = 
0.57721 = Iny. The validity of this expansion is limited to In(V2F)/(yaBe) 
<_ 1. From the intrinsic logarithmic nature of this function, it is obvious 
that O-£ and (T%,) diverge at most logarithmically for increasing F. Un- 
der these mild assumptions, we are therefore allowed to conclude that our 
previous findings, particularly FQ’ — 1 for F > B2., hold to any finite or- 
der in perturbation theory, i.e. in the complete perturbative domain which is 
characterized by In(V2F)/(yaBea) <1. 

This is, of course, a stronger statement than the ones derived from first- 
order perturbation theory. In particular, the plasma analogy can be regarded 
as a felicitous interpretation of the physics of the vacuum in superstrong 
magnetic fields far beyond the critical field strength. 

Employing the renormalization group improvement [55], one can even 
compute the sum over the leading logarithms of the perturbative expansion 
exactly, which yields 
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Now, (3.63) is valid for an extended field strength interval, subject to the 
condition 
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Again, we discover at most a logarithmically diverging behavior of 0¢£ and 
of (T“.,). Hence, the increasing powers of logarithms in higher-order pertur- 


(3.64) 
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bation theory appear to be harmless. The physical response of the system 
to a propagating plane wave seems to be describable by a simple one-loop 
approximation even for superstrong magnetic fields. 

Of course, we should remind the reader of the fact that truly nonpertur- 
bative effects which might exist have not been taken into account; we have 
also imposed an assumption on the behavior of V?L for large magnetic fields 
which could not be confirmed but was at least made plausible. It is, further- 
more, a deficit that our theory describes only a world built out of photons and 
electrons. For increasing field strengths, quantum effects of further charged 
particles which couple to the photon take part in the plasma, and might 
slightly modify the results. 

Finally, we would like to stress that it is not the formal B — oo limit 
which is physically interesting. This limit is only an auxiliary device to obtain 
information about the system at a field strength larger than the critical field 
strength. Hence, we believe that the physics of a plasma is a good first-order 
approximation to the physics of superstrong magnetic fields. 


3.3 Light Cone Condition for Various Vacua 


We investigate the influence of various perturbations of the QED vacuum on the 
deformation of the light cone; in particular, we study thermalized and Casimir vacua 
as well as combined perturbations. For weak perturbations (low-energy domain), 
we derive the so-called “unified formula” [120] for the light velocity shift /refractive 
index, which covers all of the well-known cases, for example the Scharnhorst effect, 
describing a Casimir-induced increase of the speed of soft photons. 


Finally, we address the question of the measurability of the various effects. 
For this, it is essential to distinguish accurately between phase, group and front 
velocities on the one hand, and, on the other hand, between velocity and interference 
measurements. In toto, there is no evidence for a violation of causality. We estimate 
the order of magnitude of the effects for various experimental conditions. 


3.3.1 “Unified Formula” 


In the preceding sections, we discussed extensively the propagation of a plane 
wave in a vacuum which is modified by an intense electromagnetic background 
field. While an experimental verification of the theoretical predictions for such 
a system might be expected in the near future [167], this seems not to be the 
case for the systems which we are now going to consider. However, we intend 
to demonstrate that light can be a useful tool to test the peculiar properties 
of the quantum vacuum subject to various external perturbations. Studying 
the propagation of light in different modified vacua is therefore a subject of 
fundamental theoretical interest, the aim being to gain more understanding 
of the vacuum, rather than a search for experimentally tiny effects. It should, 
however, be noted that reliable results for the velocity shift of photons in 
modified vacua can only be obtained in the low-frequency domain, which 
most of the results cited below refer to. 
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In addition to the investigation of electromagnetic modifications, which 
started in the early 1950s [158], Drummond and Hathrell [66] initiated the 
study of light propagating in various gravitational backgrounds. They dis- 
covered that vacuum polarization, e.g. the electron—positron loop, in a grav- 
itational background can be understood as giving a “size” to the photon on 
which the gravitational field can act via tidal forces. On a formal level, the 
electromagnetic field characterizing the plane wave field couples to the curva- 
ture tensors and/or covariant derivatives; hence, the equations of motion for 
the photon are altered in a highly nontrivial manner. In addition, the strong 
principle of equivalence is violated, which only allows for a photon kinetic 
term of the form F¥” Fi. 

In [66] the surprising phenomenon was revealed that some parts of the 
modified light cone may lie “outside” the vacuum light cone. In particular, for 
Schwarzschild, Robertson—Walker and gravitational-wave space-times, direc- 
tions and polarizations were identified for which the photon velocity is faster 
than c. As an example, we cite the phase velocity for low-frequency photons 
for a homogeneous, isotropic Robertson—Walker background with Friedman 
cosmology, 


(3.65) 


where G'y is Newton’s constant and p and p denote the energy density and 
pressure of the perfect fluid which approximates the matter distribution of 
the universe. Assuming that the matter satisfies the positive-energy condition 
p+p> 0, the velocity indeed exceeds the vacuum velocity c (=1). 

In subsequent papers, Daniels and Shore showed that “faster than light” 
velocities also appeared in the Reissner—Nordstr6m [49] and the Kerr [50] 
background. The variety of effects of these different space-times can be or- 
dered with the help of two important theorems established by Shore [153). 

The first theorem, the polarization sum rule, relates the average velocity 
over the two physical polarizations to the matter energy-momentum tensor. 
As a consequence, in Ricci-flat space-times, the velocity shifts of the two 
polarization modes must be equal but opposite in sign in order to maintain 
an average velocity equal to c. 

The second theorem, the horizon theorem, states that the light cone for 
photons traveling normal to an event horizon of a general but stationary 
space-time remains k? = 0. As an application, this explains in simple terms 
why, for example, photon propagation is not modified in the de Sitter space— 
time; here, every point in space-time belongs to an event horizon of some 
observer. Hence, the velocity of light must be c everywhere. 

Further interesting studies on this subject of photon propagation in grav- 
itational backgrounds have been performed [42] for dilaton black-hole space— 
times and [37] for topological black-hole solutions. In particular, dilatonic 
effects become important or even dominant for orbits close to the event hori- 
zon; topological structures have been shown to have an influence on light 
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propagation in nonstationary black-hole space-times such as the radiating 
topological black hole, while the light cone condition is not sensitive to the 
asymptotic behavior and topological structures in the stationary case. 

Substituting photons by massless neutrinos, Ohkuwa [128] discovered sim- 
ilar effects regarding their propagation in gravitational backgrounds. The ma- 
jor difference from photons is marked by the fact that superluminal velocities 
are not possible for Ricci-flat space—times. 

To obtain a superluminal velocity shift induced by vacuum polarization, 
it is not necessary to combine the theories of quantum electrodynamics and 
general relativity (a combination which one may feel suspicious of). As was 
demonstrated by Scharnhorst [143], superluminal phase velocities also appear 
in simple QED in the standard parallel-plate Casimir configuration for prop- 
agation normal to the plates. On a formal level, the Scharnhorst effect arises 
from imposing periodic boundary conditions on the photonic fluctuations of 
the QED vacuum polarization processes; the effect was originally calculated 
from the two-loop polarization tensor after insertion of an internal photon 
line modified by the periodic boundary conditions (Fig. 3.3). The result is 
llr? a? 1 
ae ae cos” 0, (3.66) 
and depends on the plate separation a and the angle 6 between the direction 
of propagation and the normal to the plates. A different derivation of the 
Scharnhorst effect was given by Barton [20] with the aid of the Heisenberg— 
Euler Lagrangian. Our treatment of the light cone condition given below is 
in the spirit of Barton’s work. 

Since a finite temperature can also be introduced by imposing boundary 
conditions on the fluctuating fields, it is plausible that light propagation will 
also be modified in a thermalized vacuum. Similarly to the Scharnhorst effect, 
a two-loop calculation of the polarization tensor with a modified internal 
photon line leads to such a result. For a homogeneous, isotropic thermal 
vacuum, the velocity shift for low-frequency photons was first calculated by 
Tarrach [157] (the numerical coefficient was later corrected by Barton [20]) 
and yields 


v=1+ 
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The phase velocity obviously remains smaller than c; this is formally related 
to the fact that the boundary conditions on the fluctuating internal photons 
which are considered as thermalized have been imposed in the direction of 
imaginary time. 

It should be stressed that the energy scale of the vacuum modifications 
in (3.65)—(3.67) is assumed to be much smaller than the energy scale set by 
the electron mass, i.e. T < m, 1/a << m. In this sense, these findings can be 
viewed as low-energy results. 

A remarkable observation was made by Latorre, Pascual and Tarrach 
[120], who pointed out that striking similarities exist between (3.65)—(3.67) 
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+ 


Fig. 3.3. Feynman diagrams for the two-loop polarization tensor. In order to obtain 
the low-energy velocity shift for a Casimir vacuum or a thermalized vacuum, the 
internal photon is modified by the appropriate boundary conditions 


and also the electromagnetically modified phase velocity, e.g. (3.13). Taking 
the average over polarization states (and propagation directions, if necessary), 
each formula can be written identically (in a “unified” way) as 


44 a? 
Sh, 
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where we have to replace one a by Gym? in the case of a gravitational 


background. In (3.68), u = (T°°) denotes the renormalized energy density of 
the modified vacuum, i.e. 


(3.68) 


u = (1/2)(E? + B?) for electromagnetic background fields 

the Planck energy density u = (?/15)T* for the thermal background 

u = —(n?/720)(1/a*) for the Casimir vacuum 

u = —p = —(3/4)(p+ p) for a radiation-dominated Friedman—Robertson— 
Walker vacuum, in which p = p/3. 


The so-called “unified formula” attributes the appearance of superluminal 
phase velocities to negative energy densities. At this stage, we would like to 
stress that this formula has only been identified and not at all proved. This 
raises several questions. Does a proof exist that this “unified formula” also 
holds for further modified vacua or are the similarities purely accidental? Does 
the numerical prefactor common to all these examples hint at any deeper 
physical realm (as has sometimes been speculated in the literature)? How 
can the fact that (3.65) and (3.13) derive from one-loop calculations while 
(3.66) and (3.67) are based on the two-loop level be understood? 

The appropriate tool for investigating the nature of the “unified formula 
obviously is the effective-Lagrangian approach; in this case, it is superior to 
the approach via the polarization tensor, since it provides a way to estab- 
lish certain approximations more conveniently. However, the problem of light 
propagation in gravitational backgrounds has to be excluded from the fol- 
lowing considerations, because the combination of QED and gravity has to 
be established on a more fundamental level than that of effective theories. 


03 


3 We continue to write this phrase in quotes, because we doubt its unifying power. 
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3.3.2 Light Cone Condition for Low-Energy Phenomena 


Our starting point is the light cone condition for purely EM-field-modified 
vacua and low-frequency photons as given in (3.29): 


k2 = Q(T!) 5g kyky. (3.69) 


Here, we have introduced the invariants F and G (cf. Appendix A) as sub- 
scripts to remind the reader that we are dealing with the expectation value of 
the energy-momentum tensor with respect to the electromagnetically modi- 
fied vacuum state. Since the “unified formula”, by construction, refers to the 
domain in which the energy scales of the modified vacua are smaller than 
the electron mass (the energy scale of the fundamental theory, QED), it is 
natural to assume the quantum corrections to the effective action to be small 
compared with the classical Maxwell action (Le < £y4). In this approxima- 
tion, we found that the effective-action charge Q is a pure number (cf. (3.40) 
and (3.41)): 


1 22 a? 2 a? 1955 a 
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where we have cited the results obtained from the two-loop as well as the 
one-loop Heisenberg-Euler Lagrangian. 

In the language of path integrals, the one-loop approximation has been 
obtained by performing a Gaussian integration over the fermion fields. Here, 
the background field has been assumed as constant, and the nonconstant 
contributions of the fluctuating photon fields which are also contained in the 
Dirac operator have been neglected. If, instead, we had taken the fluctu- 
ating photon field into account, we would have obtained an exact effective 
action (depending, of course, on infinitely many field operators); after inser- 
tion of this action into the functional integral over the fluctuating photon 
field, we would still be dealing with the exact theory of QED. In this sense, 
the Heisenberg—Euler Lagrangian can be viewed as the lowest-order approx- 
imation to this particular effective action. Insertion of the Heisenberg—Euler 
Lagrangian into the functional integral is the philosophy of the modern ap- 
proach of effective theories [111]. (In fact, for the present purpose, it is even 
sufficient to consider the Maxwell action inserted into the functional integral.) 

In view of these considerations, we regard the field quantities on the right- 
hand side of the light cone condition (3.69) as being subject to quantization 
with the aid of the functional integral over the fluctuating photons. Modify- 
ing the vacuum by either Casimir plates or finite temperature (or both) is 
reflected by imposing boundary conditions on fluctuating photons.* Hence, 


* In the case of finite temperature, it is sufficient to impose the boundary conditions 
on the photon fields only, i.e. to thermalize the photons only, since we are at 
present studying only the low-temperature domain, T < m. In the case of the 
Casimir vacuum, we consider the ideal situation of infinitely thin (and perfectly 
conducting) plates which do not influence the electrons. So there also is no need 
for boundary conditions on the fermion field. 
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the functions of the field quantities on the right-hand side of (3.69) have to 
be replaced by their vacuum expectation values for the appropriate vacuum, 
and we may write 


ke = (Q(L"") FG) 2 kukv, (3.71) 


where the subscript z labels the vacuum modification under consideration. 
Since Q is a pure number in the low-energy domain, we obtain 


ee Q (TY Vege kykv. (3.72) 


Introducing the phase velocity v and averaging over propagation directions 
leads us to the formula (cf. (3.35)) 
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where wu denotes the (renormalized) energy density of the modified vacuum. 
Equation (3.73) is identical to the “unified formula” for the propagation of 
low-frequency photons in modified vacua given by Latorre, Pascual and Tar- 
rach [120]. Our derivation represents a proof for vacua which are modified 
by electromagnetic fields, Casimir configurations, finite temperature or any 
further external influences which enter the theory via the functional integral 
over the photon fields. Examples will be given below. 

Let us first of all mention that the “proof” appears to be almost triv- 
ial and should serve to demystify the “unified formula”. Above all, there is 
nothing mysterious about the numerical prefactor containing the number 11. 
We would like to stress that this factor is common to all the different vacua 
simply because it has the same origin: it is nothing but the effective-action 
charge of the Heisenberg-Euler Lagrangian in the weak-field limit. Even in 
the case of a gravitational background, which is not covered here, it should 
not be too surprising that we encounter this factor: it is always the fermion 
loop, with its spin-(1/2) character, that leads to the appearance of typical 
numerical coefficients. For example, in scalar electrodynamics, the Scharn- 
horst effect has been calculated by Cougo-Pinto et al. [46], and the result can 
be written as 


2 2 
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(3.74) 
where mo denotes the mass of the scalar particle, and the Casimir energy 
density u to lowest order in scalar QED is, of course, the same as in spinor 
QED. 


Casimir Vacuum (Scharnhorst Effect) 


Inserting the energy density of the idealized parallel-plate Casimir configu- 
ration, u = —(7?/720a*), into our formula (3.73), we arrive at the direction- 
averaged version of Scharnhorst’s result: 
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v= 1+ 3 O02 mat (3.75) 
Since propagation parallel to the plates is not modified, the averaged veloc- 
ity shift yields one-third of the perpendicular velocity shift (3.66). The low- 
energy approximation, 1/a< m, can be inverted to give a > A. (Ac = 1/m, 
the Compton wavelength). In fact, we have to impose an even stronger con- 
dition on the plate separation a: on the one hand, our formalism is based 
on the soft-photon approximation, i.e. the wavelength of the propagating 
light should be much larger than the Compton wavelength, 4 >> A,; on the 
other hand, the plate separation has to exceed the wavelength of the light 
probe by far in order to justify considering the Casimir region as a dielec- 
tric medium, a > A. Therefore, we have to treat the plate separation a as 
a macroscopic parameter. In terms of what is experimentally practicable, a 
reasonable value is of the order of a few microns. In combination with the 
smallness of the prefactors, an experimental verification is obviously out of 
the question. Whether measurability of the Scharnhorst effect is in principle 
possible at all is discussed in Sect. 3.3.4. 

It is worthwhile to point out that our procedure for deriving the Scharn- 
horst effect works very economically; remember that the Scharnhorst effect is, 
diagrammatically, produced at the two-loop level, since the polarization ten- 
sor has to be evaluated with an internal modified-photon line (see Fig. 3.3). 
In the present derivation, we employed only the one-loop Heisenberg—Euler 
Lagrangian and additionally inserted information about the vacuum expecta- 
tion value of field correlators, from which the energy-momentum tensor can 
be constructed. Therefore, our formalism mimics a two-loop calculation on 
the one-loop level. 

Whether this can successfully be extended to higher-loop orders is not 
clear at present. We may try to estimate higher-order corrections to the 
Scharnhorst effect in the following way: first, we employ our knowledge about 
the two-loop value of the effective-action charge Q as given in (3.70); secondly, 
we make use of the radiative corrections to the Casimir energy density as 
obtained by Bordag, Robaschik and Wieczorek [31].° We obtain [61]: 


2 2 3 
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However, we have to stress that (3.76) does not represent an exact result of 
quantum field theory, but has to be viewed as an estimate of the possible 
higher-order corrections. In particular, the functional integration over the 
photonic fluctuations has been treated on two different footings: on the one 


° Employing the method of effective theories, the next-to-leading-order contribu- 
tion to the Casimir energy is found to be of the order of 1/m*a*. For the discus- 
sion of the Scharnhorst effect, this result was used in [60]. However, as stressed 
in [32], the effective-theory approach naturally misses the radiative correction 
proportional to 1/ma°, which has been proved to be the dominant correction 
even for a more realistic treatment of the plates. 
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hand, in the derivation of the two-loop Heisenberg—Euler Lagrangian, and on 
the other hand, in the determination of the vacuum expectation value of the 
energy-momentum tensor. 

Nevertheless, in an exact calculation, the appearance of these terms can 
be expected; but it is not clear whether the estimate (3.76) really includes 
all of the important terms. Translated into a diagrammatic language, the 
above formula does not, for example, contain the contribution of a three- 
loop diagram with two internal photon lines which are both modified by the 
Casimir boundary conditions. It is plausible that this diagram contributes to 
higher order in 1/a, but exact answers to this and similar questions concerning 
higher-order calculations are presently out of reach. 


Finite Temperature (T < m) 


Inserting the Planck energy density, u = (1?/15)T“, into the generalized light 
cone condition (3.73), the correct result for the lowest-order velocity shift as 
given in (3.67) is obtained: 

AA oP a? 4 


Since the boundary conditions are imposed on the photon fields in imaginary 
time, there is no additional condition that the temperature must satisfy in 
relation to the wavelength of the light probe, as in the case of the Scharn- 
horst effect. Only T << m must hold in order to justify the approximation of 
nonthermalized fermions. 

With the same reservations as cited in the preceding paragraph, higher- 
order corrections to (3.77) could be estimated. 


Scharnhorst Effect at Finite Temperature 


The combination of thermal and Casimir phenomena is in itself worth study- 
ing, because both effects enter the formalism via boundary conditions but 
lead to opposite results for the velocity shift. Here, we want to investigate 
where and why each effect dominates the velocity shift. The determining or- 
der parameter is the dimensionless combination T’a. Nevertheless, the plate 
separation a has to be considered as a macroscopic quantity (a ~ O(um). 

Even in the low-energy regime, the hierarchy of scale parameters can 
in principle be ordered in two different ways: (i) low-temperature domain, 
Ta<1< ma; (ii) intermediate-temperature domain, 1< Ta <« ma. 

For both cases, we consider light propagation perpendicular to the plates 
in the 3-direction, for which we employ the light cone condition in the form 
of (3.72): 


v=1- 5a ((T°) + (T°). (3.78) 
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Here, we have tacitly assumed the velocity shift to be small. For the re- 
mainder, we confine ourselves to the one-loop approximation, considering, as 
usual, a low frequency for the propagating light; hence, the effective-action 
charge Q is given by Q = (22a7)/(45m+*) (see (3.70)). 

The various contributions to the vacuum expectation value of T"” for the 
appropriate temperature regime can be taken from the work of Brown and 
Maclay [35]. For low temperature, Ta < 1 < ma, the required components 
read 


3 
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for Ta—0, (3.79) 


for the parallel-plate configuration (¢(3) = 1.202056...). According to (3.78), 
the light cone condition for propagation perpendicular to the plates yields 
11. a? x? 180¢(3) 
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In the low-T limit, the (Ta)* term can be neglected and we only rediscover 
Scharnhorst’s result. But, astonishingly, we do not find an additional velocity 
shift proportional to T*, which could have been expected from (3.77). This 
can be understood from the fact that in the Casimir vacuum only those fluc- 
tuations of the photon field exist that respect the boundary conditions. In 
the direction perpendicular to the plates, the fluctuation modes are therefore 
quantized in a discrete fashion. At low temperature, none of these perpen- 
dicular modes can be excited, because the energy gap is too large. The (Ta)? 
term in (3.80) will become important for Ta = O(1), ie. T > 2000 K for 
a ~ lum. This shows that the Scharnhorst effect is not sensitive to temper- 
ature perturbations. 

For increasing temperature, we encounter an intermediate-temperature 
region characterized by the condition 1 << Ta < ma, which corresponds to 
0.2 eVK T «0.5 MeV. This implies that taking the effective-action charge 
at its constant, low-energy value is still a good approximation. 

Using further results of Brown and Maclay [35], 
nT ¢(3) T 
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we find for the phase velocity in the low-frequency limit 
Ar? oe 1- 45¢(3) 1 
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In this limit, only the modifications caused by the thermalized photon gas 
become important. A term proportional to 1/a+ as a consequence of some 
missing zero-point fluctuations does not occur, since higher (perpendicular) 
modes have been thermally excited. 


(Ta)3| . (3.80) 


(3.82) 
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This clearly demonstrates that a combination of Casimir and thermal vac- 
uum modifications does not simply result in a sum of both effects. Finite-size 
effects can reveal a nontrivial interplay, which, in this case, can be interpreted 
in terms of the peculiar features of the quantum vacuum. 

Two-loop effects can again be estimated by taking the two-loop correc- 
tions to the effective-action charge and energy densities into account. As in 
the preceding investigations, the next-to-leading-order correction is simply 
obtained by replacing Q!~!9°P by Q27!°°P (cf. (3.70)). 


3.3.3 Light Cone Conditions for High-Energy Phenomena 


As an example of light propagation in a modified vacuum whose energy scale 
lies beyond the electron mass scale, we discussed light propagation in ar- 
bitrarily strong magnetic fields in Sect. 3.2. There, an exact treatment of 
the problem was possible, since the effective Lagrangian for the problem is 
known with respect to its dependence on the complete set of invariants of the 
physical system. 

The same procedure should, in principle, be applicable to further mod- 
ified vacua. But, owing to the difficulties of computing such a Lagrangian, 
this simple plan breaks down. Either the number of invariants exceeds the 
computational power, as is the case for an extension to a light probe of 
higher frequency, or a one-loop Lagrangian is not sufficient and the two-loop 
version for the full parameter range is out of reach, as observed for the finite- 
temperature and Scharnhorst effects; or finally, the required theory simply 
does not exist, as is the case for light propagation in curved spaces, for which 
quantum gravity would have to be employed. 

A one-loop calculation of the effective Lagrangian of QED at finite tem- 
perature in which the fermions are considered to be thermalized can in fact 
be performed, retaining the dependence on the complete set of invariants. 
Furthermore, the two-loop order is obtainable, at least for low temperature. 
Owing to the conceptual and technical difficulties of this program, we dedi- 
cate two whole sections to this enterprise (Sects. 3.5 and 3.6). The implica- 
tions for light propagation at high temperature will be discussed afterwards. 
There, we find that the further invariant structure beyond the purely electro- 
magnetic part becomes highly important and dominates the subject of light 
propagation. 

In view of these results, we come to the conclusion that the simple struc- 
ture of the “unified formula” is closely connected to a simple set of invariants. 
As long as we are dealing with only a small number of invariants (say, one 
or two), the right-hand side of the light cone condition should be expressible 
in terms of the energy-momentum tensor for purely algebraic reasons. When 
the number of invariants increases, it becomes more and more improbable 
that the algebraic structure coincides with that of the corresponding energy— 
momentum tensor; then, the right-hand side must necessarily be more com- 
plicated. 
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To conclude, the “unified formula” is a product of the low-energy domain; 
for more complex vacuum modifications and in the high-energy domain, a 
unifying generalization is not expected to exist. 


3.3.4 Measurability and Causality 


Although the success of QED is overwhelming as far as scattering experiments 
and atomic physics are concerned, the experimental proof of nonlinear inter- 
actions between classical electromagnetic fields as predicted by the theory is 
still missing. But there is justified hope that this outstanding verification of 
the theory will be achieved soon. In fact, the aim of the current experiments 
(e.g. [104, 17, 18, 167]) is to measure the velocity shifts for a low-frequency 
light probe (laser) propagating in a magnetic background field in an indirect 
way: since the magnetically modified vacuum closely resembles an anisotropic 
medium, the effect of birefringence arises. Suppose a linearly polarized laser 
beam passes perpendicularly through a magnetic field B with polarization 
at an angle to the direction of B. As was found, for example, in (3.10), the 
component of the laser electric field parallel to B will travel more slowly than 
the component of the laser electric field perpendicular to B. This results in 
a phase shift between the components of the laser electric field. Hence, a 
linearly polarized laser beam becomes elliptically polarized. The phase shift 
is given by 

L 
r bi 
where denotes the wavelength of the laser beam. The refractive indices 
nj,1 of the two polarization modes are the inverses of the velocities in (3.10). 
Inserting these into (3.83), we find 


it BY L 25a 
QED_ _4{—) ~f142— 84 
. 3°(=) ma +28), oe 


where we have also added the two-loop correction by employing the constants 
c, and cf as given in (3.40). 

The numerical value of the critical field strength is B.. = 4.4 x 10° T, 
which is huge compared with a typical laboratory value of B= 8 T. With a 
wavelength of X = 1064 nm (Nd-YAG laser), any realistic value of L that is 
comparable to the size of a laboratory leads to a vanishingly small value for @. 
The solution to this problem is to increase the optical path by a high-finesse 
Fabry—Pérot optical resonator, which is expected to increase the phase shift 
up to a (hopefully) measurable value of ® ~ 5 x 1071 rad. 

While we have concentrated on constant fields as external perturbations, 
a background of intense laser fields similarly provides for a variety of vacuum 
effects [23]; for example, the phenomenon of birefringence has been discussed 
in [8] (for a comprehensive review, see [24]). 


GLE = Ar (ny — n1) (3.83) 
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There should also be no obstacles in principle against measuring the 
temperature-induced velocity shift given, for example, in (3.77). Although 
the thermalized vacuum resembles an isotropic medium, one can imagine an 
interference experiment in which a split laser beam partially passes through 
a “hot” region and partially propagates in a vacuum. By interfering the two 
beams, a phase shift should be detectable. However, being tied to laboratory 
dimensions diminishes the hope of experimental verification. Even the cos- 
mic laboratory does not seem to provide an appropriate experimental setting; 
for example, the velocity shift induced by the cosmic microwave background 
(CMB), Tomp = 2.726 K, amounts to 


dvcmp = —5.101 x 10743, (3.85) 


which would even imply vanishing effects if the optical path was of the size 
of the universe. 

The situation is similar for the cases of a gravitational background and the 
Scharnhorst effect. The shifts of the phase velocities for low-frequency pho- 
tons could in principle be made visible by interference experiments; needless 
to say, in practice measurability is impossible. 

For the case of a gravitational background, two assumptions have been 
made, namely, that the light probe is of low frequency, \ > A. = 1/m, 
and that the wavelength is small compared with the characteristic length Ip 
associated with the curvature (R ~ 1,”). As a conclusion, we find A. << Ip, 
so the velocity shift dv = O(a 2/1?) is necessarily tiny. 

Similarly disappointing is the result of the phase velocity shift for the 
Scharnhorst effect. The experimental possibility of a plate separation of 1 
um implies a velocity shift of dv = 1.55 x 107°. 

Even more interesting than the question of the measurability of the phase 
velocities is whether the superluminal velocities of the gravitational case and 
the Scharnhorst effect can be exploited for sending faster-than-c signals. At 
least as far as the particular result of Scharnhorst is concerned, the answer 
is no, as was shown by Ben-Menahem [27]. The argument goes as follows: 
since high-frequency photons were excluded from the calculation and there- 
fore their effect cannot be estimated, the wave packet of the light probe has 
to be constructed from frequencies smaller than the electron mass. Hence, the 
wavefront will be smeared out over a distance of 1/m. To measure a faster- 
than-c velocity for propagation perpendicular to the plates, the wavefront 
must be found at a distance dz, larger than 1/m, beyond the light cone after 
propagation for some time t. That is, 
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Since t can maximally be as large as the plate separation a, we find 
lina? 1 ! 
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Obviously, this inequality cannot hold since the prefactor and 1/(ma) are 
much smaller than 1. To circumvent this restriction, the wavefront must be 
sharpened by inclusion of higher frequencies. For this, (3.66) is, of course, an 
insufficient approximation. 

To decide whether superluminal signal propagation is possible for a 
Casimir configuration or a gravitational background, it is necessary to study 
the velocity shift or, alternatively, the refractive index n = 1/v in the infinite- 
frequency limit. This is because the signal velocity can only be uniquely de- 
fined by the wavefront velocity, and the construction of a sharp wavefront 
requires the inclusion of infinite frequencies. Unfortunately, nothing is known 
about the refractive index of the Casimir vacuum or of a vacuum in a curved 
background apart from n(w — 0) at present.° In principle, the two-loop 
polarization tensor for a photon propagating in the vacuum contains infor- 
mation for any value of four-momentum of the propagating light. But it is 
not clear at present whether such a low-order calculation suffices to draw 
conclusions about the infinite-frequency limit or whether this is a truly non- 
perturbative task. In particular, it has not yet been investigated whether the 
logarithms (depending on the external four-momentum) which will appear 
with increasing powers in higher-order computations spoil the perturbation 
series expansion or whether they are completely harmless, as is the case for 
superstrong magnetic fields (Sect. 3.2). 

As an alternative approach to the infinite-frequency limit, there is a non- 
perturbative relation between the different frequency scales which is based 
on the principle of local causality: the Kramers—Kronig dispersion relation. 
In the following, we elucidate the line of argument given in [66, 21, 144]. 
Suppose f(w) is an analytic function in the upper half plane vanishing in the 
limit |w| — oo. According to Kramers and Kronig, the real and imaginary 
parts are related to each other according to 
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It is reasonable to assume that these conditions are satisfied by the combi- 
nation 


fw) = nena) wo arbitrary. (3.89) 
wW— Wo 
Substituting the equation for the imaginary part into the one for the real 
part and inserting (3.89), we find 


° A complete two-loop calculation for the next-to-leading-order dispersive terms 
for the Casimir vacuum [120] turned out to be incorrect. 
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1 , _ Im [n(w’) — n(w)] (w — wo) 
Re n(w) — Re n(wo) = Fz P / dw ee oe (3.90) 
In the limit wo — oo, this expression reads 
1. fj Imn(w! 
Ren(w) = Ren(oo) + —P / du’ ou (3.91) 
1 w! —w 


Using the reality condition, n(—w) = n*(w), which implies that the field 
quantities are purely real, we deduce that Ren(w) is an even function and 
Im n(w) is an odd function. For w — 0, we therefore obtain 


n(w’) 


Renel= Renop oP pew = (3.92) 
Tv 
0 


w! 
Assuming that the amplitude of the light probe is not amplified by the mod- 
ified vacuum, i.e. that the medium can at most absorb the light probe, the 
imaginary part of the complex index of refraction has to be nonnegative: 
Im n(w) > 0. Then, we obtain the inequality 


1 > n(0) > n(oo), (3.93) 


for both the Casimir configuration and the gravitational background. Hence, 
the low-frequency refractive index serves as an upper bound for the signal 
velocity which turns out to be superluminal! 

To circumvent this result, one possibility is that the assumptions leading 
to the Kramers—Kronig dispersion relation are not satisfied. However, no idea 
has been suggested up to now that gives a hint in this direction. 

As a second possibility, one can, of course, assume that the medium is 
not passive, i.e. the imaginary part of the refractive index becomes negative 
for certain values of the frequency. In this region, the amplitude of the light 
probe is amplified. This, of course, implies energy transfer from the vacuum 
to the medium and therefore appears to be in conflict with the principle of 
energy conservation. 

Neither possibility is furnished by conventional physical concepts; hence, 
we have to face the question of whether superluminal velocities in a curved 
background or in the Casimir vacuum shake our physical fundaments. One 
standard argument against superluminal signal propagation is the violation 
of causality. Such a violation is proved by constructing a causal paradox. For 
example, in special relativity, if a signal is sent with a space-like velocity 
from an observer A to an observer B, the propagation is certainly causal 
with respect to the reference frame of A. But there exist reference frames 
in which this signal corresponds to a motion backwards in time. Now, if 
B’s rest frame is such a reference frame, he/she is able to send the signal 
back to a point C that lies on the past world line of A. The result of this 
paradox demonstrates the violation of causality. But it also shows that the 
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construction of noncausal signals requires not only superluminal velocities 
but also the invariance of physics under Poincaré transformations; only if the 
physics in the rest frame of B is equivalent to the physics in A’s rest frame 
can the signal be sent back with a noncausal result. (Un)fortunately, this 
is not the case here, since the boundary conditions of the Casimir vacuum 
explicitly break Poincaré symmetry from the very beginning. Hence, there is 
no reason to conclude that causality is violated (although this still is under 
discussion; for a controversial viewpoint, see [63]). 

In the context of gravitational backgrounds, global Poincaré invariance is 
lost; but the principle of equivalence, as the nearest analogue, imposes the 
equivalence of the laws of physics in all local inertial frames. However, this is 
explicitly violated by the quantum interplay between the fermion loop and the 
curvature; the resulting effective theory of electrodynamics in curved spaces 
explicitly depends on the curvature at a given space-time point. Therefore, 
violation of causality cannot be inferred for this modified vacuum either. 

To conclude, there is no reason why the above-mentioned results, which 
hint at the possibility of superluminal signal velocities, should be wrong or 
excluded from the theory by additional assumptions. In the standard frame of 
conventional quantum field theory, there seems to be place enough to embody 
such superluminal effects. 

Nevertheless, whether our quantum theories, which are based on the prin- 
ciple of local causality, in fact respect causality in a final sense has to be 
investigated further; this will be a worthwhile challenge. 


3.4 Photon Splitting 


Since Adler’s famous paper on photon splitting and photon dispersion in 
magnetic fields [4], this subject has drawn much attention owing to its phe- 
nomenological impact as well as its theoretical multifariousness. As an astro- 
physical application, photon splitting can provide a mechanism for the pro- 
duction of linearly polarized gamma rays in the vicinity of compact objects 
with strong magnetic fields. For details about photon splitting in the context 
of astrophysics, see e.g. [19]. From the theoretical viewpoint, the results of 
Adler were confirmed by various very different methods (e.g. [16, 5]). 

In the present section, we present a pedestrian approach to the basics of 
photon splitting required for deducing information about this process from 
the effective Lagrangian of QED. This basic point of view will later be useful 
for the discussion of finite-temperature effects on the photon-splitting process. 
The latter have to be taken into account, for example, in order to arrive at a 
more realistic description of the splitting process near pulsars. 
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Kinematics 


The approximations for this concise investigation are the following: we as- 
sume the photons involved to be soft, i.e. all frequencies should be much 
smaller than the pair production threshold 2m; this justifies the use of the 
Heisenberg—Euler Lagrangian. For reasons of simplicity, we consider field 
strengths much smaller than the critical field strength, B < B,,. Further- 
more, we neglect dispersion effects during our calculations, but, of course, 
take their influence into account in the final discussion. The external field is 
assumed to be constant so that it is not capable of transferring momentum to 
the photons. Finally, we shall not go beyond the one-loop calculation; hence, 
no fluctuating photons are involved in the calculation. 

Taking all these assumptions into account, the momentum k of the initial 
photon and the momenta k, and kg of the final photons satisfy a very simple 
energy-momentum relation: 


k=ki+ko — w(1, k) = w1(1, k1) + we(1, ke), (3.94) 


where w; denote the corresponding frequencies. This energy-momentum con- 
servation implies that the propagation directions are collinear: 


k = ky + ko. (3.95) 
Another obvious consequence is the vanishing of all of their scalar products: 
ke =k? =k? =k-ky =k - kg = ky - kp = 0. (3.96) 


After these kinematical considerations, we now turn to the algebraic structure 
of the field strength of photon-splitting matrix elements. The complete field 
strength tensor can be decomposed into contributions from the propagating 
photons and from the external field: 


Fyuy = FE + fu + fav + fev (3.97) 


with a self-explanatory notation. Below, when there is no danger of confu- 
sion, we shall drop the superscript (°**) characterizing the external constant 
background field. In perturbation theory to one-loop order, all the various 
field strength contributions couple to the fermion loop. Besides the single 
couplings of f, f! and f? to that loop, we can have infinitely many vertices 
involving the external field. However, according to Furry’s theorem, we must 
have an even total number of vertices attached to the loop, which implies 
that there is an odd number of external field vertices. A trivial consequence 
is the vanishing of the third-order diagram. 

Astonishingly, the fourth-order diagram (box graph) also vanishes (if dis- 
persion effects are neglected), as we shall now demonstrate. The matrix ele- 
ment of the splitting process, as a gauge and Lorentz scalar, should be built 
out of a sum of terms of the form 


f, f', P?, Fi... F, (1: kk; kkkk;. J, (3.98) 


odd 
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with the Lorentz indices contracted. Note that the above considerations show 
that there is essentially only one momentum vector (up to scalar multiples). 
An odd number of k’s is forbidden in (3.98), since one index would then be 
left open. Moreover, a higher number of k’s than of F’s is not allowed, since 
then, two k’s would have to be contracted with each other with a zero result. 
Owing to the uniqueness of the momentum vector, the field strength tensors 
of the propagating photons can be decomposed as 


J ue Bgex — Rytus ce = ky’, — ky es i= 1,2, (3.99) 


where we have introduced polarization vectors € which obey the usual on-shell 
orthogonality relation with k,,. As a consequence, we find 


Ki" =k, 7" = 0, and ky, FY’ k, = 0. (3.100) 


Not only must each of the k’s be contracted with different field strength 
tensors owing to antisymmetry, but also one index of each f or f’ must be 
contracted with an external field strength index, since, for example, 


oe = =kykasleve”), =. Fah ee = 0. (3.101) 


Applying all these arguments to the fourth-order diagram, it must necessarily 
be of the form f f! f? F, with all indices contracted and without any k. Since 
there is only one external field strength tensor, the indices of one propagating 
photon tensor are completely contracted with indices of other propagating 
photon tensors only. According to (3.100) and (3.101), this fourth-order term 
vanishes. 

The lowest possible order is given by the sixth-order diagram (hexagon 
graph) involving three external field vertices. For this, there exist two different 
combinations: f f! f? F FF and f f! f? F FFE. Indeed, the first term is 
nonvanishing in various combinations of index contractions; the second term 
is again zero: as stated in (3.100), each of the k’s must be contracted with 
an external field F. Then, the part F F Fkk has four open indices. The 
remaining part f f! f? has six open indices, so that at least two of them 
have to be contracted with each other. According to (3.101), this creates two 
indices associated with k’s, which vanish upon contraction with the F FF kk 
part. 

In fact, following Adler, one can prove a general theorem for photon- 
splitting matrix elements which states that matrix elements involving 2n + 1 
external field vertices and 2n factors of k vanish identically; this implies that 
only 2n — 2 or fewer factors of k& are allowed in such matrix elements. For the 
lowest-order matrix elements discussed above, we can draw the conclusion 
that the sixth-order term is the dominant one in the weak-field limit; more- 
over, to this order of calculation, no external momenta have to be taken into 
account, and the constant-field limit is exact! It is this constant-field limit 
which is perfectly described by the Heisenberg—Euler Lagrangian, exploited 
in the following. 
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Regarding dispersive effects, it has to be remarked that dispersion will 
modify the light cone condition k? = 0 so that the kinematics discussed above 
no longer holds in a strict sense. As a consequence, the fourth-order diagram 
is nonvanishing; but, since the deviation from the trivial light cone is an order- 
a effect, the fourth-order diagram represents only an order-a correction to 
the sixth-order diagram. Nevertheless, dispersive effects are important for 
establishing superselection rules (see below). 


Calculation of the Matrix Element for the Constant-Field Limit 


Starting from the Heisenberg—Euler effective action representing the sum of 
all ring diagrams coupled to an external field, we can generate three external 
photons by differentiating the action three times with respect to the field. 
Denoting the complete field by F = f + f!+ f? + F°*, the photon splitting 
matrix element in an external magnetic field is given by 


OPL 
M~ fuvfoots 


Man sn oe : (3.102) 
MOF gO Pog O lh esapetyai es 


In the present investigations, the effective action depends only on the two 
invariants of the electromagnetic field: £ = £(F,G). In order to obtain the 
derivatives, it is useful to introduce the three-vectors 


F* = BLiE, (3.103) 


1 1 
= F= 5B — FE?) = a + F-*); 
Cp FY ey es (3.104) 


for the total field strength tensor as well as for its components f, f’, PF. 
Then, we need the partial derivatives: 

OF 14 OF OF 1 

—-~=-FF, ——— =), ———— = =5rs, (3.105) 

OFe 2 OF; OFS OF; OFS 2 
where r,s denote spatial indices. A similar set of equations holds for G. The 
important observation is that a term proportional to 6,,; cannot contribute 
to the photon-splitting matrix element, since it contracts two field strength 
quantities of the propagating photons which obey 
ff =f <f =F 1s = =O, (3.106) 
since the photons propagate along the same direction. Therefore, only single 
derivatives of F (and of G) with respect to the field strength quantities need 
be retained. This translates into the fact that only those third derivatives 
of £ that contain three derivatives with respect to F and G will contribute. 
Owing to parity invariance, an odd number of derivatives with respect to G 
acting on £ will give a vanishing result in the limit G — 0 (e.g. a purely 
magnetic field). 
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The relevant nonvanishing derivatives can be worked out for an arbitrary 


L: 
aL PL OL 1 
OF OFSOF= |, ( +35zRct) gees 
aL PL AL 1 
—— | =| a) BB. 3.107 
OF OFF OFF |p ( aan) 8 : ( ) 


where the subscript B is an abbreviation for taking the magnetic-field limit, 
ie. E — 0,|B| — B®; finally, we have omitted the superscript (°*) of the 
three B factors which, in fact, represent only the external field. 

At this stage, we would like to point out that these considerations have 
to be modified in the finite-temperature case: then the Lagrangian depends 
additionally on another invariant, which can be constructed from the heat- 
bath vector: € = (u,F#”)*. As a consequence, the box graph (fourth order) 
is nonvanishing and contributes significantly (see Sect. 3.6.3). 

Let us now return to the expression for the photon-splitting matrix el- 
ement in (3.102), where the sum over all possible index combination now 
becomes 


OeL OL 
— pt plt 2+  . 
M= Sr fs" fe OF OFS OFS a fof OF, OF; OF; |p 
+(fet ft fet FEF RRO FPR ES AE — 
rods rods eee OF OF OF, |p 
HBOS a+ Bote B+ Pg fh) OE] 3.108) 
r ds rods eae: OF; OF; OF? |, 


The photon field strengths to be inserted into (3.108) can be represented by’ 
ft = w(k x é+ié), (3.109) 


Sis = Wy (k xéeyt ié1), f* = W9 (k X €9 ié2), 


where we have introduced the normalized polarization vectors € and €; for 
the electric-field component of the propagating plane waves. In the present 
case of a background magnetic field, the polarization vectors of interest are 
the ones which are oriented either perpendicular (L) or parallel (||) to the 
plane spanned by k and the direction of the magnetic field.® The associated 
eight matrix elements are written as 


my) (2) iy 


” Contrary to Adler’s notation, we use rationalized units, so that a 
Van FY”, eraier = e/V4n, and ree 5 e? /(4r). 

® Note that Adler’s definition of the ||, modes relies on the direction of the 
magnetic field vector of the photon and thus is opposite to ours. 
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Four of these matrix elements vanish immediately because of the algebra of 
the polarization vectors (|| — ||1 + |l2, || — Lit+te, L—- L14+]le,L—- |14 
2). For the remaining four, we take over a result from Adler’s considerations 
of the dispersive effects: namely, the kinematics of the dispersive case forbids 
three processes (L — 1; + La, ||  ||1 + Le, || ~ 1+ |l2). This arises from 
the fact that the phase velocity of both modes is decreased, but the mode 
is always faster than the || mode. As a result, the only allowed process is 
described by the matrix element M(L — ||; + |l2). 

From this matrix element, i.e. the splitting amplitude, we obtain the ab- 
sorption coefficient « via the formula 


Ww 


K= — few [ow d(w Soy. = we) M?. (3.111) 
0 0 

Inserting our findings from (3.107)—(3.109) into (3.111) and performing the 

frequency integration, we finally arrive at the expression for the absorption 

coefficient for photon splitting in the low-frequency limit derived from an 

effective Lagrangian: 


2:3 6 3 2 16 
SS (=) (2) sin’ Op eae ) ae (3.112) 
m 3x5 \m? m OFOG" |) 
Here, 6g denotes the angle between the propagation direction and the mag- 
netic field; sin?@g = 1— (k- B)?. In the weak-field limit, we may insert 
the corresponding term ~ FG? from the expansion of the Heisenberg—Euler 
Lagrangian (2.49), 


OL _ 13 €® 
OF 0G? |, ~ 32x 5x 712 m8’ 


into (3.112), leading to 


E 132 3 /eB\® 5 
fo (=) sin® Op (=) (3.114) 
m m 


(3.113) 


m 35x53 x72 72 
B\® 5 
= «20116cm (=) sin°@n (=), B<Be 
m mm 


for the photon-splitting absorption coefficient in the weak-field limit B< 
Ber = m/e. With the aid of the Heisenberg—Euler Lagrangian, one can also 
derive the corresponding expression for strong magnetic fields, B >> Be, 
which we cite in passing [16, 99]: 


5 
k = 0.472cm—! sin’ 6p (=) , BS Bu. (3.115) 
m 


Note that the strong-field limit becomes independent of the field. The w® 
dependence of the absorption coefficient stems directly from the properties 
of the phase space in the low-frequency limit. In particular, it has nothing to 
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do with the number of external field vertices of the calculation (box, hexagon, 
etc.); thus, this typical frequency dependence will also be encountered in the 
finite-temperature case. 

Let us recall that the absorption coefficients given above refer to the 
distinct splitting process in which a |-polarized photon splits into two ||- 
polarized photons, while the other channels are strongly suppressed. Now, 
if the magnetic field is sufficiently strong that the absorption length 1/k is 
much shorter than the extension of the field, only ||-polarized photons can 
pass through the magnetic field directly, while L-polarized photons will split 
into ||-polarized ones. This characterizes a mechanism for the production of 
linearly polarized radiation. In fact, the requirements for such a scenario are 
satisfied by the extremal conditions in the vicinity of a pulsar with B ~ Bo, 
and an extension of ~ 10° cm. 

Of course, it has to be stressed that this scenario applies only to pho- 
tons with a frequency below the pair-production threshold. In contrast, for 
w > 2m, the splitting absorption coefficient cannot compete with the pair- 
production absorption coefficient, which is several orders of magnitude larger 
than that for photon splitting. In Sect. 3.6.3, we shall present some other 
processes which enter into competition with photon splitting at finite tem- 
perature. 


3.5 QED Effective Action at Finite Temperature 
to One Loop 


The QED effective Lagrangian in the presence of an arbitrary constant electro- 
magnetic background field at finite temperature is derived in the imaginary-time 
formalism to one-loop order. The calculation is performed on a maximally Lorentz- 
covariant and gauge-invariant stage. We point out that gauge invariance requires a 
careful study: the boundary conditions in imaginary time reduce the set of gauge 
transformations of the background field, which puts restrictions on the choice of 
gauge and allows for a further gauge invariant. The additional invariant enters the 
effective action by a topological mechanism and can be identified with a chemical 
potential; it is furthermore related to Debye screening. In agreement with the real- 
time formalism, we do not find a thermal correction to Schwinger’s pair-production 
formula to one-loop order. 

Following the philosophy of treating the quantum field-theoretic vacuum as a 
medium, the low-energy effective action for a modified vacuum can be viewed 
as the defining quantity of a classical theory for the low-energy degrees of free- 
dom. We applied this idea to the case of light propagation in nontrivial vacua 
in the previous section, where we derived classical equations of motions for a 
light probe from the quantum effective action. There, we were able to carry 
out this procedure exactly for the case of a purely electromagnetically mod- 
ified vacuum only. The generalization to other modified vacua, especially in 
the high-energy limit, relied on additional assumptions and approximations. 
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An exact treatment of these modified vacua requires a knowledge of the 
corresponding effective action, with its full dependence on the complete set 
of invariants of the physical system. In fact, effective Lagrangians for mod- 
ified vacua are often only known in a certain parameter range or in various 
limiting cases. Hence, we dedicate this section to a study of the effective 
QED Lagrangian at finite temperature, with its complete dependence on the 
invariants (cf. [87]). 

The study of generalizations of the Heisenberg—Euler Lagrangian that in- 
clude finite-temperature effects was initiated by Dittrich [54], who considered 
the case of a constant external magnetic field at finite temperature using the 
imaginary-time formalism. An extension of this work to the case of arbitrary 
constant electromagnetic fields turned out to be qualitatively more substan- 
tial than was naively expected. With the real-time formalism, this situation 
was investigated by Cox, Hellman and Yildiz [48], and Loewe and Rojas [121]. 
A more comprehensive study of the problem was performed by Elmfors and 
Skagerstam [72], who corrected the preceding findings and additionally intro- 
duced a chemical potential. An attempt employing the imaginary-time for- 
malism was made by Ganguly, Kaw and Parikh [82] for the case of an external 
electric field. Recently, the finite-temperature effective action of electromag- 
netic fields was studied by Shovkovy [154] in the worldline approach, where 
finite temperature is also introduced via an imaginary-time formalism. 

Our intention is to derive the effective action of an arbitrary constant elec- 
tromagnetic field at finite temperature in the imaginary-time formalism. Sim- 
ilarly to the above-mentioned papers, our approach is based on Schwinger’s 
proper-time formalism [148] and refers to the one-loop level. By assigning a 
four-velocity vector to the motion of the observer with respect to the heat 
bath, a manifestly covariant notation is obtained [165] which enables us to for- 
mulate the problem in terms of gauge-invariant and covariant quantities. We 
employ the imaginary-time formalism for two reasons: first, the equivalence 
of the real-time and imaginary-time formalisms for this particular problem 
has been questioned in the literature; secondly, the imaginary-time formalism 
allows a solution to the problem of gauge invariance in terms of topological 
considerations. 

It is, of course, obligatory to point out that the implications of the present 
calculation may not be immediately interpretable, since the presence of an 
electric field violates the thermal-equilibrium assumption of the imaginary- 
time formalism, i.e. an electric field in general is incompatible with maintain- 
ing a thermal distribution. In particular, a constant electric field transfers 
energy to thermally fluctuating charged particles. In turn, these tend to dis- 
tribute themselves so as to cancel the field, until there is either no field or no 
particles in the region of interest. On a formal level, it is not clear whether 
the periodicity in imaginary time can be identified with the physical tem- 
perature of the heat bath. However, there are field configurations allowing 
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(almost) thermal equilibrium, e.g. a shallow potential well as suggested in 
[72], for which the constant-field approximation may be applicable. 

The sceptical reader should, however, bear in mind that the knowledge of 
the effective action given below, depending on the complete set of invariants of 
an electromagnetic field, including an additional Lorentz vector (temperature 
times heat-bath velocity), will be useful even in the limit of vanishing electric 
fields in order to derive generalized Maxwell equations. 

While this one-loop study is particularly devoted to an investigation of the 
fundamental characteristics of thermal effective-action QED, phenomenolog- 
ical applications are postponed to the end of the next section, where we shall 
have the two-loop contribution at our disposal as well. In the low-temperature 
domain, the latter will turn out to be the dominant part. 


3.5.1 Imaginary-Time Formalism 


The one-loop effective action of QED is characterized by the fact that the 
fluctuating charged fermions which couple to the external field to all orders 
have been integrated out. Finite temperature is introduced via the imaginary- 
time formalism by postulating antiperiodic boundary conditions for these 
fluctuating fermions in the direction of imaginary time, with period @ = 
1/T. In this way, a relation between the thermodynamic partition function 
of the grand canonical ensemble and the generating functional of QED is 
established. 

Regarding the complete generating functional, the external field is treated 
as a background field [1]. To maintain invariance of the fermionic integral un- 
der gauge transformations of the background field, it is important to restrict 
the gauge functions A(x) to be 3-periodic in imaginary time,’ 


(Apt + Apia? itu") = Ane"), (3.116) 


where u/ denotes the four-velocity vector of the heat bath. Although the 
QED action and the integration measure are invariant under arbitrary gauge 
transformations A(z) of the background field, the antiperiodic boundary con- 
ditions will be modified if A(x) ¢ {Ap}; in particular, ¥(0) = —~(8) > 
w(0) = —e'l4(9)-4M]y(8), At zero temperature, the fermion determinant 
can depend only on the field strength FY” that arises from the background 
field; the explicit form of A,, is subject to arbitrary gauge transformations. 
In contrast, the restricted class of gauge transformations A, at finite temper- 
ature allows for further gauge-invariant quantities of the type 


® In principle, one could additionally allow an integer multiple of 27/e on the right- 
hand side of (3.116). But, since such a term does not contribute to the present 
situation, we shall simply omit it in the following. Moreover, such an additional 
term can arise only from an imaginary gauge function, which is not desirable. 
In space-times with an even number of spatial dimensions, however, such terms 
will contribute to the induced Chern—Simons terms [103]. 
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B 
Ay (a) = 5 f ar Alo" +iru), Ay = A* up, (3.117) 
0 


where 2 denotes the components of x” orthogonal to wu. Already, at this 
stage, one might suspect that the physical meaning of A, is related to a 
chemical potential jz, which would enter the QED action by adding py"uy, 
to the Dirac operator: [f= (—ig — eA) — (—ig — eA + py). In the following, 
we shall further establish this relation between A,, and y and, in particular, 
demonstrate that the appearance of A,, in the effective action is of topolog- 
ical origin. Instead of employing the functional integral formalism, we shall 
closely follow Schwinger’s proper-time formalism as outlined in Sect. 2.1, 
which provides for a detailed study of gauge invariance. 

In (2.10), we defined the effective Lagrangian via the proper-time transi- 
tion amplitude: 


i Tae ; 
£0 = hae, f Be bm (al Io, (18) 
0 


However, since we first calculated the transition amplitude for arbitrary x 
and 2’ and then took the coincidence limit, the more appropriate definition 
of the effective Lagrangian is 


cy) = Jim sity | . en ism® K(a, 2"; s|A), (3.119) 
0 
whereby (2.11) 
K(a, 2"; s|A) = (ae |x’), (3.120) 


We determined the proper-time transition amplitude via the Green’s func- 
tion equation (2.5) for a Dirac particle; for the auxiliary scalar propagator 
A(x, x'|A), this equation reads (cf. (2.28)) 


DA] A(a, 2'|A) = [m? = (yI)?| A(a,2'|A) = 6(@—2'), (8.121) 
where D/A] is an abbreviation for the differential operator. The formal so- 


lution to this equation establishes the connection between A(z, «’|A) and 
K (a, a’; s|A): 


Ale, a’ |A) = i f ase" K (a, 2’; s|A). (3.122) 
0 


Insertion of (3.122) into (3.121) yields the differential equation for the proper- 
time transition amplitude, which was solved in the Schwinger—Fock gauge, 


1 
Age = 5 F(a —2')u, (3.123) 
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leading to 


4 
K(a, 2’; s| Agr) = / si eT ip(2—2’) eile/2)oFs e/ Y Gis) a Pe. (3.124) 
where oF = op) FY", ony = (1/2) (Yu, Ww], and the quantities Y and X depend 
additionally on the field strength: 

Vee str injoss(eeal, XG)'< = (3.125) 
We have used matrix notation, e.g. Fj,” = (F),,”. In Sect. 2.1, the representa- 
tion of the Green’s function and the effective Lagrangian were obtained with 
the aid of this solution for K(x,«’;s|Agr). This all applies to the case of 
constant external fields at zero temperature (in the Schwinger—Fock gauge!). 

To introduce finite temperature via the imaginary-time formalism, one is 
tempted to replace the po integration in (3.124) by a sum over Matsubara 
frequencies.‘° However, this would lead to an incorrect, or at least incomplete, 
result, since the gauge dependence of the Green’s functions has to be taken 
into account. 

As is demonstrated in (2.40)-(2.45), the complete gauge dependence can 
be treated multiplicatively by a holonomy factor. In particular, the transition 
amplitude in an arbitrary gauge is related to that in the Schwinger—Fock 
gauge by 


K (a, 2"; s|A) = ®(x, 2"|A) K(x, 2’; s|Asr), (3.126) 


where the holonomy factor reads 
/ 1 
(x, x'|A) = exp |ie [ae (aro + eG - 2’) . (3.127) 


Note that the integrand is curl-free, and hence the integral in (3.127) is path- 
independent as long as the configuration space is simply connected. Con- 
cerning the effective Lagrangian (3.119) at zero temperature, the holonomy 
factor plays no role, since ®(x,x’|A) — 1 in the coincidence limit « > 2’. 
Consequently, the effective action is gauge-invariant. 

The situation changes substantially at finite temperature: since the imagi- 
nary time becomes compactified according to the antiperiodic boundary con- 
ditions, the configuration space is no longer simply connected. As a conse- 
quence, the holonomy factor is invariant under continuous deformations of 
the integration path but can pick up a winding number by closing the path 
via the antiperiodic boundary. 

The simplest way to establish antiperiodicity in imaginary time is to apply 
the method of image sources to the Green’s function equation. Therefore, let 
x and w’ belong to the same topological sector, i.e. there is a straight path 


1 For theories without gauge symmetries, this procedure has been applied success- 
fully in [92]. 
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from x to 2’ which does not cross the imaginary-time boundaries. We define 

the reflection points of x’ along the imaginary-time axis by (Fig. 3.4) 
(3.128) 


vi =a! —iBnu. 


—_—_—__ 


imaginary time 
Fig. 3.4. The positions of the points x, x’ and x',. The dotted line represents an 
arbitrary path from x}, = x’ —iGnu to x. As a first step, this path is continuously 


deformed in such a way that x’ becomes an element of the path (dashed line). As a 
second step, the path from 2’, to x’ can be deformed to a straight line (solid line), 


which gives rise to (3.136) 


Applying the image-source construction to (3.121), for example, we obtain 


>) C1*6(e,2,) = D5 1)" DIA AG, 27/4) 
= D[A] A? (2, 2'|A), (3.129) 


where u“ denotes the four-velocity of the heat bath, the periodicity scale is set 

by the inverse temperature (, the factor (—1)” stems from the antiperiodic 

boundary conditions and we have defined the thermal Green’s function as 
(3.130) 


AT(2,2'|A)= S> (-1)" A(z, 24,14). 
Transition to Fourier space and separation of the temperature-dependent 
(3.131) 


parts leads us to 
4 
CP e-iW(2—2') A(p) (a, 2'|A) 


L / Ray eee sae 
A’ (a, x'|A) = fos 


(—1)" e7 im(iBn4) (a! , a! |A) e7in(e/2)BliuF(x—a’)| 
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Here we have employed the separation 
P(x, x! |A) = ©(x, 2'|A) O(a", a! |A) ein (e/2) 6 liar (e— 2) (3.132) 


which requires special care in its derivation. First, note that the Schwinger— 
Fock gauge field depends on a base point. Therefore, the holonomy factor 
does not depend only on its second argument via the boundaries of the line 
integral, since this argument also acts as the base point of the Schwinger— 
Fock gauge field in the integrand (see (3.127)). To achieve more transparency, 
let us rewrite the holonomy factor in the form 


P(x, x,,|A) = exp |ie [ase [AM (€) — Agp(E, 21,)] | - (3.133) 


Now, we deform the integration path in such a way that, on the one hand, 2’ 
becomes an element of the path and, on the other hand, the path of B(x, 2’|A) 
lies entirely in the topological trivial sector: 


(0, 2,|A) = exp fie fag, [AM(6) — Abe E,24)] 
x exp ic fag, [A*(é) — Agp(E, 21,)] 
= @(2', 2’ |A) exp ie fag, [A“(€) — Agp(E, 21,)] | . (3.134) 


To write the second exponential factor in terms of a holonomy, we have to 
insert the correct base point for the Schwinger—Fock gauge potential: 


eu |e / dé, [AM(€) — Aue (E,2%,)] 
ae / dé, [A¥(E) — Ata(E,2") + Aba (E, 2!) — Aba(E,24)] 
= 6(,2'|A) exp |ie J dé, [Aa(é,2’) — ABa(é, 2!,)] 


fs, Oh 
= (a, 2'|A) exp ie fag, (Grew — v1) 


= ®(x,x'|A) exp [-ins lin, PMY (aw - 2"),]] (3.135) 
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Inserting (3.135) into (3.134) proves the decomposition given in (3.132). 
Concerning &(2’, x/,|A), we can deform the integration path into a straight 
line (SL) along the imaginary u” direction: 


a! 


P(z' , x,,|A) = exp Jie / dé, A" ()] . (3.136) 


x ane 


As mentioned above, the exponent in (3.136) is an invariant quantity un- 
der periodic gauge transformations A, but will depend on the explicit form 
of A“ in a certain manner. At this stage, it is important to point out that 
the background field potential is not necessarily subject to periodic bound- 
ary conditions, since it does not correspond to thermalized particles; it is 
not an integration variable even in the complete theory. To specify the form 
of A“, more physical input is required: since the effective Lagrangian for a 
homogeneous system such as a constant-field configuration has to be indepen- 
dent of x, the coincidence limit x — 2’ of the thermal transition amplitude 
K? (a, x';s|A) must also be independent of x; the same requirement holds 
for AT (a, x'|A). With regard to (3.131), this is only satisfied if B(x’, x’,| A) is 
independent of x’. Thereby, we obtain the gauge condition 


0= [« OM, Ay[a’" — iBnu" + 7(iBnu")). (3.137) 


Condition (3.137) is satisfied if 
Ay = Ay = const., (3.138) 


which is the generic choice. Any other solution is gauge-equivalent to (3.138), 
Ay — Ay + 0,Ap. Equation (3.137) also fixes the choice of the spatial com- 
ponents A: since A” should produce a constant electric field via 


const. = FE = VA, — Ou A! iS - —OUA, 
the generic choice of A in the heat-bath rest frame (0,=0/0t) reads 
A=-Et+a(zx), (3.139) 


where the function a(a) is defined by B= V x a. Again, other choices 
of A are given by its gauge transforms with respect to Ap. Note that these 
gauge conditions are different from those found in [72] by employing real-time 
methods.'! In the real-time formalism, the A° component of the gauge field 


4 Tn [72], it was argued that a gauge condition of the form dA“/dt = 0 is required 
for obtaining a clear separation of fermionic and electromagnetic energies. This 
implies that the constant electric background field is produced by a spatially non- 
constant A°, E = —V AY, and has to be interpreted as a spatially nonconstant 
chemical potential (see later). This demonstrates that different gauge choices 
which are not gauge-equivalent with respect to {Ap} correspond to different 
physical situations. 
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enters the propagators and the effective action via the thermal distribution 
function, which is given as an external condition. Hence, there is no intrinsic 
criterion for the correct choice of A“. Even worse, without a knowledge about 
the compactification of space-time, the class of gauge transformations is not 
restricted, so there is no natural way to ensure gauge invariance of the effective 
Lagrangian. 

Taking these considerations into account, the holonomy factor (3.136) 
eventually yields 


P(x’, x',|A) = exp[ie(iGn) Ay]. (3.140) 


With the aid of a Poisson resummation, we obtain for the sum in (3.131) 


[3 (—1)" e ip6n) Ba! a! A) e in(e/2)B[iuF(x—2"))] (3.141) 


n=—Cco 


= 2niT > 5[pu — e(A — Asr)u tinT(2n + 1)], 


n=—Co 


where py, = up, and Agrpy = —3u,F”(x — 2’),. Inserting (3.141) into 
(3.131) leads us to the final expression for A? (z, x’|A). Similarly, the thermal 
transition amplitude K7(z, x’; s|A) and the thermal fermion Green’s function 
can be derived. Note that these objects contain temperature-dependent con- 
tributions as well as the zero-temperature part. 

We observe that the Matsubara prescription finally reads 


[ser ayo sf [rr(2n+14 2A aes) } 0 


n=—CcoO 


The explicit appearance of Agr, hints at the fact that this modified Mat- 
subara prescription will be applied to an object which has been calculated in 
the Schwinger—Fock gauge. Of course, we could have started with a different 
choice of gauge, which then would appear in (3.142) instead of Ag, 

Equation (3.142) finally states that it is a gauge-field-shifted momentum 
in the u direction, [p — e(A — Agr)]u, which is replaced by Matsubara fre- 
quencies, instead of the canonical momentum. This implies a dependence of 
the Green’s functions and the transition amplitude on the gauge field invari- 
ant A,, even in the coincidence limit 2’ > 2 (note that Agr — 0 for x’ — 2). 
As a consequence, the effective Lagrangian will be invariant under periodic 
gauge transformations A, but not under arbitrary gauge transformations A. 
Of course, this was expected from our initial considerations. The physical 
role of A,, will be elucidated in Sect. 3.5.4. 


3.5.2 Covariant Formulation 


The imaginary-time formalism has often been criticized because it exhibits 
the explicit noncovariant feature of leading to discrete energies but continuous 
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momenta for the quantized fields. In the present work, we want to demon- 
strate that it is nevertheless possible to establish covariance at any stage of 
this calculation, since the above-mentioned discrepancy between energy and 
momentum appears only in internal propagators, all of which are integrated 
out. Manifest covariance is achieved by constructing a reference frame that 
completely relies on the covariant and gauge-invariant building blocks of the 
problem. 

These building blocks in the present problem of a constant electromag- 
netic field at finite temperature are the field strength tensors, F“” and 
«pev = (1/2)e#”°7 Fg: furthermore, we encounter the heat-bath vector n/ 
[105], which is, on the one hand, characterized by the value of its invariant 
scalar product,!? nn,, = —T*, where T denotes the heat-bath temperature, 
and, on the other hand, is related to the heat-bath four-velocity via the in- 
variant parameter T: n“ = Tu". There are ten independent components in 
Fre *FHY and n*. The number of generators of the Lorentz group is six; 
hence we can transform six components to zero, since there is no little group 
that leaves F“”, *F#” and n“ invariant.'’. Therefore, we are left with four 
Lorentz- and gauge-invariant scalars (or pseudoscalars). For reasons of con- 
venience, we choose the following set (cf. Appendix B): 


/ / 
a=(VP +847), b=(VP4+R-F), T= /=nlmy, 
1 
E = Fa (nak) (na FM) = (uaF) (up). (3.143) 


Note that € is positive definite, since n“ is a time-like vector; for example, 
in the rest frame of the heat bath, we find € = E”. It is obvious that any 
gauge-invariant Lorentz scalar constructed from the field strength tensor is 
expressible in terms of this set of invariants (3.143). In Appendix E, we 
construct a convenient coordinate system in which even the components of 
any Lorentz vector or tensor of the problem can be expressed in terms of 


these invariants. There, we define the vierbein e4“, which mediates between 
the given system, labeled by p,v,... = 0,1,2,3, and the desired system, 
labeled by the (Lorentz) indices A, B,... = 0,1, 2,3: 

ea” = i, 

ey = la 


eg = Ee ye FPH - ceo), 


vd 


est = €%PI# en, €18 C2, (3.144) 
where the quantity d is an abbreviation for the combination of invariants 


'2 We employ the metric g = diag(—1,1,1,1). 

'3 For pure EM fields, the dimension of the little group would be 2, since boosts 
along and rotations around the field direction in a system where the E and B 
fields are parallel leave the fields invariant. 
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d=2FE —G* +. (3.145) 
The vierbein satisfies the identity 
€Ap ep” = gap = diag(—1,1,1,1), (3.146) 


where gap ~ g“? denotes the metric which raises and lowers capital indices. 
By a direct computation, we can transform the field strength tensors and the 
heat-bath vector: 


= gen my, = (7,000), 

0 VE 0 0 
-VE 0 j/d/E 0 
0 

0 


Fp = eApl’ epy= 


= Jafe 0. =O)/e\" 
0 G/VE 0 


0 -G/VE 0 VJd/é 
G/iVE 0 0 0 

0 oc =e 
-Jd/E 0 VE 0 


So, indeed, the components of these tensors can be completely expressed in 
terms of invariants. Hence, any tensor-algebraic manipulation involving the 
objects from (3.147) can immediately be performed on the level of gauge and 
Lorentz invariants. 

It is worthwhile to point out at this stage that a duality transformation 
of the type E — Band B — —E not only implies an interchange of a and 
b (and a sign flip for G) but also requires E > € +2F = € +a? — b?. Hence, 
it is not sufficient in the finite-temperature case to perform a calculation for 
magnetic fields and then draw an analogy for electric fields by replacing B 
by —iF, in contrast to a zero-temperature calculation. 


*Fap = ea,*F’epy= (3.147) 


3.5.3 Effective Action 


From (3.119), we can read off the definition of the effective Lagrangian at 
finite temperature: 


. Td . 
fiver = sty [Sete x4), (3.148) 
0 


where the superscript implies that £'*+!" consists of the zero-temperature as 
well as the finite-temperature one-loop part: £'+!T = £'+L!7. The thermal 
transition amplitude in the integrand is obtained simply, by applying the 
modified Matsubara prescription (3.142) to the zero-temperature transition 
amplitude, (3.124)—(3.125), in the coincidence limit: 


= dn .e . . 
K™(s; A) =iT > Gays edo Q—Y (is) p—PX(is)p , (3.149) 
_ Vv 


Pu=eAy—inT (2n+1) 
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where V denotes the three-space volume orthogonal to the u direction. We 
now perform the computation of (3.148) and (3.149) within the system that 
we established in the previous subsection (and, in more detail, in Appendix 
E). With respect to the capital labels, this volume is related to the com- 
ponents A, B,... = 1,2,3, whereas the components along the u direction 
correspond to the label A, B,...=0. 

In particular, we need an expression for the matrix X, as defined in (3.125), 
with respect to the new coordinate base. Of course, this is simply achieved 
by “replacing” the Greek indices by the capital Latin ones: 


pv 
XAp(s) = €apX” epy = CAu [(er)"? tan(eFs)| € By 


= \ ae (Cap Aue epv) = 2S Sr Aj AB: (3.150) 


J J 
Here, we have made use of the spectral representation of the field strength 
tensor as described in Appendix B; the f;’s denote the eigenvalues as given 
in (B.13) and (B.14), while the projectors A; read 


Aj AB = apo CF gap t+ fj Pap + Fag - ifi*Fap), (3.151) 
j j 

where Fa BprHf ‘4° Fop. Note that X is an even function of the field strength 

tensor. Thus, it must be a symmetric tensor (antisymmetric parts would 

vanish anyway in the exponent pXp). Performing the sum over j in (3.150) 

and inserting (B.13) and (B.14), we arrive at 


tan eas (b?gap—F%p) tanh ebs (a?gant+Fip) 
ea a? + b? eb a? + b? 


Xap(is) = | (3.152) 


Incidentally, an identical equation also holds, of course, with the labels A, B 
replaced by p,v, but then the components are not related to gauge and 
Lorentz invariants. 

The metric tensor is diagonal, and the structure of F'%, can be evaluated 
from (3.147): 


=f 6D vd 0 

5. | 0 2-ae 0 —VJdG/E 

Faa= | /d 0 -G2/€-d/—E 0 (3-1b3) 
0 —VdG/E 0 -G?/E 


Obviously, the only nonvanishing components of the symmetric tensor X 4p 
are the diagonal elements and Xo2 and X13. We postpone the remaining 
calculation involving the explicit representation of X 4, to Appendix E and 
simply take advantage here of ([.49) and ([.55), which state 
X11X33 — XP3 = —XooX22 — X$p, (3.154) 
tan eas tanh ebs 


Xi1.X33 — X?2, = - ——. (3.155) 


ea eb 
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The Gaussian momentum integration in (3.149) therefore results in 


d3p A B 1 X41X33 — X?. 
—p’Xapp 411433 7 413 2 
| (@n)3° (Gn)? ep ( — 
Vv 
‘ 1/2 
x|(XuXas — XB) Xoa] (3.156) 


Substituting the modified Matsubara frequencies pp = py = eAy — inT(2n+ 
1) into the exponent of (3.156), the summation over n in (3.149) can be 
reorganized according to the Poisson formula (also “Jacobi’s transformation 
formula” ): 


3 en o(n—2)” — 3 (=) = eo (m?/o)n? —2ni zn (3 157) 
= = : . 
n=—co n=—co 

In this case, we set z = —1/2—ieA,/(2nT) and o = (4n?T?/Xo2)(X11.X33 — 
X?,). At this point, we have to mention that the formula (3.157) is not valid 
for Re o < 0, which would lead to a divergent behavior of the sum. We shall 
comment on the question of convergence in more detail later on. 

The Poisson resummation serves the purpose of separating the zero-tem- 
perature part from the finite-temperature part, since the complete loop- 
momentum integration/summation in (3.149) now yields 


: = dp —pX: 
iD ‘2 lore — 
N=—OO Vy 


i 2 -1 
= 75 [X11 Xs = X},) X29] (3.158) 
= X29 n? eAyn 
1+2 y —1)” a h ‘ 
. : 2 one ( X11.X33 _ X?3 =) a T 


Keeping only the “1” in the second factor in square brackets leads to the 
standard proper-time expression for the zero-temperature effective action, 
while the sum represents the thermal correction. For the remaining terms 
in (3.148) and (3.149), we make use of the results of (C.10) and (B.32) in 
Appendices C and B: 


e Ys) — (cos eas cosh ebs)', 


i(e/2)oFs 


trye = 4coseas coshebs. 


As a nontrivial check, we first reconstruct the zero-temperature effective 
action by considering the terms which accompany the “1” in the second 
factor in square brackets in (3.158); inserting our findings into (3.148), we 
obtain for the zero-temperature contribution 


1 Tas ism? 1 
Li = >| — 4 1672 (X1Xs oars x?,) 
0 
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= — e—!8m* cas cot eas ebs cothebs. (3.159) 


Up to a charge and field strength renormalization, this corresponds exactly 
to Schwinger’s well-known formula, which we cited in Sect. 2.1 (cf. (2.49)). 

Taking the remaining terms of (3.158) into account, we arrive at the 
desired expression for the finite-temperature contribution to the one-loop 
QED effective action for constant fields: 


i pas 5 tad i -i 
ors fc —ism” 4 (x x — X?,) 
2} 5° 16q2 
0 
= X22 n? eAyn 
25 (-1)" ewes Se 
x 2 ) exp ( Xu Xag —X2, 47? cos T 
1 f ds —ism? 
= Poe eas cot eas ebs coth ebs 
0 
x oy exp in | cosh © oe (3.160) 
Here we have defined the function h(s) in the exponent of £'7 by 
LX: 
h(s) = —— 
X11 X33 - X73 
be —€ 2 


a 
= >—; eacoteas+ <5 ebeoth ebs, (3.161) 


a? + b? 
where we have taken advantage of (/.58) in Appendix E. Equation (3.160) 
represents the central result of this section. In the rest frame of the heat bath, 
where € = E”, we recover the findings of [72] for h(s). 

Note that h(s) is strictly real, so there are no apparent convergence prob- 
lems in employing the Poisson resummation (3.157). However, the situation 
is, unfortunately, a bit more subtle. Since h(s) is real, the function o in (3.157) 
is purely imaginary. In order to define the Poisson resummation for imaginary 
values of ag, one employs the usual machinery of analytical continuation. For 
example, one can give 0 a small positive real value ¢€ and finally consider the 
limit e — 0. Such an € is usually attached to one of the intrinsic parameters, 
e.g. m2 > m? — ie. 

Taking a look at (3.160), one is tempted to shift the temperature by a 
small imaginary value. But the problem is that the function h(s) is not strictly 
positive for certain background fields. Hence, the sign of the € prescription 
for shifting the temperature depends on the sign of h(s) and therefore on the 
values of the field invariants and the proper-time parameter. Obviously, this 
complicates the evaluation of £'”, and, in particular, prohibits interchanging 
summation and integration in some cases. Additionally, one has to be very 
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careful in rotating the contour of the proper-time integration; nor is obtaining 
numerical estimates for (3.160) a straightforward exercise, owing to the wildly 
oscillatory behavior of the whole integrand, especially in the sum. 

An unproblematic case is given by the limit of vanishing electric field 
(the limit is most conveniently taken for E and B (anti)parallel). Then, h(s) 
reduces to 1/s; and, further assuming A,, = 0, we recover the findings of [54] 
for a purely magnetic field at finite temperature: 


1 fd 
= =e enim ‘ermtheny A yrein®/(4T*s) (3.162) 


0 n=1 


LT (B,T) =—- 


Furthermore, the general form of (3.160) coincides with the representation 
found in the worldline approach [154] (in the heat-bath rest frame), except 
for the dependence on the gauge potential.'4 

The case of the effective Lagrangian of a constant magnetic field at 
nonzero chemical potential (which is related to the Ay field) has been dis- 
cussed in [43]. A comprehensive study of this situation based on the real-time 
formalism, including finite temperature, can be found in [71], where astro- 
physical implications are also discussed. The same physical situation was 
investigated employing the imaginary-time formalism in [40], where high- 
and low-temperature expansions were approached in a more direct way. As is 
demonstrated in these references, the zero-temperature limit of (3.160) with 
a chemical potential obeying 4 > m requires careful study. 

In spite of all these technical difficulties, it is possible to construct an 
asymptotic weak-field expansion of the Lagrangian (3.160). Contrary to the 
zero-temperature case, where such an approximation can be achieved by a 
small-coupling e expansion of the integrand (cf. (2.52)), we have to rely on a 
standard Taylor expansion of the complete effective action. This is because 
the coupling also appears in the exponent, which must not be expanded, 
because of its convergence-ensuring properties. The advantage of a Taylor 
expansion of £17 lies in the fact that the fields are set to zero after differen- 
tiation; therefore, the function h(s) in the exponent always reduces to 1/s in 
each term. The resulting proper-time integrals can always be represented as 
n-sums over modified Bessel functions K,(nm/T). For the low-temperature 
domain, T < m, we may use the asymptotic representation of the Bessel 
functions and obtain, up to second order in the invariants F,G,€ at zero 
chemical potential, 


2mm . QrT 1 m4 /aT 
Fe —m/T _ 2 ace as hase 2 
ela =) “136 T2 V 2m 
lm 
a a m BFE +9? )+ Amer — 8FE + 13G") (3.163) 


‘ The importance of the holonomy factor has been overlooked in [154]. 
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7 mm 
+—— 


30 T 


4 —m/T 


(4F? + 7G?) + i (4F? + 7G?) T<m. 


m+ ? 


This agrees with the findings of [73]. In particular, we observe that the low- 
temperature contributions to the effective action are exponentially damped 
by the electron mass. This is plausible, since higher-lying fermion states be- 
yond the mass gap m can hardly be excited at all for T << m. 

The opposite limit, i.e. the behavior of £!7 in the high-temperature do- 
main, can almost be guessed without calculation: for T >> m, the thermally 
fluctuating electrons move ultrarelativistically so that the scale of the loop 
process is no longer set by the electron mass m, but by the temperature T’. 
Therefore, in the limit T’ — oo, the loop particles become infinitely heavy 
and decouple from the theory. Consequently, vacuum polarization is strongly 
suppressed. This can also be inferred from dimensional analysis: any nonlin- 
earity of the field strength induced by vacuum polarization must be of the 
form F?J+?/T4), where F represents a field strength tensor contribution of 
mass dimension 2, and j is an arbitrary nonnegative integer. For any 7 > 0, 
these terms are strongly suppressed for T’ — oo. Only 7 = 0 terms can survive 
in this limit. As a consequence, £'7 must (and really does) contain a part 
identical to —L1 in order to cancel the effects of vacuum polarization [33, 34]. 
Moreover, any remaining terms must be of second order in the field strength 
(first order in the invariants); these can be easily calculated and lead to 
2a L a 1 
This result can be viewed as a thermal renormalization of the Maxwell La- 
grangian. In fact, the prefactor of F can be identified as the one-loop coef- 
ficient of the @ function of QED; this implies a logarithmic increase of the 
coupling with increasing T/m. More calculational details of these formulas 
can be found in the next section, when we discuss light propagation in a 
thermal background. 


LY (T > m)=- 


3.5.4 The A,, Field 


The physical interpretation of A,, can most easily be illuminated in the lim- 
iting case of vanishing field invariants, a,b,€ = 0; this limit corresponds to 
switching off all the nonlinear self-interactions of the electromagnetic field, 
which are not at the center of interest at this stage. Under these circum- 
stances we are able to rotate the contour s — —is, and an interchange of 
integration and summation is permitted in (3.160): 


= 1 ds 2 n? eAyn 
1T —ms n U 
E (A ) Ane e e ( ) exp ( 7 =) cosh 
0 


n=1 
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Lo eAyn fas n? 
= aes, 24? h u a = aE eee 
fe? 2 N" cosh p [3 ex | . (°+ Garp) 
n 0 
2 geen (= 1)" eAyn m 
= -ym?T? S* > cosh Ko(Zn), (3.165) 


where we have taken advantage of the representation 


2(f) w= fawe exp (- a -) (3.166) 


of the modified Bessel function. Decomposing the cosh term into exponential 
functions and employing a different representation of K [91], 


ae 
2 (Zn) = | uF (m/T)n ‘= fos k2qn (n/T) VR Fm 


a 
= 1 fap tmvrra (3.167) 
TT 


where we have substituted k = m,/q? — 1, we arrive at 


In (1 + ii) + in( + oH8-s40) : 


(3.168) 


Here we have introduced the particle energy for the ete~ gas, E = Vk? + m? 
= |k,,|. According to the relation 


In Z(7, Ag) 
V ? 

we indeed find the general expression for the partition function Z of an ideal 
et+e~ gas in which the A, field plays the role of a chemical potential. If we 
had started the computation including a chemical potential, we would always 
have encountered the combination —eA,, — 1 = eA° — 1, which is therefore the 
only physical quantity. In other words, we can identify eA, with a chemical 
potential during the complete calculation; hence, the additional information 
(compared with the zero-temperature case) which is required to define the 
correct choice of the background gauge potential A” is obtained from the 
value of the chemical potential of the system under consideration. If one 
wants to perform a gauge transformation beyond the class of periodic gauge 
functions A,, one has to redefine the chemical potential to obtain the same 
physical system. 

Going beyond the constant-field approximation, the effective Lagrangian 
n (3.159) and (3.160) can be viewed as the zeroth order of a gradient 
expansion of the one-loop effective action which governs the dynamics of 


ee x. d3k 
ed) = 72 | oo 


A Aja? 
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the background gauge field A“(a). Beyond the meaning of a chemical po- 
tential, the A, field will additionally carry dynamical information by be- 
ing space-dependent. An immediate physical consequence of the fact that 
the A, field appears explicitly in the Lagrangian is the well-known De- 
bye screening of electric fields. A weak-field expansion will take the form 
LIP = —(1/2)0,, AO" Au + (m2_/2)(Ay)? + O(A4), where the effective pho- 
ton mass (inverse Debye screening length) is given by 


erfiT 
meg(T) = AA2 


(3.169) 


Ay=0 


Considering the zero-field limit for simplicity, we find, according to (3.165), 


= PE ey Ris (Fn) (3.170) 


In the high-temperature limit, T >> m, the sum can be expanded, for ex- 
ample by employing the techniques described in Appendix D, leading to 
YP (-1)" K2[(m/T)n] ~ —n?T?/(6m?) + O(1) (cf. (D.63)). We finally 
obtain 
(eT)? 
3 3 
which is the well-known result for the Debye screening mass found in the 
literature. The leading corrections to the Debye mass in the high-density and 
high-temperature limit can be looked up in the erratum of [72]. 

Now, an attractive interpretation of Debye screening arises in this context: 
at zero temperature and vanishing chemical potential, the gauge symmetry 
is completely present in quantum electrodynamics. This symmetry prohibits 
the photon from acquiring a mass. An immediate consequence is the Coulomb 
law for the static potential. At finite temperature, the gauge symmetry is re- 
stricted to the class of periodic gauge transformations. Therefore, the mass- 
lessness of the photon is no longer ensured in the former rigorous way. It 
is the (integrated) time-like gauge field component A, that acquires a mass; 
consequently, the Coulomb law for the static potential is modified by a screen- 
ing mechanism, whereby the mass value characterizes the inverse screening 
length. 

We would like to stress that there is no such interpretation in the real-time 
formalism, since there is no a priori reason for restricting the class of gauge 
transformations. At present, it is not known how the real-time formalism 
could resolve the problem of gauge invariance without additional postulates. 

From a microscopic, more phenomenological viewpoint, the screening is, 
of course, due to the temperature-induced virtual pairs, which allow a polar- 
ization of the vacuum. 


m_(T) = (3.171) 


3.5 QED Effective Action at Finite Temperature to One Loop 117 
3.5.5 Temperature-Induced Pair Production at One Loop? 


Next, we turn to the question of whether Schwinger’s well-known formula 
for the pair-production probability provides finite-temperature corrections at 
one-loop order. Taking a closer look at the literature, this is perhaps the 
most puzzling question concerning the properties of the finite-temperature 
effective action for nonvanishing electric fields. In fact, most of the papers 
of the early 1990s have been motivated by the quest for a temperature- 
dependent imaginary part of the effective Lagrangian that would indicate 
pair production. The aim was to find a mechanism to explain the strongly 
correlated ete~ peaks in heavy-ion collisions!® [101]. Incidentally, knowledge 
of a temperature-dependent part of the Heisenberg—Euler Lagrangian would 
also be useful for the study of gq production in strong chromo-electric fields, 
since fermion coupling to nonabelian fields does not dramatically differ from 
the abelian version. 

While thermal contributions to the imaginary part of £!7 have been found 
neither within the real-time formalism [48, 72] nor by employing the func- 
tional Schrédinger representation [96], an imaginary part seems to appear in 
the imaginary-time formalism [82]. The latter result was also computed in 
the real-time formalism in [121]. 

Indeed, comparing the finite-temperature version (3.160) with the one- 
loop Schwinger Lagrangian, there are subtle traps in the computation. In 
the following, we shall, as an example, argue against the calculation in [121]. 
Although our findings for the effective thermal Lagrangian (3.160) in the heat- 
bath rest frame formally coincide with those found in [121] (up to numerical 
prefactors and an interchange of proper-time integration and summation), we 
do not agree with their computation of the imaginary part, which follows the 
line of the zero-temperature calculation. Various obstacles are encountered 
when proceeding in this way in the finite-temperature case: since the function 
h(s) in the exponential of (3.160) reduces to 


h(s) = eE cotheEs (3.172) 


for a purely electric field, E = |E], (i) a rotation of the contour, s > —is, 
becomes useless owing to the coth term in the exponent of (3.160); (ii) 
each term in the sum of (3.160) exhibits an essential singularity at the 
poles of the coth term on the imaginary axis; the use of the rule cotz — 
Pcotz + im)?,, 6(z — 20) is therefore nonsensical (cf. [121]); (iii) proper- 
time integration and summation must not be interchanged, as we pointed 
out above. If they are, the imaginary parts of the successive terms in the 
sum diverge exponentially, as can be shown by evaluating the residues of 
the singularities on the imaginary s axis. Incidentally, we do not agree with 
the imaginary part computed in [82], simply because the expressions for the 
effective Lagrangians do not coincide. 


' Meanwhile, the peaks have mysteriously vanished and joined the ranks of popular 
aberrants of modern physics. 
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However, we can give an indirect argument for the vanishing of the imag- 
inary part following [72]: owing to the formal resemblance between our result 
(3.160) and the findings of Loewe and Rojas [121] for the effective Lagrangian 
(but not for its imaginary part!), we can follow their steps backwards and 
end up with the starting point of the real-time formalism, 


Ui =k feb A) oe = i) (3.173) 


where fr(ky,,A.) denotes a (real) thermal distribution function for the 
fermions and I = f{ d‘x£'". Obviously, since the right-hand side is purely 
real, there is no imaginary part in the thermal contribution to the effec- 
tive one-loop action and hence no thermal correction to the Schwinger pair- 
production formula to this order of calculation. So the disagreement between 
the real- and imaginary-time formalisms is resolved in this respect. 

In the next section, we shall see that the vanishing of the thermal imag- 
inary part of the effective action is in fact a particularity of the one-loop 
contribution. There is no mechanism or algebraic constraint that prevents 
the existence of an imaginary part at higher-loop order. We shall prove this 
by calculating the two-loop contribution for low temperature explicitly. 


3.5.6 Discussion 


The derivation of the effective QED action to one-loop order in the presence 
of an arbitrary constant electromagnetic field at finite temperature reveals 
some delicate features in the imaginary-time formalism. 

The gauge invariance of the classical action turns out to be restricted to 
periodic gauge transformations A, on the quantum level in order to leave 
the boundary conditions of the functional integral unaltered. This implies 
the existence of further gauge-invariant quantities besides the field strength, 
which are constructed from the background field A”. Additional information 
about the system under consideration has to be employed to fix the form of 
the gauge potential A”. In the present case, the requirement of homogeneity 
(constant fields and constant chemical potential) gives rise to the additional 
gauge-invariant quantity A,. 

The way in which A,, enters the effective action can be viewed as a topo- 
logical effect that arises from the compactification of the finite-temperature 
configuration space in imaginary time; namely, the configuration space loses 
its property of being simply connected and allows infinitely many topologi- 
cally inequivalent paths to connect two different points in space-time. Each 
path can be classified by its winding number around the space-time cylinder. 
The holonomy factor that carries the gauge dependence of the Green’s func- 
tion is sensitive to these inequivalent paths, since it represents a mapping 
of the paths in configuration space into the gauge group. A Poisson resum- 
mation of the sum over the winding number leads to a sum over Matsubara 
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frequencies shifted by the A, field. The quantity eA, acts like a chemical 
potential in the partition function and therefore can be identified with yu. 

With the aid of a simple Taylor expansion in terms of the invari- 
ants, we obtained the weak-field expansion in Heisenberg—Euler form with 
temperature-dependent coefficients ((3.163) and (3.164)). The cancellation 
of all nonlinear terms arising from vacuum polarization was first observed 
in [83, 34]. A detailed and rigorous weak-field expansion of the effective La- 
grangian at finite temperature and finite chemical potential was suggested in 
[73], relying on the “real-time” representation of the effective action as given 
in [72]. 


3.6 QED Effective Action at Finite Temperature: 
Two-Loop Dominance 


We calculate the two-loop effective action of QED for an arbitrary constant elec- 
tromagnetic field at finite temperature T in the limit of T’ much smaller than the 
electron mass. It is shown that in this regime the influence of the two-loop contribu- 
tion always exceeds that of the one-loop part owing to the thermal excitation of the 
internal photon. As an application, we study light propagation and photon splitting 
in the presence of a magnetic background field at low temperature. Furthermore, 
we discover a thermally induced contribution to pair production in an electric field. 
The preceding investigations of the low-energy sector of QED have remained 
more or less on the one-loop level; radiative corrections have not been studied 
in a systematic way. For purely electromagnetically modified vacua, this pro- 
gram has successfully been carried out to two-loop order [140, 55, 138]. Such 
radiative corrections to the weak-field expansion of the Heisenberg—Euler La- 
grangian are included in, for example, (3.39) and (3.40). 

After the one-loop study of the preceding section, the present section is 
devoted to an investigation of the thermal QED effective action at the two- 
loop level. But, contrary to the zero-temperature case, where the two-loop 
contribution represents only a 1% correction to the one-loop effective action, 
we demonstrate that the thermal two-loop contribution is of a qualitatively 
different kind from the thermal one-loop part and exceeds the latter by far 
in the low-temperature domain [89]. 

The simple physical reason for this is the following: at one loop, one 
takes only the massive electrons and positrons as virtual loop particles into 
account (Fig. 3.5a). Owing to the mass gap in the fermion spectrum, a heat 
bath at temperatures much below the electron mass m can hardly excite 
higher fermion states at all. Hence, one expects thermal one-loop effects to 
be suppressed by the electron mass. In fact, in a low-temperature expansion 
of the thermal one-loop effective action [73], one finds that each term is 
accompanied by a factor of exp(—m/T), exhibiting an exponential damping 
for T — 0 (see (3.163)). 
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On the other hand, the two-loop contribution to the thermal effective ac- 
tion involves a virtual photon within the fermion loop (Fig. 3.5b). Since the 
photon is massless, a heat bath of arbitrarily low temperature can easily ex- 
cite higher photon states, implying a comparably strong influence of thermal 
effects on the effective action. In Sect. 2.2, we were able to show that the 
dominant contribution to the thermal two-loop effective action in the low- 
temperature limit is proportional to T+/m*. This power-law behavior always 
wins out over the exponential damping of the one-loop case, leading to a 
two-loop dominance in the low-temperature domain. One might ask whether 
this inversion of the loop hierarchy signals the failure of perturbation theory 
for finite-temperature QED. But, of course, this is not the case, since the in- 
clusion of a virtual photon does not “amplify” the two-loop graph and higher 
ones. Rather, calculating the one-loop graph should be rated as only an in- 
consistent truncation of the theory, since the one-loop approximation does 
not include all species of particles as virtual particles. Besides, effective-field 
theory techniques indicate that the three-loop contribution is of the order of 
T®/m® [118] for T/m < 1, thereby obeying the usual loop hierarchy. 


(a) (b) 


Fig. 3.5. Diagrammatic representation of (a) the one-loop and (b) the two-loop 
contribution to the effective QED action. The fermionic double line represents the 
coupling to all orders to the external electromagnetic field 


The present section is organized as follows. First, we present the calcula- 
tion of the two-loop effective QED action at finite temperature, employing the 
imaginary-time formalism and concentrating on the low-temperature limit at 
zero chemical potential. The outcome will be valid for slowly varying external 
fields of arbitrary strength. 

Section 3.6.2 is devoted to an investigation of light propagation at finite 
temperature. The light cone condition for a thermal vacuum is derived, this 
time taking into account the dependence of the effective Lagrangian on the 
complete set of invariants. While, on the one hand, the well-known result for 
the velocity shift dv ~ T4/m* is rediscovered [157, 20, 120, 60], we are also 
able to determine further contributions to the velocity shift arising from a 
nontrivial interplay between a temperature and an additional magnetic back- 
ground field. By taking the one-loop contributions as derived in the preceding 
section into account, we can also comment on the intermediate-temperature 
domain T’' ~ m, where the velocity shift approaches a constant value. 
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In Sect. 3.6.3, we study aspects of thermally induced photon splitting. 
There, we point out that the thermal two-loop contribution to the splitting 
process exceeds the zero-temperature and one-loop contributions in the low- 
temperature and weak-field limit, but is negligible in comparison with other 
thermally induced scattering processes. 

Sections 3.6.2 and 3.6.3 are mainly concerned with the limit of a weak 
magnetic background field and low-frequency photons (w < m), and there- 
fore represent only a first glance at these extensive subjects. In fact, the 
quantitative results for this energy regime describe only tiny effects; any rel- 
evance to astrophysical topics such as pulsar physics has not been identified 
up to now. However, the intention of the present work is a more fundamental 
one, namely, to elucidate the mechanism of the violation of the usual loop 
hierarchy of perturbative thermal field theories involving virtual massless 
particles. 

In Sect. 3.6.4, we calculate the thermal contribution to Schwinger’s well- 
known pair-production formula [148] for a constant electric background field 
in the low-temperature limit. As mentioned before, a thermal one-loop con- 
tribution, surprisingly, does not exist [72, 87], since the thermal one-loop ef- 
fective action is purely real by construction. Hence, the findings of Sect. 3.6.4 
prove the existence of thermally induced pair production — an effect which 
has been searched for for 15 years [48, 121, 96, 82, 83]. In the low-temperature 
limit, we find that the situation for a strong electric field is dominated by the 
zero-temperature part (Schwinger formula), while the thermal contribution 
can become dominant for a weak electric field. Unfortunately, the experi- 
mentally more interesting high-temperature limit cannot be covered by our 
approach. 

One last word of caution: the inclusion of electric background fields in 
finite-temperature QED is always plagued with the question of how violently 
this collides with assumptions on thermal equilibrium. In fact, electric fields 
and thermal equilibrium exclude each other, thus calling into question the 
physical meaning of the results of Sect. 3.6.4 at least quantitatively. How- 
ever, it is reasonable to assume the existence of at least a small window 
of parameters in the low-temperature and weak-field domain for which the 
thermal-equilibrium calculation represents a good approximation. Moreover, 
knowledge of the effective Lagrangian, including a full dependence on all pos- 
sible field configurations, is mandatory for deriving equations of motion for 
the fields, even in the limit of vanishing electric field. 


3.6.1 Two-Loop Effective Action of QED at Low Temperature 


In the following, we shall outline the calculation of the two-loop effective 
action, concentrating on the low-temperature limit where a two-loop dom- 
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inance is expected. The calculation is necessarily very technical; therefore, 
some details are left for the appendices.!° 

We employ the same notation as in Sect. 3.5.2; in addition to the standard 
gauge and Lorentz invariants, F = (1/4)F’’F,, and G = (1/4) F""’*Fy, or, 
alternatively, to the secular invariants a and b (Appendix B), we can introduce 
one further invariant (besides the temperature itself): 


E = (up FY") (uF a), (3.174) 


where u“ denotes the four-velocity of the heat bath. Let us recall that we 
have assumed without loss of generality that a Lorentz system exists in which 
the electric and magnetic fields are antiparallel. In this particular frame, the 
secular invariants can be identified with the field strengths: a = B = |B, 
b= E=|E|. In the heat-bath rest frame, € simply reduces to € = E?. 

Contrary to the one-loop calculation, there will be a coupling between the 
loop momentum k" and the external field, so that we shall encounter another 
invariant in the intermediate stages of the calculation: 

Zp = (kp FY) (ky EP” a) (3.175) 
= |k|?B? sin? 0p + |k|?E? sin? 0g — k?E? + 2k° E- (k x B), 

where @g and 6g denote the angle between the magnetic and electric field, 
respectively, and the three-space vector k (cf. (2.63)). Furthermore, the com- 
bination k“u,, filters out the momentum component that will be discretized 
by Matsubara frequencies at finite temperature: (k“u,,)? + —w?. 

Since the effective Lagrangian is a Lorentz covariant and gauge-invariant 
quantity, it can only be a function of the complete set of invariants of the 
system under consideration; hence, it will be of the form 


L=LIE,F,G,T), (3.176) 


as in the one-loop case. For simplicity, we work at zero chemical potential. 
Equipped with these conventions, we now turn to the calculation. 

The two-loop contribution to the effective action/Lagrangian L? is gen- 
erally given by the diagram in Fig. 3.5b. This translates into the following 
formula in coordinate space [55]: 


e v 
= S fatale ly" G(e,2/|A) 7” G(a!,a|A)| Du(e—a"), (8.177) 


where G(«,2'|A) represents the fermionic Green’s function for the Dirac op- 
erator in the presence of an external electromagnetic field A. D,, denotes 
the photon propagator. Throughout this section, we assume the background 
field to be constant, or at most slowly varying compared with the scale of 
the Compton wavelength; therefore, the fermionic Green’s function can be 
written as 

'6 The primarily phenomenologically interested reader may simply take notice of 


the conventions used here, consult (3.202)—(3.209) directly, and skip the remain- 
der of this subsection. 
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G(a,2'|A) = (2,2) / SP ines") ofp), (3.178) 

(27)4 
where g(p) denotes the Fourier transform of G(a,«’|A), depending only on 
the field strength, and ®(z, x’) is the holonomy, carrying the complete gauge 
dependence of the Green’s function. Inserting (3.178) into (3.177) leads us 
to the object P(x, x’) P(x’, x) = (CO), where the right-hand side represents 
the holonomy evaluated for a closed path. For a simply connected manifold 
such as the Minkowski space, ®(C) = 1; hence, it does not contribute to the 
zero-temperature Lagrangian. For a nonsimply connected manifold such as 
the finite-temperature coordinate space (R.x $1), (CO) can pick up a winding 
number [87]. However, in the present case, we restrict our considerations to 
a situation with zero density, which implies the existence of a gauge in which 
Ag = 0. Then, (CQ) = 1 and the influence of the holonomy can be discarded. 

This leads us to the representation 


i= / ee Dy (k) I” (k) (3.179) 
~2) Qa ™ 

for the two-loop Lagrangian, where D,,,(k) denotes the photon propagator in 

momentum space, and we have introduced the one-loop polarization tensor 

in an arbitrary constant external background field: 


4 
IT*’ (k) = -ie [ ai tr [y" 9(p) y” g(p — k)]. (3.180) 
So we have finally arrived at the well-known fact that the two-loop effective 
action can be obtained from the polarization tensor in an external field by 
gluing the external lines together. 

The transition to finite-temperature field theory can now be made within 
the imaginary-time formalism by replacing the momentum integration over 
the zeroth component in (3.179) and (3.180) by a summation over bosonic 
and fermionic Matsubara frequencies, respectively. For example, performing 
this procedure in (3.180) corresponds to thermalizing the fermions in the 
loop. Now we come to an important point: confining ourselves to the low- 
temperature domain where T’ < m, we know from the one-loop calculations 
[73, 88] that thermal fermionic effects are suppressed by factors of e~™/7, 
dicating that the mass of the fermions suppresses thermal excitations. Hence, 
thermalizing the polarization tensor contributes at most terms of order e~""/7 
to the two-loop Lagrangian for T << m; these are, furthermore, accompanied 
by an additional factor of the coupling constant a@ and can therefore be ne- 
glected compared with the one-loop terms. At low temperature, it is therefore 
sufficient to thermalize the internal photon only in order to obtain the leading 
T dependence of £7. 

Since, in the Feynman gauge, the photon propagator reads 


i 
Dw(k) = Suv Fe k? = —(k°)? +k?,  g=(-,4+,+,4+), (3.181) 


in- 
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the introduction of bosonic Matsubara frequencies (k°)? + —w? = —(27T'n)?, 
n € Z, leads us to!” 

C= ait ls LT, (i): 3.182 

» (Qn) oo ie uhh) ( ) 


From now on, we write £? for the zero-temperature two-loop Lagrangian, 
£°" for the purely thermal part and £?+?" for their sum. In (3.182), we need 
the trace of the polarization tensor in a constant but otherwise arbitrary 
electromagnetic field. Inserting the trace of the representation (2.75) for I7#” 
into (3.182), we obtain for the aie (Q" , = 0) 


d?k ds hay e180 eas ebs 
242T__ a 1 
é 5 2m | aa “[* “2 a2 +b sin eas sinh ebs e18e) 


‘J 
(k0)2=—w2 


«|e —(N2—N,) + ee) 


where ¢o, No and N; are functions of the integration variables s and v and 
of the invariants a and b; only ¢9 depends additionally on zz, as defined in 
(3.175). Their explicit form can be looked up in (2.77). In order to ensure 
convergence of the proper-time integrals, the causal prescription m? — m?—ie 
for the mass term in ¢o is understood; this agrees with deforming the s 
contour slightly below the real axis. 

Now, the aim is to perform the k momentum integration/summation; note 
that the k dependence is contained in ¢o, 2% (and k?, of course). Concentrat- 
ing on this step, we encounter the integrals 


ae 
_ S —isdo 
Ii =T / (Qn)3 e 


(3.184) 


? 


(KP wh 


which allow us to write the Lagrangian (3.183) in terms of 


ds [dv eas ebs 
2427 _ 
L ae ae [% (ee ain eee (3.185) 


+ b?) sin eas sinh ebs 


ah _ M1) Tp + [2No(a?+b7) + b? No + a? Nj | Ty p 


'7 Of course, the present calculation does not necessarily have to be performed in 
the imaginary-time formalism. For example, instead of (3.181), we could just as 
well work with the real-time representation of the thermal photon propagator. 
We could even use only the one-component formalism, since we merely consider 
the photon to be thermalized. However, from our viewpoint, the calculations in 
the imaginary-time formalism appear a bit simpler since the momentum integrals 
remain Gaussian. Of course, this might be just a matter of taste. 
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The explicit k dependence of the function ¢p in terms of the variables k? and 
zp can be isolated by a reorganization of the first line of (2.77): 


es ee ie ee (3.186) 


where we have implicitly defined 


is 1 cosveas — coseas coshvebs — coshebs 
A, = — = ( t+. —__—___] , 8.187 
2 a? +0? ( eas sin eas ebs sinh ebs ) ( ) 
A is 1 p2cosveas —coseas a cosh vebs — cosh ebs 
=> a - a —_— 
ee Oo +e eas sin eas ebs sinh ebs 


Employing (3.186) for me we can reduce the evaluation of Jz to that of l: 


=T 3 — Zk e7im?s p— Azzk AK? 
= (Qr)3 k2 —ie 


(k9)2=—w? 
0 


where A, and A; are again functions of the integration variables s and v 
and of the invariants a and b, as defined in (3.187). In view of (3.188), it is 
sufficient to consider the momentum integration/summation for , only: 


= 
h (3.186) 7, im “S| aR Qh Asti o— Auk? (3.189) 
(k9)2=—w? 


At this stage, the finite-temperature coordinate frame as introduced in Ap- 
pendix E becomes extremely useful, since it enables us to perform the cal- 
culation in terms of the invariants. This coordinate system is adapted to the 
situation of an electromagnetic field at finite temperature in such a way that 
the components of any tensor-valued function of the field strength can be 
expressed in terms of the invariants €, F and G. Details are presented in Ap- 
pendix E, from where we take the final formula for the exponent of (3.189) 
(see (E.60)): 


Azzp + Apk? 
2 
A.vd 
=|A 2 _P te) A) |e ——____§_—___° 
[An + (a?—B° +E) i( AQF +€) + Ag ) 
_ (Acta? A,)(An—PAs) 24 (Ay + a?.A,)(Ax — 07Az) (m2 
Ap + (a2—B+E) A, Apt + Ap 
a2b? A, Ya 
+ (A,—— + Ax) (2? + —4=— #1], 3.190 
( E J ALE + Ay en 


where k°, kt, k?, k? represent the components of the rotated momentum vec- 
tor k4 = ehh and ae denotes the vierbein which mediates between the 
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given coordinate system and the finite-temperature coordinate frame (see 
Appendix E). Since the transformation into the new reference frame is only 
a rigid rotation in Minkowski space, no Jacobian arises for the measure of 
the momentum integral. Hence, only integrals of Gaussian type are present 
n (3.189), which can easily be evaluated to give 


eee 
em Ss 1 da Gb :) 
i =T—— —— JV exp ( —- 2? |, 3.191 
(4m 8? Pqad » . ( P ae 


where it was convenient to introduce the short forms 


da = Apt a’ Ay, db = Ap— b7A., p=Apt (a?—?+E)A,. (3.192) 


The sum in (3.191) can be rewritten with the aid of Jacobi’s transformation 
formula: 


s exp[—o(n — 2) > Zen (-Se Brien). (3.193) 


n=—cCco n=— CoO 


With z =0 and o = (214T)?qaq,/p, we obtain for (3.191) 
haf +i 


—im*s —im?s 


2 
e 1 e n? 
ee ea i ‘exp 3.194 

16m? Gaqy | 8%? daqo (-2 qaQ ae ooo 


where we have separated the (n = 0) term from the remaining sum in order 
to find the (T = 0) contribution. The first term in (3.194) ((n = 0) term) is 
independent of T and €, while the second term vanishes in the limit T — 0 
exponentially. In Appendix IF’, we check explicitly that the first term of (3.194) 
indeed leads to the (unrenormalized) two-loop Lagrangian for an arbitrary 
constant electromagnetic field at zero temperature. For example, for a purely 
magnetic field, the representation of Dittrich and Reuter [55] is rediscovered. 

For our finite-temperature considerations, we shall keep only the second 
term of (3.194), which we denote by J/ in the following. Concerning the 
formula for £77 in (3.185), I7 is already in its final form (it will turn out 
later that this term is subdominant in the low-T limit and only J} contains 
the important contributions). Hence, let us turn to the evaluation of IJ’, i.e. 
the thermal part of (3.188); for this, we have to interpret [7 as a function of 
A, and A, (remember that ga, q and p are functions of A, and A,): 


art af 
P= of aa at 1 Az) = —Fa [eH + An Ad 


evim?s oad fa) 


81 ae OA, 


(Az), (3.195) 


where we have defined the auxiliary integral 
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i si +p n? 
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Upon substitution of the integration variable'® 


daQb s'+p 
= a 3.197 
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the auxiliary integral becomes 
1 
2q2 2g, —1/2 
H(A.) = [ du = + 2% (2p—ga—a)ut (da wr?| 
p p 
0 
xe ( 7 ) (3.198) 
xp | ——s —-u}. ‘ 
4T? dab 


Now we come to an important point: since we have only thermalized the 
photons, our effective Lagrangian £2" is only valid for T < m anyway. Nev- 
ertheless, our formulas also contain information about the high-temperature 
domain which we should discard, since it is incomplete. Regarding (3.198), 
the exponential function causes the integrand to be extremely small for small 
values of JT, except where u is also small. Hence, the auxiliary integral is 
mainly determined by the lower end of the integration interval. 

Taking these considerations into account, we expand the square root 
for small values of wu and then extend the integration interval to infinity 
(in fact, remaining 1 as the upper bound creates only terms of the order 
exp[—(2nm)/T], which are subdominant in the low-temperature limit). The 
remaining u integration can then easily be performed for each order in the u 
expansion; up to u?, we obtain 


J(Az) = 4-5 - 16-7 (2p — qa — %) (3.199) 
6 7 — 3(2 7] + O(F? /n® 
64— | (da — a)” — 3(2p — da — q)*] + O(T*/n*). 
Upon differentiation, the T? dependence drops out, and we obtain (cf. 
(3.192)) 


() 
OA, 


(A,) = TF +8) - 22, ~[F? 4G? — 3(F + €)7] Az 
4O(T®/n® ). (3.200) 


In this equation, we indeed discover a power-law dependence on the tem- 
perature, which will directly translate into a power-law dependence of the 


18 Solving for s’ = s‘(u) leads to a quadratic equation, from which the positive root 
has to be taken in order to take care of the integral boundaries. 
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two-loop effective action after insertion into (3.195) and (3.185). Techni- 
cally speaking, this arises from the fact that the omnipresent exponential 
factor exp|—(n?/4T?)(p/qaq)u], which finally causes exponential damping 
for T/m — 0, becomes equal to 1 after the u integration at the lower bound 
at u=0. 

At this stage, it is important to observe that the u integration appears 
only in IJ (via the A’, integration in (3.184)) and not in 7. Therefore, [7 
will always contain exponential damping factors in the limit 7 — 0. Even 
the remaining proper-time integrations do not provide a mechanism similar 
to the u integration, since for large s, the mass factor exp(—im?s) with the 
causal prescription m? — m? — ie causes the integrand to vanish, and, for 
small s, the combination p/qaq, in the exponent becomes 


p. 41 
da% 1-8 


O(s). (3.201) 


Obviously, inserting (3.201) into the exponent leads to an exponential fall-off 
(bearing in mind that the s contour will run slightly below the real axis). 
Similar conclusions can be drawn for the v integration. To summarize these 
technical considerations, we conclude that only the term containing IZ (the 
thermal part of Jz) in (3.185) contributes dominantly to £27 in the low- 
temperature limit. 

Inserting the first and second term of (0/0A,)J(Az) in (3.200) succes- 
sively into (3.195) and then into (3.185), we obtain the dominant terms of 
order T* and T° of the two-loop effective QED Lagrangian at low temper- 
ature; in particular, for the T4 term, various useful representations can be 
given: 


foe) 1 a ES 
or Qn 4 ds [dv _;2, eas ebs N2-N 
ele Si ee 
- [4 90 (+e) | s / i sineassinhebs a? + b? 
0 -1 
at 8 1 12 
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i (F+e) | : 2auR® (3.202) 
0 
1 — eas cot eas 1 — ebscothebs 
x { ebs coth eb; ——_,———_ + eas cot eas ————_,—_——_ 
sin” eas sinh” ebs 
—™ rtr+e)( (rep) 
~ 45 a2+p2.0" °° 
1 fds _, 
a2 =e "eas cot eas ebs cothebs | . (3.203) 
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The term proportional to T° reads 


16a7 2 
20 6 2 2 2 
L a= —~og5 2 [F +G —3(F+E) ] 
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where N; and A, are functions of the integration variables and the invariants 
aand b (but not of €), and are defined in (2.77) and (3.187). The v integration 
can be performed analytically, but the extensive result does not provide for 
new insights; hence we do not bother to write it down. 


These equations represent the central result of the present work; therefore, 


a few of their properties should be stressed: 


(1) 


(2) 


While we have worked explicitly in the low-temperature approximation 
T <™m, we have put no restrictions on the strength of the electromagnetic 
field. 

The low-temperature Lagrangians contain arbitrary powers of the invari- 
ants a and 6 (or, equivalently, F and G), but the additional invariant at 
finite temperature € appears only linearly in the T+ term and quadrati- 
cally in the T° term. The small-T expansion thus corresponds to a small-E€ 
expansion. 

The fact that only the integral If, with the prefactor (No — Nj), con- 
tributes to the low-temperature Lagrangian in (3.185) implies that only 
the spatially transverse modes JT; and I7, of the polarization tensor 
(2.76) play a role in this thermalized virtual two-loop process. The time- 
like or longitudinal mode Ip (depending on the character of k“) might 
become important at higher values of temperature. 

The fact that the invariant € always appears in the combination F + € 
ensures a kind of dual invariance of the Lagrangian. Under the replace- 
ment E — B and B — —E, the invariants change such that F — —f, 
G — —G and € > € + 2F, so that F + € remains invariant. 

The 7* term of £27 as exhibited in (3.203) possesses the peculiarity of 
being derivable from the one-loop zero-temperature Lagrangian, which 
we have marked by square brackets in (3.203) after the derivative terms. 
This will be elucidated further in the following subsection. 

The entire thermal contribution to the effective action is finite. This re- 
flects the well-known fact that the counterterms which are necessary and 
sufficient in order to renormalize the zero-temperature effective action are 
also necessary and sufficient for the finite-temperature action. Even more 
conveniently, we were able to separate the zero-temperature parts from 
the thermal parts, implicitly assuming that the renormalization of the 
zero-temperature parts is performed without any reference to the finite- 
temperature system. As a consequence, we are dealing with the same 
renormalization point as at zero temperature, which is naturally given 
by the zero-temperature electron mass. At finite temperature, this does 
not have to be, and indeed is not, identical to the physical electron mass, 
which undergoes further renormalization by finite-temperature effects. 


130 3. Nonlinear Electrodynamics: Effective-Action Approach 


For example, from a one-loop calculation of the mass operator one finds 
Menys =m +(2/3)anT? for T < m [64]. Therefore, the thermal effective 
action given above must be viewed as “off-shell” renormalized. Neverthe- 
less, since the physics is independent of the renormalization point, we can 
work with the zero-temperature as well as the physical electron mass. !? 
The “off-shell”, i.e. zero-temperature, renormalization is, of course, more 
transparent, since all temperature dependence is explicitly displayed; it 
would otherwise be partly hidden in the physical electron mass. 


For the remainder of this section, we shall discuss certain limiting cases 
of the two-loop low-temperature Lagrangian. First, let us concentrate on a 
weak-field expansion, which corresponds to a small-s expansion of the proper- 
time integral owing to the exponential mass factor. Expanding the integrands 
for small values of s (except the mass factor) and integrating over v and s 
leads us to the dominant terms in the weak-field limit: 


A4o*n? T4 2° 37a°n? T* F(F+E) 
oT 
= Se AE Sd A a at 2 
- ya 2025 m4 Pre) 34«x52x7 mt m4 TOS) 205) 
91843775 Ts 1 
Pai 2 2 2 
= —____-_(2 = 9?) — 2 
Z Le SOB TE ie (AF + GEF + 3E G*)—7 + O13), (3.206) 


where O(3) signals that we have omitted terms of third order in the field 
invariants (sixth order in the field strength). Note that no linear term in the 
field invariants exists to order T°. For the terms of quadratic order, the T® 
term is subdominant for T/m < 0.05, and amounts to a 10% correction to 
the T* term for T/m ~ 0.1. For larger values of temperature, we expect a 
failure of the low-temperature approximation. 

Finally, we consider cau in the limit of a purely magnetic background 
field: b+ 0, a> B, F+ € — (1/2)B?. The T* term in (3.202) then reduces 
to 


i 1—zeothz 1 
= <1 | dz —m?z/eB ae + <zcoth :) , (3.207) 
sinh* z 3 


where we have performed the substitution eas — —iz in concordance with the 
causal prescription m? — m? — ie. Incidentally, the limit of a purely electric 
field can simply be obtained by replacing B by —iF and multiplying (3.207) 
by —1. 

Introducing the critical field strength B., = m?/e, we can evaluate the 
integral in (3.207) analytically [60], and obtain 


Be 1 Be 2Ber Be 3B? 
-= 1 - nl - — 

(HE 3) *\t oR B \oB) 4B 
19 Tn the case of an “on-shell” renormalization, first, m has to be replaced by Mphys, 


and, secondly, we obtain an additional term —(2/3)awT?(OL'/Om?) from the 
mass renormalization at one-loop order. 
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where (a) denotes the logarithmic derivative of the P function, and ¢’(s, q) is 
the first derivative of the Hurwitz ¢ function with respect to its first argument. 

For strong magnetic fields, B >> B.,, the last term in the square brackets 
in (3.208) dominates the whole expression, and we find a linear increase of 
the effective Lagrangian: 


an _4 eB 


aT 
BSBa)| = 
cl aia) | Wa a 


(3.209) 
This contribution remains subdominant compared with the one arising from 
pure vacuum polarization, ~ B?In(eB/m?), which is not astonishing, since 
the magnetization of (real) thermalized plasma particles is bounded: the spins 
can at maximum be completely aligned. In contrast, the nonlinearities of 
vacuum polarization set no such upper bound. Quantitatively, the same result 
was found for the thermal one-loop contribution [71]. 


3.6.2 Light Propagation 


As a first application of the one- and two-loop QED effective action at finite 
temperature, we reinvestigate the modification of the velocity of light in the 
presence of a heat bath [88, 89]. 

As we reported in Sect. 3.3, the most important contribution to the veloc- 
ity shift in the low-temperature region (T < m), dv ~ —T*/m? (cf. (3.77)), 
can be obtained from the two-loop polarization tensor, in which the radiative 
photon within the fermion loop is considered to be thermalized [157, 120]. 
We rediscovered the same result by means of an effective one-loop calculation 
employing the Heisenberg—Euler Lagrangian [20, 60]. 

In the present subsection, we enlarge the effective-Lagrangian approach 
to the light cone condition as applied in Sect. 3.3 by taking into account 
the complete set of gauge and Lorentz invariants of the given situation. Our 
intention is to avoid two problems of the former approach: first, by working 
with the complete set of invariants, we do not have to rely on approximate 
methods for the high-temperature case [60], i.e. within the framework of the 
effective-action approach, the procedure is well defined in a field-theoretical 
sense. Secondly, the one-loop contribution is taken into account for the first 
time; in particular, in the intermediate-temperature region T ~ m, the one- 
loop contribution is expected to be the dominant one. 

Our knowledge about the two-loop thermal effective action will not 
only reproduce the well-known velocity shift in the low-temperature region, 
dv ~ —T*/m*4, serving as an independent check of our computation, but will 
moreover allow a study of combined temperature- and field-modified vacua. 
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Light Cone Condition 


Following the lines of Sect. 3.2, the system considered here is a propagating 
photon (plane wave) field in the presence of a vacuum that is modified by 
an external constant electromagnetic field, at finite temperature and zero 
density. We assume the propagating photons to be soft, and neglect any 
vacuum modifications caused by the propagating light itself. Thus, we can 
linearize the field equations with respect to the photon field. 

This time, the effective Lagrangian (3.160) depends not only on the field 
invariants F and G, but also on the invariant € and the temperature T (see 
(3.176)). Within the framework of these assumptions, the field equations 
are obtained from the Euler-Lagrange equations of motion of the effective 
thermal QED Lagrangian: 


OL 


0 =20,55— Fa 


OF aG ag ) 55365 


=20,, (axc OF + Te + saad Ti 
The Lagrangian £ that we are going to insert into (3.210) contains the clas- 
sical Maxwell part as well as the zero-temperature and thermal one-loop 
contributions: £L = Ly + £1 + L'7; however, the following derivation of the 
light cone condition does not rely on any perturbative approximation to L. It 
is only necessary that the field dependence of the Lagrangian be completely 
contained in a set of three linearly independent invariants, for which we take 
the standard invariants F, G and the invariant € as defined in (3.174). 

Note that the differentiation with respect to F),, has to be performed 
with regard to its antisymmetry properties. It is convenient to introduce the 
following notation for antisymmetrizing a tensor A’: 


1 
Alvy] — saa) (3.211) 


Obviously, we find for the field strength tensor that F!“”] = F¥”. This implies 
the following for the partial derivative of € with respect to the field strength 
tensor: 


OE (3.143) 0 B 3 Bias 
BF = Fg (take Meh) = hak ung64), 
= Quake, (3.212) 


Taking the identities (3.3) into account and moving the space-time derivative 
in (3.210) to the right, the field equation reads 


0=0, [are FY 4 Ag L*FHY 4 A0eL ul(uF 4] (3.213) 
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Here, we have employed the Bianchi identity and matrix notation, e.g. 
(uF)” =u Ff. For further evaluation, we need the following identities: 


1 
OF = . weOur OnG = 5* neOnk 
dE aa (212) 
OnE = Fram OY = QuYo(uF) 9] OPO 
= 2(uF)¢ 0,(uF)%, 
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Inserting these identities into the field equation (3.213), we finally obtain 
0 = O¢LO,F" + 0,F°% {eee ulutads 
Vv 1 2 1 x 
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In the last line, we have introduced the tensor M"%, which is equal to twice 
the terms in the curly brackets. Note that (3.215) is formally identical to the 
field equation (3.17) for the purely electromagnetic case. 

Hence, we can easily obtain the light cone condition for the present case by 
repeating the steps following (3.17). Then, we can read off the (polarization- 
state-averaged) light cone condition from (3.20), 


0 = 2(O¢L) k? + MB kk, (3.216) 


which leads us to the partially contracted tensor M#”. With the aid of the 
fundamental algebraic relations (B.3) and (B.4), the contractions can be sim- 
plified; inserting the contracted tensor into (3.216), we may write the light 
cone condition as 


0 = (Of-£L4+ GOrgl — FOZL)k? + 5 (OR+ Og \LFR)"(FR)p 

OcL k* + 2[OgL + EdZL] (ku)? (3.217) 
+20reL (ku)(Fk)” (Fu), + 20geL (ku)(*Fk)” (Fu), 
+2(O¢eL — O2L) (uFk)? + 20geL (uFk)(u*Fk), 
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where we have employed matrix notation again: (Fk)” = F’,k*, or (ku) = 
k“uq. The first line in (3.217) corresponds to the purely field-modified light 
cone condition as derived in Sect. 3.2, which can conveniently be expressed 
in terms of the energy-momentum tensor (or its vacuum expectation value) 
of the electromagnetic field. In the present case, the introduction of the vac- 
uum expectation value of the energy-momentum tensor would appear to be 
artificial at this stage, but we shall come back to this point later on. In fact, 
(3.217) is the most transparent representation of the light cone condition for 
electromagnetically modified and temperature-modified vacua. 

In the following, we confine ourselves to the case of vanishing external 
field: F¥”,F,G,E — 0. Since it is more than reasonable to assume that 
the effective Lagrangian behaves smoothly at this origin in field space, the 
derivatives of the Lagrangian are bounded in this limit. So the light cone 
condition becomes greatly simplified, and, except for the linear term in F, 
which is filtered out by 0¢L|¢,g,¢=0, only the first term in the square brackets 
in (3.217) survives: 


0 = (O¢L— O¢L)k? + 20¢L(ku)*, for F,G,E 0. (3.218) 


Introducing the phase velocity v = k°/|k|, which is identical to the group 
velocity in the soft-photon limit, we may rewrite the light cone condition in 
the heat-bath rest frame ((ku)? = (k°)?) in terms of the squared velocity: 


20eL i 
eae (cl eee cc . 3.219 
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In order to maintain v < 1, the fraction in the denominator of (3.219) should 
always be positive. Note that this statement is independent of any loop ap- 
proximation. 

Finally, we transcribe the light cone condition into the form that we de- 
rived in the preceding sections. For the present purpose, it is sufficient to con- 
sider the zero-field case only. Then, the effective Lagrangian simply depends 
on the temperature, £ = £(T), which is related to the Lorentz-invariant norm 
of a vector n“ (cf. (3.143)). 

We are interested in the vacuum expectation value of the energy-momen- 
tum tensor for the present system. With the aid of its definition in (3.23), 
the vacuum expectation value of (T"”) yields 
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Upon insertion of this into (3.220), we arrive at 
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(THY) = Lo” 4+TdOrlLutu’. (3.222) 
It is convenient to rewrite the last equation as 
1 
Mul = (TM) — La"), 3.223 
wll = a ( (ri) — La (3.223) 


This form can now be substituted into the light cone condition (3.218), which 
leads us to 


2 20eL [a 2 
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We obtain from (3.224) 
= Ort Biko: (3.225) 
where the effective-action charge Qr for the present system is given by 


- (2/T)(OeL/OrL) 
~ -O¢£L+ Og£L+ (2/T)(OeL/OrL) Lo 


The form of (3.225) is identical to our findings in (3.29), where we considered 
the case of a purely magnetically modified vacuum. Of course, the explicit 
form of the effective-action charge in (3.226) differs from the magnetic case, 
since we are dealing with a different set of invariants. In fact, there is not even 
a formal resemblance to a Poisson equation in the (€,7) parameter space; 
nevertheless, we should expect a localized distribution in parameter space in 
order to ensure a bounded velocity shift. 

However, since the structure of (3.218) (or (3.219)) furnishes a more con- 
venient computation, this form of the light cone condition will be employed 
in the following. 


Qr (3.226) 


One-Loop Results 


As an application, we insert the one-loop effective action into the light cone 
condition. This will finally give us physical results for the intermediate- 
temperature domain, T’ ~ m. Let us first consider a thermalized vacuum 
with vanishing background fields. Here, the velocity shift stems from the 
thermal contribution £'7 only, and we need the derivative Og £ = OgL'" of 
£'" (3.160) in the zero-field limit. For this, we find at zero chemical potential 


co 
de LT = = els (Zn) Ky (Zn) (3.227) 

n=1 
Here, we have performed a Wick rotation s — —is in accordance with the 
causal prescription m? — m? — ie and have employed the special representa- 
tion of the modified Bessel function given in (3.166). Also, note that summa- 
tion and integration can be interchanged, since the essential singularities in 


the complex s plane vanish in the zero-field limit. 
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Regarding (3.219), we also need OFZ; for this, note that the zero-tempera- 
ture one-loop part is renormalized in such a way that the term linear in F 
vanishes, in order to recover the pure Maxwell theory in the weak-field limit. 
Hence, it is only the thermal contribution £'7 which provides an additional 
term linear in F: 0¢£L = —1+0r¢L1", where the (—1) stems from the Maxwell 
part £y,. In the zero-field limit, we get 


Co 
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In the limiting cases of low, intermediate and high temperature, (3.227) and 
(3.228) can be expanded in terms of the parameter (T'/m). Let us first con- 
sider (3.228): at low temperature, only the first term of the sum needs to be 
taken into account, which leads to 
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T 


m 
For an intermediate- or high-temperature expansion, the infinite sum must 
be completely taken into account; this can be achieved by employing the 
techniques proposed at the end of Appendix D. The result for (3.228) when 
T~mis 


ir _ 2a ed 
OpL'? =~ |(0.666...) + (0.814...)In=], (3.230) 


where the numbers stem from pure integrals over analytic functions. Inciden- 
tally, the expansion for T >> m is formally identical to (3.230) with the factor 
of 0.814... replaced by 1, as found in (3.164). 

For our purpose of investigating the low- and intermediate-temperature 
domains, we observe that 0¢£17(T) = O(a/m) « 1. For the calculation of 
the velocity shifts to order a/z, it is thus sufficient to employ simply 


uv? ~1—20¢cL, (3.231) 


i.e. we neglect O0¢£!7 compared with 0¢£y = —1 in (3.219). 
Turning to the low-temperature expansion of (3.227), we have to take into 
account only the first term of the sum: 


aeLT(T <m)~ = = / z eo (m/T), (3.232) 


Inserting this into (3.231), we find for the squared velocity at low temperature 
an exponentially decreasing modification: 


2 
v(T <m)~ ee oy ee) (3.233) 


The high-temperature expansion of (3.227) is worked out in Appendix D, 
leading to 
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where kp denotes the number 0.213139... and arises from a parameter- 
independent integral over analytic functions during the expansion. The light 
cone condition then yields the following for the squared velocities at high 
temperature: 


2 
2 7 a m 

AT m)~1- 2 (1th) +... (3.235) 

which implies a maximum velocity shift of dv... = —a/(3m) ~ —1/1291. 


It should, however, be noted that an expansion for T/m >> 1 is a formal 
trick to extract analytical results. For identifying the values of temperature 
to which the light cone condition (3.217) is applicable, we notice that the 
frequency of the plane wave should, on the one hand, be smaller than the 
electron mass in order to justify the assumption of slowly varying fields and, 
on the other hand, should be larger than the plasma frequency in order to 
ensure the existence of such a propagating mode: 


Wp <Kw<m. (3.236) 


For a plasma frequency corresponding to the Debye screening mass, we em- 
ploy the representation found in (3.169) and (3.170): 


w= 3m? S(-1)" ce (Sn). (3.237) 


The maximum value of temperature up to which the low-frequency assump- 
tion can formally be justified is determined by wp(Zinax) = m. Numerically, 
one finds Tyyax/m ~ 5.74... Of course, this is just a formal value; in or- 
der to obtain reasonable results, i.e. in order to satisfy (3.236), the actual 
temperature should be kept smaller than this maximum value. 

Nevertheless, the numerical results given below confirm that the formal 
expansion for T'/m >> 1 is already appropriate for T ~ m, which justifies 
extracting physical conclusions from this analytical procedure. 

For the remainder of the section, we additionally allow a further per- 
turbation of the vacuum in the form of an external weak magnetic field, 
B <« Ba = m*/e. In terms of the invariants, a purely magnetic field im- 
plies that G,€ — 0, F — (1/2)B?, where the latter expression is understood 
to be valid in the heat-bath rest frame. Owing to the simple form of the 
four-velocity vector u“ = (1,0,0,0) in this special frame, terms containing 
F¥’y,, vanish, since this product is proportional to the electric field, which 
is assumed to be zero. 

Taking these considerations into account, the light cone condition (3.217) 
is reduced to 


t= (Orde LF ORL) i 5 (03+-0B)L(Fk)” (Fh), +20eL (ku)?.(3.238) 
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We shall restrict the following investigations to experimentally more acces- 
sible parameter values, i.e. weak fields and low temperature (compared with 
the electron mass). Here we would like to answer the question of whether 
there is an additional induced velocity shift for the case of combined mag- 
netic and thermal vacuum modifications. For each single case, the velocity 
shifts are known; for example, the polarization-summed velocity shift of light 
propagating in a magnetic background field is given by (3.12): 


a2 
6u3, = ——> — B? sin’ 9, (3.239) 


where O denotes the angle between the propagation direction and the mag- 
netic field. The velocity shift for the purely thermal part is found in (3.233). 
In order to find a contribution to the velocity shift for the combined case 
apart from the trivial sum of the single cases, we make use of the expansion 
of the thermal one-loop Lagrangian £!7 for weak fields and low tempera- 
ture as given in (3.163). In the desired limit, the required terms, which are 
quadratic in the field invariants and dominant at low temperatures, read 

a? (8FE —8F* —-13G2  r8FE+G?\ _,vip 

REE eins ge (So a) = 
(3.240) 


These terms can be inserted into (3.238) together with the classical, one- 
loop and purely thermal parts of the effective Lagrangian, Ly, £1 and £L!". 
Introducing the phase velocity v = k°/|k| again and omitting the terms of 
higher order in T/m and eB/m?, we arrive at the following polarization sum 
rule describing the modification of light propagation in a QED vacuum at 
low temperature and in a weak magnetic background field: 


2 m 2202 
v=1- s\\-vVm/Te-# “ a B* sin? © (3.241) 
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In the first line of this equation, we encounter the familiar classical, purely 
thermal and purely magnetic contributions. The second and third line con- 
tain the correction terms due to the simultaneous presence of a heat bath 
and a magnetic background field, indicating that the combination of both 
perturbations leads to more than a simple sum of the single effects. 


Two-Loop Results 


As is obvious from the preceding results, the one-loop contributions to the 
velocity shift in the low-temperature domain are exponentially damped by 
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the electron mass. Hence, the most important contributions for T << m can 
be expected from inserting the two-loop thermal Lagrangian (3.203) into the 
light cone condition. 

Let us first consider the situation of a thermalized QED vacuum without 
an additional background field. In the low-temperature domain, this vacuum 
is characterized by the Lagrangian L = —F + L?", where —F represents the 
classical Maxwell term. Inserting (3.205) and (3.206) into (3.219) leads us to 


1 
2 __ 
OT + 2(44/2025)02n2(T4/m4) 


A 
ee ae + O(T? /m®). (3.242) 
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Note that there is no T® term, since £L?"|76 is at least quadratic in the field 
invariants. In (3.242), we have rediscovered the well-known velocity shifts for 
light propagation in a thermal background, as found in [157, 120] via the two- 
loop polarization operator and in [20, 60] via considering vacuum expectation 
values of field bilinears in a thermal background. The rederivation within the 
effective-action approach from first principles presented here can thus be 
viewed as an independent check of our calculations of £27 and of the light 
cone condition as derived above. 

But we can go one step further and take a weak external magnetic field 
additionally into account. The Lagrangian describing a thermal QED vacuum 
with a weak magnetic background field at finite temperature is given by £L = 
—F+L'+L?", where £! denotes the (zero-T’) Heisenberg—Euler Lagrangian 
L'; inserting this into (3.238) gives, to lowest order in the parameters T and 
B 
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The second and third terms are the well-known velocity shifts for purely 
magnetic [4, 28] and purely thermal (cf. (3.242)) vacua, respectively. The 
last term describes a nontrivial interplay between these two vacuum modifi- 
cations. The latter can best be elucidated in the various limits of the angle 
Oz; for propagation orthogonal to the magnetic field, 0g = 1/2, we obtain 


2025 m* 45m4 
For propagation parallel to the magnetic field, 9g = 0, we find 
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5025 74 5 (3.245) 


Since T'/m and eB/m? are considered to be small in each case, the corrections 
to the pure effects in the mixed situation are comparably small. Note that the 


140 3. Nonlinear Electrodynamics: Effective-Action Approach 


mixed thermal and magnetic corrections always diminish the values of the 
velocity shift of the pure magnetic or thermal situation. Finally, let us remind 
the reader that the velocities given here hold for low-frequency light (w < m) 
only, and represent averages over the two possible polarization modes. While 
for the purely thermal case the polarization modes cannot be distinguished, 
a situation involving an electromagnetic field generally leads to birefringence 
owing to the existence of a preferred direction of the field lines. 


Discussion 


Low Temperature. At temperatures well below the fermion mass, the one- 
loop modification of the velocity of light as described by (3.241) vanishes 
exponentially, demonstrating the two-loop dominance. In the present “first- 
principles” calculation on the level of the two-loop effective action, we have 
reproduced the low-temperature velocity shift 6v = —(44n?/2025)a?(T+/m*) 
(cf. (3.77)). From this fundamental point of view, we can now comment on 
the derivation of this shift in Sect. 3.3. The philosophy there was to calculate 
the velocity shifts in a (weak) purely electromagnetic background first, and 
then take thermal vacuum expectation values of the field bilinears, leading 
to the formula 


y=1- = (0 + 06)L (T°), (3.246) 


where (T°°)” = (n?/15)T*4 denotes the vacuum expectation value of the 
energy-momentum tensor of the modified vacuum. From the present view- 
point, the correctness of this approach arises from the special form of the low- 
temperature two-loop Lagrangian £L77|74 as given in (3.203). Since (B.12) 


1 
yp a + Of) = 03+ 08, (3.247) 
(3.203) can also be written as 
2 i 
cy eae ce oie 5 (OF + 02)L'. (3.248) 
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Incidentally, (3.248) holds for arbitrary field strength, but for this line of 
argument, it is required for weak fields only. Inserting (3.248) into the correct 
light cone condition at finite temperature, i.e. (3.219), we obtain to lowest 
order 


vw 1—2eL=1- = (03 + OB)L (T™)?, (3.249) 


which is equal to the light cone condition deduced above for a thermal QED 
vacuum. 

When the temperature increases, one finds that the two-loop dominance 
does not hold over the complete range of T’ << m. As can be discovered nu- 
merically, we find significant one-loop modifications of the phase velocity for 
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comparatively small values of the temperature. The increasing influence of 
the one-loop term is due to the factor of T~!/? and, of course, the propor- 
tionality to a (and not a”). 

In Fig. 3.6, we compare the one-loop velocity shift with the two-loop T+ 
behavior. Obviously, the one-loop contribution becomes dominant for com- 
paratively small values of temperature, T'/m > 0.058. Of course, this state- 
ment should be handled with care because here we are comparing a one-loop 
result including thermalized fermions with a two-loop result without ther- 
malized fermions. Nevertheless, the increasing two-loop contribution from 
thermalized fermions will always be suppressed by a factor of a, which could 
only be compensated for by an unexpected conspiracy of numerical prefac- 
tors. 


10° 1-loop _= 


0.01 0.06 0.11 0.16 
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Fig. 3.6. Low-temperature velocity shift dv in units of the vacuum velocity c = 1 
versus the dimensionless temperature scale T'/m; the one-loop contribution exceeds 
the well-known two-loop result ~ T+ / m* for comparatively small values of temper- 
ature 


Intermediate Temperature. In the present context, the results of the 
high-temperature expansion can be applied to values of temperature of the 
order of the electron mass, T ~ m, where plasma effects do not yet dominate 
the physical properties of the modified vacuum. At even higher temperatures, 
T > m, the ete~ gas constitutes a plasma in which soft photons simply no 
longer exist, owing to the appearance of a plasma frequency [113, 114]; then 
our formalism becomes meaningless, because the low-frequency modes simply 
do not propagate. 
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It is remarkable that a maximally possible velocity shift, to this order 
of calculation, which is simply given by 6v2,,, = —a/(37) (Fig. 3.7) exists. 
Of course, this maximal velocity shift is only reached asymptotically and, 
therefore, strictly speaking, lies beyond the scope of the present formalism; 
nevertheless, the actual velocity shift already comes close to the maximum 
value in the intermediate-temperature domain where T ~ m (Fig. 3.7). To 
complete the discussion, it should be mentioned that the inclusion of the 
contributions from (3.228) increases the negative velocity shift proportionally 
to (a?/n?)In(T/m) for T > m. For reasonable values of temperature, this 
contribution is in fact completely negligible. 
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Fig. 3.7. High-temperature velocity shift —dv in units of the vacuum velocity 
c = 1 versus the dimensionless temperature scale T/m; the maximum velocity shift 
—dv = a/(6z7) is approached at comparatively low temperatures 


Effective-Action Charge. In (3.225), we were able to formulate the ther- 
mally induced deformation of the light cone in terms of the vacuum expec- 
tation value of the energy-momentum tensor times a factor Qr called the 
effective-action charge. The charge concept was introduced in Sect. 3.2.1 as 
a useful picture which provides for an intuitive understanding of this propor- 
tionality factor. Since any perturbed QED vacuum can be expected to control 
the magnitude of the velocity shift, even for vacuum modifications of high 
energy density, this factor @7r has to decrease sufficiently fast for increasing 
energy scale parameters (in this case, the temperature). Therefore, the factor 
Qr should exhibit a localized distribution in this parameter space. 


3.6 QED Effective Action at Finite Temperature: Two-Loop Dominance 143 


For calculating the effective-action charge Qr according to (3.226) for 
a thermalized QED vacuum, we not only consider the one-loop contribution 
from the thermalized fermions £17, but also take the free photonic part Ly = 
(x?/45)T* into account. Although the latter does not exert an influence on 
the velocity shift and drops out of (3.225), we have to include it in the present 
considerations in order to work with the complete vacuum expectation value 
of the energy-momentum tensor for the thermalized QED vacuum. 
To lowest order in a/7, the formula for the effective-action charge (3.226) 
reduces to 
Bits 2 0gL _ 20eL 


PD a 2 
T Orel TOrLl, + Tdplit , C 2) 


where O¢L!" is given in (3.227), and the terms in the denominator can be 
written as 
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Note that the appearance of Or£, and OrL1* in the denominator of (3.250) 
corresponds to the appearance of a photonic and a fermionic part in the 
energy-momentum tensor. One usually expects the fermionic part to become 
important only for high temperature, T >> m, where the fermions become 
ultrarelativistic. 

On the one hand, we indeed find the expected localized behavior, as can 
be seen in Fig. 3.8: the effective-action charge vanishes for high as well as 
low temperatures; in between, it develops a maximum at T’/m ~ 0.22. On 
the other hand, it is interesting to note that the inclusion of the fermionic 
contributions ~ TdrL! (solid line) in the denominator of (3.250) becomes 
important for values of the temperature close to the maximum of Q. This 
again indicates that the thermalization of the fermions becomes important 
even for comparatively low values of temperature. 

Contrary to the cases discussed in Sect. (3.2), the effective-action charge 
is not centered at the origin. This is because the electron mass damps the 
fermionic thermal fluctuations exponentially for small values of temperature 
at the one-loop level. To complete the picture at the origin, we have to include 
the two-loop contribution (22/45)(a?/m*), corresponding to 2.6 x 107-°/m* 
for T/m close to zero. 


Concluding Remarks. First, we would like to stress that the one-loop 
contributions to the velocity shift as calculated in the present work do not 
fit into the scheme of the “unified formula” proposed in [120]; the latter 
connects the velocity shift with a shift of the vacuum energy density caused by 
external influences, with a universal constant coefficient as the proportionality 
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Fig. 3.8. One-loop contribution to the effective-action charge Qr in units of 1/ m; 
for high temperature, Qr decreases proportionally to 1/T*. The solid line corre- 
sponds to Qr as given in (3.250); for the dashed line, the fermionic contributions 
~ TdrL' have been omitted. In the low-temperature limit, the effective-action 
charge at the one-loop level vanishes owing to the influence of a finite electron mass 


factor. In the language of (3.225), this coefficient has to be identified with 
the effective-action charge Q7, which in the present case is not constant at 
all but carries almost the complete physical information of the problem. This 
misfit indicates that the “unified formula” is an artifact of an approximation 
scheme rather than a fundamental principle [60]. 

Furthermore, it should be pointed out that the maximum velocity shift, 
—6v? 4x = a/(3m), cannot be viewed as an experimentally significant limit- 
ing value, since light propagation will be increasingly dominated by plasma 
effects for increasing temperature for T ~ m. Nevertheless, the existence and 
amount of such a maximum shift are at least interesting from a theoretical 
viewpoint, since they characterize the classically forbidden interaction be- 
tween the modified vacuum and a photon which is exposed to the effects 
of vacuum polarization. If there were no collective excitations constituting 
a plasmon at high temperature, then QED would not allow an arbitrarily 
strong influence of a heat bath on the propagation of light for reasonable 
values of the temperature. Of course, for an extremely high temperature, the 
logarithmic corrections from O¢£ in (3.219) would also significantly increase 
the negative velocity shift, slowing down the speed of light; for example, 
another shift of a/3m would be reached at T/m ~ 6.4 x 10°. 


3.6 QED Effective Action at Finite Temperature: Two-Loop Dominance 145 
3.6.3 Photon Splitting 


In Sect. 3.4, we discussed the basics of photon splitting for low-frequency 
photons in a weak magnetic field, for which the effective-action approach is 
most appropriate. There,?? we showed that the hexagon graph (three propa- 
gating photons and three couplings to the external field) represents the first 
nonvanishing contribution; in particular, the box graph (one coupling to the 
external field) vanishes owing to the invariant structure of the splitting matrix 
element. 

At finite temperature, the situation changes qualitatively, since there is 
the additional invariant € of the external field. In calculating the splitting 
matrix element M according to (3.102), we encounter the following additional 
derivatives of €: 


2 2 
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which should be read side by side with the derivatives of F in (3.105). The 

essential difference is the nonvanishing right-hand side of the second equality 

in (3.252), which is responsible for the nonvanishing of the box graph for 

photon splitting at finite temperature. 

The question of thermally induced photon splitting was first investigated 
by Elmfors and Skagerstam [73], with the aid of the thermal one-loop effec- 
tive QED Lagrangian; their studies were motivated by the fact that a vacuum 
may be a bad approximation to the surroundings of some astrophysical com- 
pact objects, but a thermalized environment at zero or finite density might 
be more appropriate. In the following, we shall complete this one-loop study 
of thermally induced photon splitting with the dominant low-temperature 
contributions stemming from the two-loop process. Here, we again concen- 
trate on the splitting process | — ||; + ||2, where a photon with its electric 
field vector orthogonal (L) to the plane spanned by the external magnetic 
field and the propagation direction splits into two photons with their electric 
field vectors within (||) that plane.?! This is the only allowed process when 
dispersion effects are taken into account. 

With reference to Sect. 3.4, we recall that the splitting amplitude is ob- 
tained by attaching the external photon legs to the fermion loop, i.e. by 
differentiating the effective action (which is represented by the loop) three 
times with respect to the fields and then contracting the result with the field 
strengths of the photons involved. Following the lines of (3.102)—(3.110), the 
thermal amplitude arising from the box graph finally yields 


M(L = lla + l|2) = 2wwyiw2 Bsin Op Oe FL, (3.253) 


20 For notation and conventions concerning photon splitting, see Sect. 3.4. 
2! Note that Adler’s definitions of the ||, modes are based on the direction of the 
magnetic field vector of the photon and thus are opposite to ours. 
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where w,w1,W2 denote the frequencies of the incoming and two outgoing pho- 
tons, respectively, and 6g again represents the angle between the propagation 
direction and the magnetic field. From the splitting amplitude, we obtain the 
absorption coefficient « via (3.111): 


1 Ww Ww 
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Inserting (3.253) for the thermal splitting amplitude into (3.254) leads us to 
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Here, we encounter the typical (w/m)° dependence of the photon-splitting 
absorption coefficient for low-frequency photons. The appearance of the mag- 
netic field to the second power is directly related to the fact that the box graph 
exhibits only one coupling to the external field. In contrast, Adler’s result for 
the absorption coefficient at zero temperature arising from the hexagon graph 
reads (see (3.114)) 


T=0 2 3 6 
ieee eee (=) sin® Op eg (3.256) 
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Here, the three couplings to the external magnetic field produce a B® depen- 
dence of the absorption coefficient. Therefore, any finite-temperature contri- 
bution will exceed the zero-temperature one for small enough magnetic fields; 
but, of course, the absorption coefficient may then become very tiny. 
In order to obtain the one-loop and two-loop absorption coefficients for 
thermally induced photon splitting at low temperature, the derivatives of the 
corresponding Lagrangian are required in (3.255): 
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where we have made use of the results of (3.163) for the low-temperature/ 
weak-field approximation of the one-loop Lagrangian £17, and employed 
(3.205) and (3.206) for the two-loop Lagrangian. Obviously, inserting the 
two-loop terms from (3.258) into (3.255) leads to a power-law dependence of 
the absorption coefficient ~ T’/m®, while the one-loop terms from (3.257) 
imply an exponential mass damping exp(—2m/T) for T — 0. 

As mentioned above, photons of frequency below the pair-production 
threshold not only are exposed to splitting at finite temperature, but can 
also scatter directly with the plasma of electrons and positrons. Following 
[73], the absorption coefficient for the Compton process is given by 
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where w, denotes the fermion energy we = \/p? + m?, and the cross section 
oc for unpolarized photons at w/m ~ 1 is approximately given by 


- Ara? 
Ooc=> 3me2 . 
Although w/m ~ 1 formally represents the maximal limit of validity of our 
constant-field approximation for the effective action, we shall continue to 
consider photons of such a frequency in the following, since, on the one hand, 
this circumvents a suppression of the absorption coefficients by the common 
factor (w/m)° and, on the other hand, it has been shown for the hexagon 
graph in [4] that the difference between calculations for w/m = 1 and w/m ~ 
0 is negligible for weak magnetic fields. 

Finally, we have to consider another scattering process which arises from 
the presence of a heat bath: photon—photon scattering between the propa- 
gating photon and the black-body radiation of the thermal background. We 
estimate the absorption coefficient for this process by 


(3.260) 
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where n., denotes the density of photons and is given by 
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Here we encounter the Riemann ¢ function, for which ¢(3) ~ 1.202. The to- 
tal polarization-averaged cross section for photon—photon scattering at low 
frequencies, as can be obtained, for example, from the Heisenberg—Euler La- 
grangian [76], reads 


ory = 10195 « m2 


where wom denotes the frequency of the two photons in the center-of-mass 
(CM) frame. In order to determine wom, we first have to find the mean fre- 
quency at temperature 7’. Averaging over the thermal probability distribution 
for the photons, we find the mean value wr = [1*+/30¢(3)]T' ~ 2.7017. Ac- 
cording to relativistic kinematics, the average value of the CM frequency wom 
is given by wom = \/wwr/2 ~ 1.16/Tw, where we have averaged over the 
propagation direction of the thermal photons. Putting everything together, 
we obtain the following for the absorption coefficient for photon—photon scat- 
tering with the thermal background: 
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~ 5.21 x 107! (2) eg (3.264) 
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Since the average frequency of the heat-bath photons is proportional to the 
temperature, this formula becomes invalid for T ~ m and above, because we 
have employed the low-frequency cross section in (3.261). 

It is already clear from a qualitative viewpoint that there must be a do- 
main where the two-loop splitting process exceeds the one-loop and Compton 
contributions, owing to the power-law dependence on the temperature. But 
since K27 ~ (T/m)§ and Ky ~ (T/m)®, the two-loop contribution will even- 
tually be surpassed by the photon—photon scattering for T — 0. 

However, quantitative results can only be revealed by numerical studies. 
In fact, as shown in Fig. 3.9a, the two-loop contribution is completely irrele- 
vant for those parameter values which may be appropriate for a neutron star 
system, and which are close to the upper bound of validity of our approxi- 
mation: eB/m? = 0.2, w/m = 1, sin@g = 1 and T/m = 0.05-0.1. Even the 
one-loop contribution is small compared with the zero-temperature result; 
but both contributions are negligible compared with the Compton process. 

Concentrating on the relative strengths of the thermal splitting processes, 
the one-loop contribution loses its major role for T/m < 0.041, where its 
exponential decrease causes it to be surpassed by the two-loop power law. 

In order to find a domain in which the two-loop splitting wins out over the 
zero-temperature process, we have to look at smaller values of the magnetic 
field strength; for example, at a value of temperature T/m = 0.025, the 
two-loop process exceeds the zero-temperature one for eB/m? < 2.1 x 1074. 
Since this means a more moderate field strength, the absorption coefficient 
naturally becomes very small: «/m ~ 10794-10738. Hence, in order for us to 
be able to measure the splitting rate, the extension of the magnetic field in 
which the photon propagates must be comparable with galactic scales. 

Finally, we have plotted the Compton and photon—photon absorption co- 
efficients, Kc and #.,, and the two-loop coefficient «27 for a weak mag- 
netic field eB/m? = 10~* and T/m = 0.001-0.1 in Fig. 3.9b. Obviously, the 
Compton process loses its dominant role for T'//m < 0.03; in this range, the 
absorption coefficient is governed by the photon—photon scattering as long 
as the temperature does not become so small that only the zero-temperature 
amplitude remains. As is also visible in Fig. 3.9b, the two-loop contribution 
does not exceed that of the photon—photon process, owing to the weaker tem- 
perature dependence of the latter. Hence, we may say in summary that the 
photon absorption coefficient in the low-temperature domain is dominated 
either by the zero-temperature contribution for strong magnetic fields or by 
the photon—photon scattering with the thermal background for weak fields. 
So the two-loop contribution always belongs to the top flight but is never 
ranked first. 

In the intermediate-temperature domain, T ~ m, the one-loop contribu- 
tion can exceed the zero-temperature part (without any physical consequence, 
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because Compton scattering greatly dominates). But for larger values of tem- 
perature, the thermal constribution cancels the zero-temperature part owing 
to coherent summation [73]. This reflects the suppression of vacuum polar- 
ization effects for T >> m as described in (3.164). 

In order to account for realistic astrophysical systems, it is necessary to 
include a finite chemical potential. Initial estimates of the effect of a chemical 
potential can be found in [73] to one-loop order, where signs have been found 
that a finite chemical potential of 4 ~ m may induce an increase of the 
thermal splitting amplitude at low temperatures. The present work shows 
that an investigation of these systems should take the two-loop contributions 
into account in order to settle this question properly. Some initial progress 
in this direction has been achieved in [168], in which a two-loop calculation 
with an external magnetic field at finite density has been performed. 

Let us conclude this section with the remark that in order to obtain 
the sum of the zero-temperature and thermal contributions to the photon 
splitting absorption coefficient, the amplitudes must be summed coherently, 
since the final states of the processes coincide, and a thermal vacuum with 
a constant background field does not provide a mechanism of decoherence. 
While the zero-temperature amplitude and the thermal one-loop amplitude 
are strictly positive for T < m, the T+ term in (3.258) contributes with a 
negative sign. Hence, an exceptional curve in the parameter space of eB/m? 
and T/m exists where the thermal two-loop amplitude interferes with the 
thermal one-loop and zero-temperature amplitudes destructively so that the 
photon splitting vanishes. 


Fig. 3.9. Absorption coefficient « in units of the electron mass versus temperature 
T in units of the electron mass. In (a), the various contributions are plotted for 
parameter values of a realistic astrophysical system (eB/m? = 0.2, w/m = 1 = 
sin@z). In (b), the parameters are chosen in such a way that the dominance of 
the two-loop contribution over the one-loop contribution and the Compton process 
is revealed (eB/m? = 107*, w/m = 1 = sin@g); the photon—photon scattering 
contribution cannot be overtaken in the low-temperature limit 
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3.6.4 Pair Production 


In Sect. 3.5.5, we reported on the futile search for thermally induced pair 
production in electric fields at the one-loop level, which is absent by con- 
struction. With the aid of the thermal two-loop Lagrangian, we can now 
show that an imaginary part nevertheless exists, and thermally induced pair 
production can become an important process for certain parameter values. 
As already mentioned in the introduction of Sect. 3.6, drawing conclusions 
from an imaginary part of the thermal effective action about pair produc- 
tion is not as immediate and straightforward as at zero temperature, since 
the presence of an electric pair-producing field and the thermal-equilibrium 
assumption which is inherent to our approach contradict each other. 

In the following, we simply assume that on the one hand, the timescale 
of pair production is much shorter than the timescale of the depletion of the 
electric field so that dynamic back-reactions can be neglected (this assump- 
tion is familiar from the zero-temperature Schwinger formula). On the other 
hand, we also assume that the state of the plasma can be appropriately ap- 
proximated by a thermal equilibrium although it is exposed to an electric 
field. Whether the assumption of thermal equilibrium is justified in concrete 
experimental situations, such as heavy-ion collisions, is still under discussion. 

Recently, pair production has been studied with the aid of a quantum ki- 
netic equation (including nonhomogeneous electric-field configurations, back- 
reactions and collisions), revealing the non-Markovian character of the cre- 
ation process [145]. In these works, the Schwinger formula is rediscovered in 
the low-density limit for constant fields. We expect that our results hold in 
the same limit at finite temperature. 

Let us now turn to the computation of the imaginary part of the two-loop 
thermal effective action for external electric fields. For this, we concentrate 
on the T* contribution as given in (3.202). For purely electric fields, a — 0, 
b— E,E4+F = (1/2)E”, this reads 


o 1 1—zcoth 
- _ On rf ev i(m? /eE)z (ecoth: + es ; (3.265) 


yeaa OD) 
( Ma 90 & sinh* z 


where we have substituted z = eEs. For reasons of convenience, it is useful to 
define the symbol 7 = eE/m?, which denotes the dimensionless ratio between 
the electric field and the critical field strength E., = m?/e. Integrating the 
1/sinh? z term by parts leads us to 


a 
= pei oe th I 
90 im a2 7 OT GP ae 


To weet 2 4.4 
Sey fe Se oe fe h 
+ face (; a 2 + a) ot } 
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Here, it should be pointed out that the isolated pole in the first term in 
the curly brackets does not signal a divergence, but simply cancels the pole 
at the lower bound of the integral; the whole expression is still finite. Our 
aim is to evaluate the imaginary part of (3.266); for this, the behavior of the 
integral at the lower bound is of no interest. An imaginary part Im L?7(E)|74 
arises from the poles of the coth z term on the imaginary axis at z = tina, 
WHA, 2.06% 

Decomposing the exponential function into cos +isin, it becomes obvious 
that the imaginary parts of the integrand are even functions of z, while the 
real parts are odd. Thus, extending the integration interval from —oo to oo 
exactly cancels the real parts and simply doubles the imaginary parts. We 
finally obtain 


: ii —iz 1 
=-s dze /n (G-=-a+s) coth z.(3.267) 


—oo 
Now we can close the contour in the lower complex half plane, which is in 
agreement with the causal prescription m? — m? — ie. The value of the 


integral is then simply given by the sum of the residues of the coth z poles at 


z=—itn, n=1,2,.... Hence, we arrive at 
2 1X 1 1 1 1 
Im£*(B)| = Tt yee ( 4 —— 4 +), (3.268 
( Na 90 2 30 nan n?n — 2n? > ( ) 


where 7 = eH /m?. Equation (3.268) represents our final result for the imagi- 
nary part of the thermal effective QED action at low temperature, and should 
be read side by side with cae one-loop result: 


m4 eo nr/n 


Im £L1(E) =e n? oS 
The sum in (3.268) and (3.269) can be evaluated analytically; but here, it 
should be sufficient to consider the limiting cases of weak and strong electric 
fields. 

In the weak-field limit, i.e. for small values of 7, the sum over n in (3.268) is 
dominated by the first term, n = 1. Furthermore, of the terms in parentheses, 
it is the last term which is the most important one. These considerations then 
lead us to 


(3.269) 


2 —1/n 
an? 4e 


180 1? 
Combining this with the weak-field approximation of (3.269), we obtain 
roughly, for the total imaginary part of the effective Lagrangian 


2 2 4 
ay __ 4-1/1 1) am 1 T 
li aa aC 180 7? mé 


Im £77 (eB K m?) ~ 


(3.270) 


T*/m4 
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For example, for T//m ~ 0.1, where the present low-temperature approxima- 
tion should still be appropriate, the thermal contribution can be neglected 
for 7 > 0.1; both contributions become roughly equal for 7 ~ 0.056 (and 
T/m = 0.1). For weaker fields and T/m ~ 0.1, the thermal contribution 
becomes the dominant one. 

In the opposite limit, where 7 > 1, i.e. for strong electric fields beyond the 
critical field strength, the 1/3 in the parentheses dominates the expression in 
(3.268), which then gives 


ent/n 


I 2T EB 2 = am ra (c rin)" = SF 
me eee) a 3 270° T—e-*/" 


= Salin+ O(n n°). (3.272) 


Together with the strong-field approximation of the Schwinger formula, this 
gives 


n an T* 
T4 
~m'*n (<0 x 10737 + 8.5 x 02) ; (3.273) 


Since (3.273) is valid for 7 >> 1 and T/m « 1, the low-temperature con- 
tribution to Im £(F) can be neglected for strong electric fields. Similarly 
to the case of strong magnetic fields, we find that the nonlinearities of the 
pure (zero-T) vacuum polarization exceed the polarizability of the thermally 
induced real plasma by far in the strong-field limit. 

Nevertheless, in the limit of weak electric fields, thermal effects can in- 
crease the pair-production probability P = 1—exp|[—2Im £L(£)] significantly, 
as was shown in (3.271). Of course, for such values of 7, the total imaginary 
part is very small owing to the inverse power of 7 in the exponential. 

Since we did not consider thermalized fermions, our approach is not capa- 
ble of describing high-temperature pair production, which would be desirable 
for the forthcoming heavy-ion collision experiments. However, as can be read 
off from our results for light propagation and photon splitting, extrapolat- 
ing the power-law behavior to higher temperature scales of T ~ m or even 
T/m > 1 overestimates any possible two-loop contribution by far, since, for 
these values of temperature, the one-loop contribution can be expected to be 
the dominant one. The latter increases at most logarithmically with T. 

Therefore, it is reasonable to assume that the pair-production probability 
also increases at most logarithmically with T’. In view of these considerations, 
a power-law growth as suggested in [121, 82, 83] does not appear plausible. 
Of course, in order to decide this question, the two-loop calculation has to 
be carried out for arbitrary values of temperature. 
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3.6.5 Discussion 


In the preceding subsections, we calculated the thermal two-loop contribution 
to the effective QED action for arbitrary constant electromagnetic fields in 
the low-temperature limit, T/m < 1. Contrary to the usual loop hierarchy in 
a perturbation theory with small coupling, the thermal two-loop part is found 
to be dominant over the thermal one-loop part in the low-temperature limit, 
since the former exhibits a power-law behavior in T/m, while the latter is 
exponentially suppressed by factors of exp(—m/T). The physical reason be- 
hind this is that the one-loop approximation does not involve virtual photons, 
which, because they are massless, can be more easily excited at low temper- 
atures than massive fermions; thus, the one-loop approximation should be 
rated as an inconsistent truncation of finite-temperature QED for T’ much 
below the electron mass. 

The power-law dependence of the thermal effective action to two loops 
starting with T+/m+*, implies a two-loop dominance in the low-energy domain 
of thermal QED, which holds up to roughly T’/m ~ 0.05. 

In the case of light propagation at finite temperature, this two-loop dom- 
inance has been known for some time from studies of the polarization tensor 
[157, 120]. Moreover, in the case of QED in a Casimir vacuum such as the 
parallel-plate configuration, the two-loop dominance is very natural and well 
known, since the fermions are not considered to be subject to the periodic 
boundary conditions anyway. This gives rise to a nontrivial check of our re- 
sults, since Casimir and finite-temperature calculations highly resemble each 
other. Replacing, as usual, T by (2a)~* in (3.270) for the weak-field limit of 
the imaginary part of the effective Lagrangian, where a denotes the separa- 
tion of the Casimir plates, we obtain 


2a me 1 m? : —1m?/eE 
Im £°°*(E) a x45 at (=) e€ ; (3.274) 
which agrees precisely with the findings of [142] for the Casimir corrections 
to the Schwinger formula.?? 

In order to illustrate the two-loop dominance, we studied light propaga- 
tion and photon splitting in a weak magnetic background at low tempera- 
ture. Since we are dealing with the two-loop level, the effects considered here 
are naturally very tiny, and a significant influence on, for example, photon 
physics near astrophysical compact objects appears not to be very probable. 
One should, rather, take a closer look at photon physics on large, galactic 
scales. 

Furthermore, we calculated the imaginary part of the thermal two-loop 
effective action for electric background fields at low temperature. Under mild 
2 Actually, (3.274) agrees with the findings of [142] except for a global sign; how- 


ever, as was pointed out by one of the authors of [142] in a footnote to [143], the 
expression in [142] is wrong by a minus sign, which saves the day. 
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assumptions, this result can be related to a thermally induced production 
probability of electron—positron pairs. In particular, in the weak-field limit, 
the thermal contribution has a significant influence on the production rate. 
Since no thermal one-loop imaginary part exists, any finite two-loop result 
automatically dominates at any temperature scale. 

In the cases of light propagation and photon splitting, the loop hierar- 
chy is restored above T/m ~ 0.05. Even at this comparatively low value 
of temperature, the thermal excitation of the fermions begins to compete 
with that of the virtual photon. Hence, a calculation of the two-loop ther- 
mal Lagrangian for intermediate or high temperatures would appear as an 
imposition, were it not for the high-temperature pair-production probability, 
which is beyond the range of the one-loop approximation and of great interest 
for, for example, heavy-ion collisions. 


4. QED in Two Spatial Dimensions 


We briefly discuss general, though unfamiliar, aspects of 2+1-dimensional QED in- 
cluding a Chern-Simons term, distinguishing between a one-fermion (irreducible) 
and a two-fermion (reducible) formulation of the theory; each formulation exhibits 
different symmetry properties with respect to, for example, parity or chiral sym- 
metry. The quantum aspects of these symmetries are investigated in detail to the 
one-loop level; we describe, as examples, the formation of a magnetically induced 
chiral condensate in the parity-preserving reducible formulation, and the perturba- 
tive generation of a parity-odd Chern-Simons term in the irreducible formulation. 
The relation between symmetry-breaking patterns and fermionic zero modes is out- 
lined. 


Furthermore, we perform a derivative expansion of the QEDo2+1 effective ac- 
tion for inhomogeneous fields, employing heat-kernel methods. As a by-product, we 
obtain the 2+1-dimensional analogue of the Uehling potential. 


Models in relativistic field theory in low-dimensional space-time have been 
a subject of considerable interest over the whole history of quantum field 
theory. In the first place, they serve as “toy” models for gaining a better 
understanding of the rich collection of phenomena in field theory. In some 
cases, these models are even exactly soluble, such as the Schwinger model 
[149] and the Gross—-Neveu model [93] in 14+1 dimensions. But beyond this 
pedagogical interest, 2+1-dimensional models in particular have been success- 
fully applied to real physical systems. A prominent example is the application 
of 2+1-dimensional gauge theories to planar condensed-matter phenomena, 
such as the fractional quantum Hall effect [108, 6] and high-temperature su- 
perconductivity [119, 151, 65]. Finally, three-dimensional gauge theories can 
be matched to the high-temperature limit of four-dimensional ones, which is 
known as “temperature-induced dimensional reduction”. 

Our intention is to investigate 2+1-dimensional quantum electrodynamics 
with a classical background field in the effective-action approach. Similarities 
to the real 3+1-dimensional world are pointed out, but we shall mainly fo- 
cus on the differences, i.e. the theoretical novelties of the lower-dimensional 
theory. 


W. Dittrich and H. Gies: Probing the Quantum Vacuum, STMP 166, 155-180 (2000) 
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4.1 General Features of QED2+1 


4.1.1 Classical Properties 


The Lagrangian for the abelian U(1) gauge theory for one (irreducible) 
fermion field reads 


L=LotLlamt Lrt+ Lem t £1, (4.1) 
where the various gauge field and fermion contributions are given by 

Le =-QO/A)F! Ry, Lam = (u/A) Fu Ao, 

Lr = — (—iy"0,,) Y, Lim = —mi, (4.2) 


Ly= epytpa,. 


Note that the coupling constant e has dimension [mass]!/?. The Euler— 
Lagrange equations of motion are given by 


OF Y + Fe Fag = J” =epy’d, (4.3) 
(—if —eA+m)y =0. (4.4) 

These are obviously invariant under gauge transformations: 
Ay > Ay + 0,4, py — elegy. (4.5) 


Note that the major difference from 3+1-dimensional QED is marked by the 
mass term for the gauge field Cem. From (4.3), we can indeed read off that 
the parameter denotes a mass for the gauge field. Since the Lagrangian 
Loam changes by only a total derivative under gauge transformations, 


Lem — Lam + da (Fe0” Fy A), (4.6) 


even the quantum theory is gauge-invariant.! Owing to the topological origin 
of Lam, which is the Chern—Simons secondary characteristic class, the theory 
is often called “topologically massive spinor electrodynamics” [52]. 

The Dirac algebra can be realized in a two-dimensional representation: 


0 3 1_e; 1 2:2 
Yue, Yo S185 yY lo, 


yey = — gh Fila, gt” = diag(—1, 1,1). (4.7) 


The o*’s are the Pauli matrices, and w represents a two-component spinor. 

To elucidate the difference between the two-component spinor theories 
and the usual Dirac spinor theory, it is helpful to recall the discrete symme- 
tries of the lower-dimensional theory [52, 127]. Charge conjugation, 


' In the nonabelian version, the analogue to Lam additionally changes by an in- 
teger value under large gauge transformations; hence, gauge invariance enforces 
a topological quantization of the mass parameter p in order to leave expi f da £ 
invariant. This is not the case in the abelian theory. 
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CA,C1=-A,, Cp =o pt, (4.8) 


leaves the equations of motion invariant. This is not the case for the parity 
transformation and time inversion. In 2+1 dimensions, parity corresponds 
to inverting one axis, say the x axis, since inversion of both axes could be 
undone by a rotation by 7: P(x,y) = (x,y)p = (—2,y). The corresponding 
operation on the two-component spinor and on the gauge field is 


Pu(t,r)P~' = o' W(t, rp), (4.9) 
PA°(t,r)P~! = A°(t, rp), 
PA}(t,r)P~! = —Al(t, rp), (4.10) 


PA?(t,r)P~! = A(t, rp). 


Finally, time inversion leads to 


Tw(t, r)T! = o7(-t,r), (4.11) 
TA (t,7)T-? = Ao(-é,7), 
TAG, r)T—* = —A(-i,r). (4.12) 


Operating with P as well as T on the equations of motion reverses the sign of 
both of the masses yz and m. The same conclusion holds for the mass terms in 
the Lagrangian, which are odd under the parity transformation. Therefore, 
the one-fermion (irreducible) formulation of QED2+1 is not parity-invariant 
as long as there are finite mass terms. Of course, the theory is symmetric 
under CPT, which corresponds to a double sign flip of the mass terms. 

Nevertheless, it is possible to construct a formulation of QED24+1 which 
preserves parity (and consequently time inversion) without taking the zero- 
mass limit. For this, the inclusion of an additional fermion species (additional 
“flavor” ) is required [132, 9, 10]. But it is not sufficient to simply double the 
fermions by enlarging the Dirac space by another copy of the original one: 
on the one hand, the sign flip of the mass terms under parity would persist; 
on the other hand, we would still be confronted with the usual 2 x 2 Pauli 
algebra, which does not allow for another matrix that anticommutes with 
the y’s. Therefore, there would be nothing to generate a chiral symmetry. 
In conclusion, such a theory would not be richer than the original one. 

Therefore, the three 4 x 4 y matrices have to be taken to be unitarily 
equivalent to 


Bh 0 
a &: x ) | (4.13) 
4 


Then, a four-component spinor is constructed from the two different fermions 


as 
jen os (4.14) 


and the four-component mass term becomes 
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mip = mopar, —myt oy. (4.15) 
The mass term is obviously conserved under the parity transformation: 
by ory, p_— olpy. (4.16) 


This theory is called reducible, since the fermionic part of the Lagrangian 
can be decomposed according to [129] 


£ = -G[m + yaxa(-id - eA)] 
= D dalam + r2x2(-i9 - eA)] va. (4.17) 


A=+ 


(Note that there is a y° in 7.) From (4.17), we can read off that one two- 
component fermion carries the mass m, while the other carries —m. This 
theory preserves parity (at least at the classical level) and additionally pro- 
vides for a chiral U(2) symmetry in the limit of vanishing masses [9]. 

Of course, we can add more pairs of fermions to the theory without mod- 
ifying the feature of parity conservation. In the limit of vanishing masses, the 
theory possesses a chiral U(2N) symmetry for N pairs of fermions. 


4.1.2 Quantum Theory 


Before we analyze the quantum theory in the effective-action approach in 
detail, the question arises as to whether the various classical symmetries of 
the different formulations of the theory persist at the quantum level. 

In the two-component irreducible formulation, the gauge and fermion 
mass terms are intimately connected, since they are both parity-violating. 
It is to be expected that one can be generated from the other in pertur- 
bation theory. This will be demonstrated explicitly in Sect. 4.3, where we 
begin with a massive fermion field, omitting the Chern—Simons term in the 
bare Lagrangian. Whether a parity-violating term is induced in perturbation 
theory when starting from a bare Lagrangian with vanishing masses depends 
on the order of the limiting processes. If one uses a parity-preserving reg- 
ularization method, parity cannot be spontaneously broken in the effective 
theory. On the other hand, if one employs a regulator mass (e.g. Pauli—Villars 
regularization), the regularization process introduces parity-violating terms 
which persist even in the limit when the regulator drops out of the theory. 
The same is true if one starts with a massive theory and takes the limit of 
vanishing mass at the end of the calculation. 

The four-component reducible representation of QED2+1 requires a more 
careful study, since we have parity conservation as well as a chiral symmetry 
in the massless case. In the following, we assume that the massless theory is 
achieved as a limit of a massive theory. In this case, we can employ fermion 
masses as (parity-preserving) regulators and finally take the zero-mass limit. 


4.1 General Features of QED2+1 159 


We also restrict ourselves to static external-field configurations in the Ap = 0 
gauge. 

The key to a simple understanding of the patterns of symmetry break- 
ing [133] is the observation that the Dirac operator in two spatial dimen- 
sions has zero modes for magnetic background fields [7, 108]. Let 6 = 
(e/27) [ d?x B(x, y) be the total magnetic flux of the space; then, the num- 
ber of fermion zero modes is given by [|®|], where [| | denotes the largest 
integer? less than ®. Since these zero modes can be either filled or empty in 
the vacuum state without any change of energy, the vacuum is degenerate, 
with degeneracy 2? III] for N pairs of fermions. 

Whether one particular zero mode is filled or empty is arbitrary for an a 
priori massless theory. But, starting with a massive theory, the zero modes 
are shifted by the fermion masses m,;. If m; > 0, the corresponding zero 
modes are empty in the vacuum state, and they will remain empty in the 
limit m; — 0+. The reverse is true for m; < 0 in the limit m; — 07; these 
zero modes will be filled. Defining the massless theory from a massive one in 
this way, it is clear that the [||] zero modes for each fermion species (flavor) 
are either all filled or all empty. Hence, we are dealing with a vacuum of 
degeneracy 2?% only. 

As a simple example, let us now discuss the case N = 1, i.e. the four- 
component theory with one pair of two-component fermions. Thus, we have 
to consider two zero modes — one for each two-component fermion. In the mas- 
sive formulation given above, w+ has positive and w_ negative mass. Hence, 
in the massless limit, one zero mode (—) is filled and the other (+) is empty. 
Since a chiral transformation is a rotation in flavor space, this asymmetric 
vacuum state (filled—empty) is not invariant under chiral transformations. We 
have to conclude that chiral symmetry is spontaneously broken at the quan- 
tum level and a fermion condensate arises for a sufficiently large magnetic 
flux. This will be demonstrated explicitly in the following section. 

To see whether parity is conserved in this case, we have to know how the 
parity transformation acts on the zero modes. Inserting the definition (4.16) 
of the parity transformation into (4.15), it turns out that P reverses the sign of 
the mass term, m — —m, and additionally interchanges the fermion flavors, 
ws — we. The mass sign reversal is related to changing the status of a 
zero mode, empty<filled, when taking the zero-mass limit. The interchange 
of the fermion flavors also interchanges the zero modes. To conclude, the 
asymmetric vacuum state (filled-empty) is invariant under parity (similarly 
for the (empty-—filled) state), and integrating out the fermions preserves parity 
at the quantum level. 


? Instead of R?, we can equally consider a compact boundaryless two-dimensional 
manifold for convenience. Then, the flux @ is a topological integer. This relation 
between ® and the number of zero modes is a simple example of the Atiyah— 
Singer index theorem applied to the Euclidean two-dimensional Dirac operator 
[12]. 
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If we want chiral symmetry to be preserved, a chirally invariant vacuum 
state is required, i.e. either both zero modes filled or both empty. Then, 
parity is not conserved, since, for example, the (empty—empty) state goes to 
(filled—filled) under parity. Clearly, in order to formulate a chirally symmetric 
theory, the signs of the masses have to be equal; for example, positive mass 
terms would lead to the (empty-empty) vacuum state in the zero-mass limit. 
It is indeed possible to construct such a mass term in the four-component 
formulation [9], which (in the two-component notation) reads ma ,o3w4 + 
my_o®w_. Obviously, this mass term violates parity even at the classical 
level, but also, as we have demonstrated, it violates parity at the quantum 
level in the zero-mass limit. 

We have to conclude that either parity or chiral symmetry is broken at 
the quantum level. One can easily generalize these considerations to arbitrary 
numbers of flavors [133]. On the one hand, chiral symmetry can only be 
preserved if the zero modes are all filled or all empty; otherwise, the symmetry 
breaks down to direct products of symmetry groups for the either set of zero 
modes, the filled or the empty ones. On the other hand, parity can only be 
conserved if there is an even number of flavors, with one half of the zero modes 
filled and the other half empty. It is easy to show that, if one symmetry is 
exactly conserved, the other is maximally broken. 

Finally, we have to stress that the present considerations depend strongly 
on the assumption that the massless theory arises from a massive one by 
taking the zero-mass limit at the end of the calculation. If one starts with 
a massless theory, the results of perturbation theory depend on how the in- 
frared divergences are removed. If one is careful to preserve chiral symmetry 
and parity during the regularization, no symmetry-breaking terms can be pro- 
duced perturbatively. Therefore, one has to employ nonperturbative methods 
to answer the question of whether a vacuum state with broken symmetry is 
favored. From a nonperturbative Dyson—Schwinger analysis [9, 134], it is be- 
lieved that fermion masses are generated dynamically even in the absence of 
a magnetic field as long as N is smaller than a critical number of flavor pairs 
(see [10]). The allowed vacuum configurations preserve parity, i.e. the masses 
appear in pairs with opposite sign. This confirms energetic arguments [163 
which state that these are the only types of mass terms that are allowed to 
be generated dynamically in vector-like theories. 

In a well-known series of papers, Gusynin, Miransky and Shovkovy [94 
have shown that chiral symmetry is dynamically broken in the presence of a 
magnetic field. To be precise, an (enormously strong’) magnetic field acts as 
a catalyst for the symmetry breaking by allowing those fermions with an en- 
ergy much less than that of the Landau gap to move only in 1+1 dimensions. 
Owing to this dimensional reduction, the critical coupling for dynamical sym- 
metry breaking vanishes; therefore, the latter occurs for any arbitrarily weak 


3 The necessary field strength has been estimated to amount to B > 10°° T [102], 
which is much stronger than any known field in the universe. 
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attraction. Lattice results confirm these nonperturbative findings [77]. How- 
ever, a detailed analysis of this effect, which appears to be model-independent 
and is present in 3+1 dimensions as well (see also [102]), is beyond the scope 
of this work. 


4.2 Parity-Invariant QED2,; 


In this section, we analyze the four-component formulation of QED2+; in 
detail, employing the effective-action approach to one loop [59]. We confine 
ourselves mainly to constant external magnetic fields. In the sense of the 
preceding considerations, we look for spontaneous flavor/chiral symmetry 
breaking by studying the fermion condensate. Furthermore, we investigate 
the field dependence of the trace of the energy-momentum tensor. 

Before going into details of the low-dimensional theory, we take the oppor- 
tunity to briefly recall the quantities of interest in the real 3+1-dimensional 
world in order to point out the similarities to and differences from the 2+1- 
dimensional system. 

Consider the fermionic part of the Lagrangian of QED3+1, 


L=-% mt (2-ca)| wv, (4.18) 


where the 7 matrices are the “usual” ones defined in Appendix A. When we 
take the derivative of the generating functional, 


Z= dW = [DuDUDA exp {=i fetes Im +4 (+2 - cal) vf, (4.1019) 


i.e. 
OnZ  10Z 
dm Zam 
=-i fate ve), 


or with In Z = iW, 


om 
we obtain 
_ ac) 
(iu) = (4.20) 


Here we have introduced the one-loop effective Lagrangian L™ via PD = 
f dta £ (x), When we employ the Green’s function 
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G(a, x'|A) = i(T[b(x)¥(2'))), 
we can produce the following useful equalities: 


OLY (ax : 7 
OF) _ ste G(x, 21) = ~(W(2) ¥(0)). (4.21) 
mM 
This equation contains the same physical information as is described by (2.7)— 
(2.9). 
A variant of the above procedure implies for the trace of the energy— 
momentum tensor 


D(a 
(T,,"(x)) = —-imtr G(a,2|A) = mn 
= tnoealtayy: _ 


With the aid of Schwinger’s proper-time technique [148], we find, for a 
constant-magnetic-field configuration, B = Bs = const., 


Bm? fd : 1 
Mpa | eileen (cco z—-1- 52%). (4.23) 


An? 2 
0 
After performing the integration, we obtain [56] 
e2B? m4 m? eBm?. m? m4 


= elas 1 ale ree 
ie ae 3b ae ee ee 


Bm? 2) 4 
eral mr (3 ) = pina. (4.24) 


(Ty,")(B) = 


272 2eB 2 


We can also identify the fermion condensate: 


= m=. m eBm. m? m? 


eee ee ee 
NE) ga “ae eR age 


Bm m? 1 
3 har (5) —5in 2a. (4.25) 
First, note that the fermion condensate vanishes proportionally to mlnm 
for vanishing fermion mass m. Therefore, if we introduce additional fermions 
to obtain a flavor symmetry in the zero-mass limit, we find no spontaneous 
symmetry breakdown in QED341. 
As a consistency check against Schwinger’s formula for pair production 
[148], we obtain the following by replacing B with —iF: 


; fa) meE esl eo (mm? /eE)n 
Im(T,,")(E) = m=>—Im £“)(B) = es ————. (4.26) 
n=1 


Now we turn to the parity-invariant four-component model of (2+1)- 
dimensional QED with two flavors (+) as defined in (4.17). The dynamics is 
contained in the Lagrangian 
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£= Ly =- Yb | rm + rex2(-id - eA) | dn, (4.27) 


where we have employed the reduced two-component representation, and the 
2 x 2 y matrices are related to the Pauli matrices by (4.7). The fermion 
condensate can be written as 


(1) 
S(x;m) = (b(a)(z)) (4.21) — Ze : oes 
on 
_ 24 aca) ~ oD AS (a;m) 
= > A S4(x; Am). (4.28) 


In the last step, we have made use of the fact that S_(#;m) = S,(a;—m). 
Equation (4.28) clearly demonstrates that S'(a;—m) = —S(a;m); hence, per- 
forming the calculation for, for example, m > 0 requires us to multiply the 
even terms in m by a factor of sign(m) at the end of the calculation. 
Returning to the four-component formulation, we compute (7)(x)q(a)) 
= (W'(x)79.40(x)), for the moment assuming that m > 0. Employing the 
2+1-dimensional analogue of the formula (2.47) of [55] together with (4.21), 


we arrive at 


(b(x)(x)) = itr G(x, 2|A) = ite f 


1 7 . 2 tanz 
= —oap [eh fs exp is (1m? — kh + mit) 
0 


eits2 e7its2 
xtr m+7°k° — 
COS Z COS Z 


——G(k) (4.29) 


(Ki). 2=eBs 


The momentum integral and the traces can readily be evaluated, with the 
intermediate result 


(op) = -| Sage tm(eBs) cot(eBs)ei(m*st/4), (4.30) 


To obtain a convergent expression on the right-hand side, we need to subtract 
the zero-field part, which changes (4.30) into (s = —it) 


(bb) (B) = 335 / dte~™ *4-1/2 exrcoth(eB -+ (4.31) 
0 


At this stage, we need the value of the following two integrals, which, after 
regularization with the c-integration technique (see Appendix D), yield 
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i= ine coth(eBt) 


vac(5. zw) 


m 


= VeBVa 


P 


I= | ae = 2/nm. 
0 


The use of these integrals produces 


(by) (B) = a [mv 2eB¢ (5. 1+ os) +eB —2m?). (4.32) 
We observe that, for m > 0 and eB > 0, we obtain 

slim (buy(B) = SS, (4.33) 
and, more generally, 

tim, ()(B) = —sen(m) (4.34) 


Note that, in contrast to 3+1 dimensions (cf. (4.21)), (4.34) reveals sponta- 
neous flavor symmetry breaking in QED2,+, in the four-component formu- 
lation with an even number of two-component fermions. This was expected 
from our general considerations in the preceding section. 

Employing (4.22), we can make contact with the trace of the energy— 
momentum tensor in QED2+1: 


(Ty) = —m(yp) 


1 ofp ({1,, mw), 3 
Unlike the result in four-dimensional QED [56], 
1 2a 1 
: mv _ 2 p2 a= parcacieeeas pee 
dim Tu") a) = —qyge® Bo = — ae GFE 


which reflects the breaking of scale invariance, there is no trace anomaly in 
three-dimensional QED: 


lim (T,.") = 0, (4.36) 


as it should; namely, QED2¥4,1 is super-renormalizable and the perturbative 
@ function vanishes. Recall that the coefficient of (1/4)F"” F,,, in the right- 
hand side of the trace of T¥” is related to the @ function. 

Incidentally, the formula for the pair production rate in QED241, which 
should be read together with (4.26), is given by 
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e —(nm?/eE)n 


SOE (4.37) 


a 
(1) Soe 3/2 
21m £(E) = 7s (eB) a 
We would like to conclude with the remark that the fermion condensate 
in QED2+; has also been investigated for spatially nonconstant magnetic 
background fields B(a) [68, 129]. At least for large magnetic flux, it turns 
out that (4.34) is also valid as a local statement: 


liom ((a)eh(@e)) ~ —sign(yn) S22. 


m—0 27 


(4.38) 
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In this section, we evaluate the QED2,, effective action for the irreducible 
two-component formulation of the theory containing only one fermion [137]. 
As argued in Sect. 4.1, parity is conserved neither in the massive classical 
theory nor in the quantum theory even in the zero-mass limit (if this limit is 
taken at the end of the computation). 

By integrating out the fermions, we shall demonstrate in detail that the 
parity-violating term is of the form of Lam as given in (4.2) and, therefore, 
is of topological origin. 

First, we work in Euclidean space with g = diag(1,1,1), {y", y”} = —20"” 
and (7)! = —y for all y. A representation for the y matrices which satisfies 
these conditions is given by y“ = io", c° = o°. Then, the effective action to 
one loop is proportional to the logarithm of the fermion determinant: 


In det [m — iP [Al], =Tr n[m-iP[A]],=Trn[m+M],. (4.39) 


Here we have introduced IJ, = p, — eA, and p, = —i0,, so that Dy, = ill,. 
The operator JP is Hermitian, with real eigenvalues \,,, while J is anti- 
Hermitian, so that its eigenvalues are purely imaginary: 


[m+ If] ,|M,iAn) =(™m—iAn)|M,iAn), An ER. (4.40) 
The spectral representation of (4.39) can then be written as 
Indet[m—iD],, = Tr ln[m+ 7], 
= Tr ae = irn) |mM,iAn) (mM, irAn| 


= Dnom —iAn) Pag: (4.41) 


In the continuum, (4.41) reads 


Indet[m+ I], -f dX In(m — id) Tr [Ping gr]- (4.42) 
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Writing In(m — iA) = In|m — iA| — id, where the phase angle ¢ is introduced 
by m—id\ =|m—iAle7!?, so that ¢ = arctan(A/m), we obtain 


In(m — id) = In Vm? + A? — iarctan a (4.43) 
m 


With the aid of the relation (4.43), (4.42) can be separated into two parts: 


Indet[m+ I], = 5 fav In(m? + d*) Tr [Pin+ar | 
N 
-i / dA arctan — Tr [Preset (4.44) 
Since 
Alm, iA) =i |m,id) or -?|m,idA) = —I?|m, id), (4.45) 
we obtain the following representation for the one-loop effective action (4.39): 
1 9 
Indet [m+ If], = 5Indet|m* — Mf"), —i5 Mm+m (4.46) 
where 
2 r 
Unt = = dA arctan a Te P cei | (4.47) 


is a measure of the spectral asymmetry of the Dirac operator and is called the 
Atiyah—Patodi-Singer 7 invariant [13]. For massless fermions (4.47) reduces 
to 


nt = faye m|- (4.48) 


Now we can write for the effective action 


ro s+ : Ante le inl oma, 
= / Bre, Br = -idrp, L(x) = —L (ap) 
=i i Bap LY (ap) 
-— / on a(eltr In(—ip + melee = in (4.49) 


: 1 7 
= =i f are te p(2|tr nfm? — M7 )p\2)p — ise (elm |v) p 


The first term in (4.49) represents the parity-even part, and is closely related 
to the usual effective action of QED3+ 1, with respect to its structure as well 
as its origin. A standard calculation (e.g. [137, 30]; a version including N 
fermion flavors and N gauge field colors can be found in [85]) yields 


ra) = ue (eB)3/2¢ (-5 ss! 2 (4.50) 
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Using the identity ¢(z,q — 0) = [2/(2r)!~7|°(1 — z)sin(z7/2)¢(1 — z) (cf. 
[91]), we can take the zero-mass limit of (4.50): 


1 el*F|\ 3” 
(1), se 3 ealas) 
iy = =x 0t8/2) fate (TEL) (4.51) 


where we have employed an identity for the Riemann ¢ function and re- 
placed the magnetic field B by the gauge- and Lorentz-invariant (*F“ = 
(1/2)e4°9 Fg): 


* / /1 ; /1 
| F| = [*FUAF, = qlee Fas eur P| = a Fas 


= \/B?— B?. (4.52) 


This result belongs to the class of “similarities” to standard QED34, and does 
not reveal any surprising features, except for the polynomial dependence on 
the field strength instead of a logarithmic one, which is more familiar in field 
theory. 

To obtain the parity-odd part of the effective Lagrangian for massless 
QEDs, we need to calculate 


LW 
ae is MM (4.53) 


where ng is given in (4.48). The question of how a nonvanishing fermion 
mass modifies the result will be answered afterwards, since it requires the 
full machinery of proper-time techniques. 

Employing the following formula where M = 2 > 0, 


1 
M7 = s—1 ger 4.54 
To e (4.54) 


we obtain, by substituting |A| = VA? = VM and s = 1/2, 
1 ae 2 
= — == re Te [P 
val of r [Py] 
0 


a < Tr (iff oO) 7) (4.55) 


We shall now take the functional derivative of (4.53) with respect to A, 
to deduce the Chern-Simons term in the effective action. Equation (4.53), 
together with (4.54), produces 


sr oe 
sont =i aT aa (Ue eee) (4.56) 


Here we need the — identity 
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it apse. ROU): ange 
=a GM )r\ _ EMPL Gr 
5a, (ite } 7 (4.57) 


ill 
2 i BO ob osepaaty 
+ (uf )i(ir) ‘i do eli) ao EE gency : 


The first term on the right-hand side of (4.57) can be rewritten in terms of a 
total derivative according to 


say (i eo) 
= vr ine 7 op ET (ug y7e- 


Ay 


Bye fae ir) (iff )? (1-0) os i(ir) (iff )?0 


(Jf )2e-“)" (4.58) 


nayp [Allee] 4 


d(T ) 
er: 


—2r(ilf ) / do ei(it) GH)? (1-0) a) (i yon . 
a 
0 


After performing the Tr operation, the last two terms in (4.58) cancel, and 
we are left with 


OP lef ae d sr): ane 
re) —;vE ahs el al eee —(ifl )*r 
we [Sn {viz lave — |} 
0 


oA, 


T=CO 


= iva | VrT: [Hiey)e-"]] ; (4.59) 
T=0 
Here we recall that (iff) has real eigenvalues so that, according to (4.45), 
(iJ )? is a positive real number. Hence, the upper limit in (4.59) vanishes. 
We shall now return to Minkowski space and employ the following relation 
(ir® = 7): 


or) 
(jeaa) = FA,” (4.60) 


In three-dimensional QED, the Dirac matrices are given by (4.7), so that in 
I? = —IT? + (e/2)o"" Fy, 


=> ohY = — Eh, (4.61) 
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Hence, we obtain 


50" Fw = —*F. (4.62) 
This enables us to write 

if? = -—IP? —e"P, (4.63) 
and 

(ibaa) = ieVnyr'Tr [whe Ber Fe| (4.64) 
At this point it is convenient to replace 7 by ir, so that 

(ibaa) = —ieVar el /9 Tr Ee iad 0’ (4.65) 


where the exponent reads in detail 


a i(IT? + ey*Fy)r = —ir[-0? +e ie(O -A+A- 0) e2 A? | ey"Fy| 


= —ir(—0? + Q). (4.66) 
Introducing 
U(r) = eit (-87+@) U(r) =e, (4.67) 
we obtain 
(jeaa) = —ieVaT ei(t/4) Ty {7 [U(r) — Uo(r)] = (4.68) 


where we have regularized (j",,) by subtracting the zero-field part. 
For tT — 0, we may expand the right-hand side of (4.68) [148]: 


Tr {74 (U(r) - Vo(r)] } 


= ir Tr [7" Uo(r) Q] + i fat (r — t) Tr [y" Up(r-t) QUd(t) Q] +... 
0 


= ir Tr [y" Up(r) Q] + O[r?, Uo(7)]. (4.69) 
After substituting (4.69) into (4.68), we obtain in Minkowski space, 
(jeaa) = —ie/ar el(/4) ir 


xTr {etn fie(0- A+ A-O)+e€?A? 4 ey"Fs]} 


T=0 
= -Pe/Jrr?/eil"/ tr, try [yy re e*F)| 


= —2¢7/m73/? ei(t/4) tr, [er e*F 4] ‘ 


T=0 


=0 
2 

= 2 spe (4.70) 
An 

where try7> = —2g". Here we have made use of the fact that the fields are 


assumed to be constant, and that tr, e!7® = (1/8m3/2)(1/73/2) e~i"/4), 
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The effective action that contributes to the parity-odd part is given by 
(Ff, =const.) 


PO? [4] -< fare Ane (4.71) 


The relation to ie via (4.60) can easily be checked, after a straightforward 
differentiation. 
Introducing the Chern—Simons term 


WIA] = = | (Ba A,*FY = 


= — = 5 = f Pre", OpAs; (4.72) 


we can rewrite our findings for the effective action in massless QED2+1: 


PY [A] = -22 W[A] -— =¢(5 ) [ve aay (4.73) 


Comparison with (4.2) proves our statement that the topological photon mass 
term can be generated perturbatively from the parity-breaking fermion mass 
even in the zero-mass limit (for the fermion). To be precise, we find a topo- 
logical photon mass of |u| = a/7. 

So far, we have neglected the mass of the electron. In the following, we 
want to find out how far a nonvanishing fermion mass modifies our result of 
(4.73). 

Hence, let us start with 


Pe ae = if Nm+i = =r. = iTr arctan -_ 


We want to perform the following calculations in Minkowski space so that we 
can write 


(1) . ! 
Git, (ayy = ibaa iy aretan A) 


Hoda! SAy(a) Ayla) 
=-Tr - ie 
apie) 
LL 
=iemTr — (4.74) 


2 a 2 
ue I gman 


With the aid of Schwinger’s proper-time technique, we rewrite (4.74) in the 
form 


Gan) = -em f ase-im*s Tr [4 eer) (4.75) 


As before (see Sect. 2.1, (2.13)), we introduce the pseudo-Hamiltonian 
—ff? =I’? +e 7*Fy, (4.76) 
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which enters the proper-time evolution operator U(s) = ei#* = ei# *s The 
transition amplitude (x1, s|v2,0) = (a1|U(s)|x2) satisfies the “Schrodinger 
equation” 


i0,(a1|U(s)|a2) = (a1|U(s) H|x2), (4.77) 


with the boundary condition (21, s|x2, 0)|._.9= 0(a1 — £2). The proper-time 
dynamical equations can be found in (2.15); for constant fields, they are 
simply given by 


da" 
— =2]]" 4.78 
— =21"(s), (4.78) 
LU 
du" = 2e FIL, (4.79) 
ds 
Equation (4.78) can easily be integrated: 
TT#(s) = (c2F*)"* 71, (0). (4.80) 


When this expression is substituted into (4.80), we arrive at the standard 
result: 


pr 
!(s) — 2#(0) = (er 1)| 11y(0) 
1 a 
=2 E ete sin (eF) II(0). (4.81) 


Equation (4.81) can be used to express I7“(0) in terms of #(s) — a(0): 
T#(0) = [ere sinh "(eFs)| Pile est (4.82) 
This equation, when inserted into (4.80), yields 
IT#(s) = [er er sinh” 1(eFs)| (a) = a(0))s. (4.83) 
For the Hamiltonian, we need the square of (4.83) (note that F = —F*): 


11?(s) = [x(s) — 2(0)], (er)? sinh? eFs]*” [a(s) — «(0)] 


oO 


= [x(s) — 2(0)] iy K*? [x(s) — «(0)].. (4.84) 
At different proper times, we have 
[x*(s), 2”(0)] “3 —2i[(eF)~ °F? sinh eF s]*”. (4.85) 


This result is useful for deriving the result that (@ = 2(0)) 
I?(s) = x(s)Ka(s) — 2x(s)Ka + «Ka — 5 tt [(eF) cotheFs], (4.86) 


where we have also employed the fact that the field strength tensor is trace- 
less. Now the Schrédinger equation (4.77) becomes 
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i0,(a1|U(s)|x2) = (« Ka, — 22,Krq + roKxrq 


-5 tri [(eF) coth eFs] + MPs Jolt 


The solution of this equation is given by 


C(#1, £2) r|t 


(x1 |U(s)|a2) = (v1 —x)eF coth eFs(z1 — x) 


33/2 4 
1 sinh eFs Oy 
=o In ( Fs ) —iey**Fys|, (4.87) 


which can be checked by a straightforward computation. The factor C(#1, x2) 
carries the complete gauge dependence of the transition amplitude and is 
known as the “counter-gauge factor”: 


C(#1, 22) = C exp ie [ a, AM(E)] . (4.88) 


zr2 


To determine the constant C, we recall the boundary condition, 
tim, f ac (es|U(s)|0a) =1. (4.89) 


Hence, we need the value of the following integral: 


s—0 


7 1 i 
lim / Bary BP exp je x2)eF coth eFs(a1— 2) 


1 inh eF 
—=tr In (== * —iey*Fys 
2 eFs 


i 


4 


s—0 


1 
= lim dari Sy exP | (a1 — v2)eF coth eF s(x, — v2) 
8 


— ae 1 -1/2 
= lim —; (iz) det i eFs coth eFs 
s 


a0 ae 
_ (=) 7 —(1/2)ee In(1/48)[1+0(s)] _ (=) 7 (8/2) Inds _ (away? 
s s 
= 8173/2 gilt/4) 
Therefore, to satisfy (4.89), we have to choose 
Lei) = 1 __ (ana, (4.90) 


~ B72 © 8713/2 


So far, we found the following for the transition amplitude: 
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e(3mi/4) ie fag, A¥(E) 


(x1|U(s)|x2) = Use? e 


(4.91) 
x exp io — x2)eF coth eFs(a1 — x2) 


1 inh eF 
in| —iey*Fys 
2 eFs 


Incidentally, differences from the four-dimensional version of (a7 |U(s)|r2) = 
(x1, 8|22) can be identified in the Dirac structure, in the power dependence 
of the proper time and in the numerical prefactors. 

Finally, regarding (4.75), we have to evaluate the following trace: 


"Tr [y“U(s)| ‘ee i [pte eter Fa) Feet 
4(37i/4) 1 inh eF 
e sinners 7 * 
= etn exp je In (=) — ie aa Fys|>. (4.92) 


For the first term in the exponential, we need the spectrum of F””. For this, 
first note that 


i 
FY BF! = =a Vie es a Lae (4.93) 


To prove the last identity, it is sufficient to recognize that the left-hand side 
is antisymmetric and, therefore, must be proportional to F“? — the only 
available antisymmetric tensor. Now, iterating the eigenvalue equation 


(4.93) 


FH ab, = WH, = FM Fg Fahy = 3 apt OS") 98 dal, 


we can identify the eigenvalues: 


\=0, +i|*F|, where |*F| = /B? — E?. (4.94) 


Employing these eigenvalues, we obtain 


Eos sinh eFs _ aK eFs 
exP 2 — eFs iii. Vara sinh eFs 


_ ie|*F'|s me —ie|*F|s ue 
~ \sinhie|*F|s sinh —ie|*F'|s 


e|*F|s 


= tt. 4.95 
sin e|*F|s ad 
The second exponential in (4.92) is given by 
ee *F 
ele Fas — cos(es|*F|) — iy — sin(es|*F)). (4.96) 


|*F| 


Now we can continue with (4.92), and find 
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re e7ilt/4) oe F a +B 
Tr [7"U(8)| 5 = naar yHe|*F|s | cot(es|*F|) — iy Bal 
—i(7/4) 1 
ee (4.97) 


4773/2 51/2 


This brings us to the expression 


“Lb —im?s ew i(n/4) 1 * 
GByalz)) = —em / ds e's} et 


3ri/4 a 
= eZ2 e § —im?s x 
= 2ie~m 3372 2 e Fe 
0 
aE apie (4.98) 
~ |m| 40 , 


where we have made use of the standard proper-time integral [91], 


co 
As .-im?s _ el (7/4) VE VT 
1/2 |m]" 
0 
Equation (4.98) is in perfect agreement with, for example, Redlich’s result 
[137].4 The same result can be found in [44, 131]. Note that the modulus 
of the generated topological photon mass is independent of the value of the 
fermion mass. 
This concludes our investigation of the symmetry-breaking patterns of 
2+1-dimensional quantum electrodynamics. 


4.3.1 QED24; for Nonconstant Fields 


We now turn to a discussion of external inhomogeneous electromagnetic fields 
interacting with massive fermions in the two-component formulation of 2+1- 
dimensional QED. In the following, we shall omit the discussion of parity- 
violating contributions and concentrate on the parity-even part of the ef- 
fective action. The aim is to determine the next-to-leading-order invariants 
involving derivatives of the field strength tensor. The variation of the elec- 
tromagnetic field is considered to be small. Therefore, the scale is set by the 
fermion mass m. 

We shall employ the heat-kernel method, which takes advantage of the 
similarities between the Schrodinger equation and the diffusion equation (e.g. 
[70]). In the present context, we are dealing with a Schrédinger equation (e.g. 
(4.77)) that describes an evolution in the proper time. An analytic contin- 
uation of this proper-time variable, therefore, leads to a kind of diffusion 


* The discrepancy of an overall minus sign stems from a different definition of the 
effective action. 
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equation. Again, the Hamiltonian is equal to the squared Dirac operator PD ?, 
and acts in a fictitious quantum mechanical Hilbert space whose coordinate 
representation is given by 


(x|H|y) = (P2)6(x — y), Da =" |0r — ieA*(a)). (4.99) 


We work in Euclidean space and the y matrices are the 2 x 2 matrices y2x2 
mentioned earlier (just before (4.39)). The time development in this three- 
dimensional space is governed by the operator 


RGyse-s" 7osh, (4.100) 


where t denotes the Wick-rotated proper time. The well-known relation be- 
tween the kernel A(t) and the Green’s function A is stated in (2.27): 


1 
A= foe * K(t) = [aeons = P+ m2 5 =e (4.101) 


As usual, we shall be interested in the matrix element 


K (a, y;t) = (2, tly,0) = (zle“**|y), (4.102) 
which satisfies the diffusion equation 
0 
(= 7 p2) K(x, y;t) =0, (4.103) 
with the boundary condition K(x, y;0) = (a|y) = 6(a — y). Introducing the 
kinetic momentum JJ, = p, — eA, and p, = —id,, we can rewrite the 


Hamiltonian in the following form (a, = (i/2)[Yp, Ww): 
Bap? S-—)=1,i, = SOE 
or H = —0,0, + ieO, Ap + ieAydO,, + e?ApAy - 5 Oy Ewe 


When this Hamiltonian is substituted into (4.103), we find for the diffusion 
equation in QED3 


0 
Co + 2ieA,,O, + X + x) K(z, y;t) = 0, (4.104) 
= ied, Ay + eC? ApAy = Ow Fav: 
For vanishing fields, (4.104) can easily be solved by 
1 2 
ey —(x—y)" /4t 

Ko(a, y;t) = (antya72° : (4.105) 

For nonvanishing fields we try to solve (4.104) by the ansatz 


K(a,y;t) = a oa (ey) au (x,y) t (4.106) 
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This expression, when inserted in (4.104), yields the following recursion rela- 
tion for the coefficients az: 
k=0: (#-y)y Dy, ao(z,y) = 0, (4.107) 
k>0: (v? + SOF) a(x, y) = (kK + 1)an41 (2, y) 
+(z—y) (Op — ie Ay) an41 (2, y). 


These recursion relations are formally the same as the ones that one en- 
counters in QED, [97]. Furthermore, from our experience with constant-field 
configurations, we decompose K (x, y;t) into a gauge-independent factor and 
the counter-gauge factor 


5(«,y) = exp | ie / dé, A,(é) | , 
y 


which allows us to separate off the gauge dependence from the coefficients a, 
by writing 
ax(x,y) = P(x, y) fx(x,y). (4.108) 


Now we take over the known results from QED, [97] and obtain, using the 
convenient definition [f,](z) =limy—z fr(z,y), 


(fella) =1, (Alle) =SoF, (Alle) = F?+ Gores 5 Gor), 


1 se 3 e e€ saith e? 2 e? ji ets 
[fal(e) = = ( oP) + 50F aor + 75F age oF (4.109) 


+4 € F LEVY e Foe pee bp e (F pA e Pow prov Vv 
—~O ’ — — ? —_— ? — ’ ’ 
120 30 45 180 ; 
where 
oF = ope, fe  — Fes pho 
(FH)? = Fob pose, prop» — 2 po, (4.110) 
Oxy 


These [fx](z) contain contributions with and without space derivatives. 
Hence, it is only natural to write 


So [fal t* = [1 + bi(a) t + bo(a) t? +...) SL fel() t. (4.111) 
k=0 k=0 


The coefficients [,f£] depend on nonconstant fields in the same manner as they 
would on constant fields. The b;(x) represent corrections for nonconstant 
fields. According to (4.109) and (4.110), the terms without derivatives are 
given by 
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vil=for, f]=Sr°+s (Sor), 
[f3] = a (SF) oe a (4.112) 


bi (x) = 0, bo(x) = aorM (4.113) 
é€ e? 

b3(x) = a Mg Ro 4 a o Fhe moo 

— (Fl)? — pone pow, 


180 


The series in (4.111), containing the form of the constant-field contributions, 
can be summed to give the well-known result [38] 


P(x, y) e/2)oFt a sin(eFt) 
K°(a, Y; a Camps exp 5 tin AEE 


x exp [Fe — y)eF cot(eFt)(a — v| 5 (4.114) 


which represents the proper-time Wick-rotated version of (4.91). In the co- 
incidence limit 2 — y, we then obtain for nonconstant fields 


a st In (a) (4.115) 


1 
ae a PT E Fi 


a e2 e 
1+ oP eee — oF Yo PH + —o Poe 
i aie a a (<° ee F557 


2 2 
Sak cia 5 (PH) 


e? 3 
— Fon prow Vee pd 
45 
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Finally we arrive at the (Euclidean) one-loop effective action for nonconstant- 
field configurations (*F), = (1/2)é€yvpFup): 


©) = farecO (a) =>) [t e-™ tT IK (2,2; t) + c.t.], (4.116) 
where 
Tr[K (a, 2; t) + ¢.t.] (4.117) 
1 


(3 
= cars| ("Ft coth(e*Ft) + SoFt) 


2 
e e e 
1 Hi 42 7a 7 »HLVY 
x {1+ oa + (ser of + 1207" 
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e? 5 e? e? 
— pe pos ee _ = (ph)2 _ prey prav,y | 43 : 
30 45 ( ) 180 


Deviating from QED,, we now need the following trace identities valid for 
QEDs only: 
it, 1=2, wo’ =O, tate? = 269" — oP 5"), 


trot’ go ghh = Dieter ee” - ereeer) ; 


Performing the various trace operations in (4.117), we finally end up with 


1 f dt 2 
(1) = —m*t 3 * Ee - 
= 1673/2 | ah Jc oat Ftcoth(e*Ft) — 1] 
0 
: A 
+ieFt cothe*Ft (Grenreee °° po8. nu (4.118) 


| pap.n provy pe a e FX PAT HES 4 e FOO PATHE 44 
6 6 60 : 


Equation (4.118) represents the central result of this section. Note that all 
terms on the right-hand side yield finite contributions. It should be mentioned 
that the last term is not the only one proportional to ¢* and involving four 
derivatives; for a complete list, we have to evaluate the fourth-order coefficient 
[fa](x) in (4.109). Hence, the last term in (4.118) should be regarded as only 
an example of a fourth-order term. 

In the following, we shall mostly be interested in nonconstant (static) 
external magnetic fields, 


Ps &, = BS 0. (4.119) 


Then the first term in the curly brackets of (4.118) yields the well-known 
form for the effective Lagrangian in QED3 for constant B fields (cf. (4.50)): 


2 
co = V2 epys/2¢ (-5 =) aoe (4.120) 
27 An 


The correction terms for a nonconstant B field that follow from (4.118) are 
contained in three contributions (labeled by A, B and C). The first is 


1 eé 


(1) _ ee 
in 1673/2 15 


Q / dt VéeBtcoth(eBt) e~”*, (4.121) 
0 


Q= ap Fein pb — Pe pee _ 5 Fen pany 


i bere . 
= To! Bo"B — BO*B- go BO’, f= 1,9, (4.122) 
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The value of the integral occurring in (4.121) turns out to be 


ave |pa‘(ea)- (Ge) 


Hence, we obtain 
2 2 2 
where, in the limit of a static inhomogeneous magnetic field, Q reduces to 
Q = 0B) B — 2Bd"B. (4.124) 
The last two terms in (4.118) contribute 


(4.123) 


1 e? Ba?B 
Ly = greene fa te t= 4.125 
B 1673/2 6 vie ~ 967 |m|s ’ ( ) 
1 eé e? BOr07B 
cw = —_ pre Fre; wwe Je —m Pte (4.126 
© 1673/2 60 ~ 6407 = |m® ( ) 


Equations (4.123)—(4.126) represent the next-to-leading-order contributions 
to the derivative expansion of the (parity-even) effective action. To be precise, 
this expansion is valid as long as the variation of the field is small compared 
with the fermion mass.” Recently, second-order derivative expansions have 
been established with the aid of the elegant worldline method, which are ca- 
pable of analyzing the m — 0 limit as well [95, 38]. In this limit, it becomes 
apparent that the presence of an inhomogeneous magnetic field may lower the 
energy of the vacuum configuration in QED2¥+1; it has therefore been specu- 
lated that the QED211 ground state might resemble the QCD vacuum state 
[38]. A lower bound was placed on the fermionic determinant of Euclidean 
QEDs in [80]. 

Finally, let us mention that exact effective one-loop actions for special 
nonconstant field configurations have been found in 2+1 as well as 3+1 di- 
mensions [39, 69]; from the viewpoint of a derivative expansion, these solu- 
tions represent “all-order” results. 

For the remainder of this section, we consider the weak-field limit of the 
effective action (4.118). Then, (4.118) reduces to 


1 fdt 2 
(Ay —m't | 43 
Fr on fas e ja x 
0 


fis 
775 


e? e? 
qo eee ae ieee (4.127) 


(Z 7 FOO Pease Poe Pos ee _ pronupers | é : 
6 


° We take the opportunity to point out that this expansion is not valid in the limit 
m — 0, which was erroneously investigated in the original paper [59]. 
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Partial integration leads us to 


1 ff dt _,2 
(14) _ —m-t 
po) = aE | oe e (4.128) 
/ 3 2 I ag 1 
d°a C pH pry (2 PO ee se phe em, eo : 
15 6 
With the aid of the Bianchi identity, we find 


[eave FOO POR [ee Foe poe be 
= - [ Prob (pubon 4s power) 
= jae (Bere peed + FOP8 Foust) 


=2 i depp, (4.129) 


Inserting (4.129) into (4.128), we arrive at 


1 i dt 2 e? 2€? 
(14) _ sm t 3 LY Ppp 42 ALL, fb PPav,v 43 
= Tense | pre [oe(Se il tik | aaeale ‘). 
0 


(4.130) 


Adding the classical Maxwell part, the complete action becomes 


e? i dt 2 
d°x [Ri RH 1 arm t 
roa | “ 1am? J Vt i 


oa _* pen sro Faso t 
T 


1 1 e? 1 e 
= |[d°x |— FeV FH (1 + —— | —- ——__ Prom pov) (4.131 
| 7 E ( * Dk —) 2407 jm easy) 
We can easily derive the modified Maxwell equations by variation with respect 
to AM: 
aD aD 29a Tra 
ae Fou (1 ~) = — 2D _ 92g par, 4.132 
™ 3 30m? ( ) 
where we have introduced the dimensionless coupling constant ap = e”/47|m|. 
Equation (4.132) precisely describes the 2+1-dimensional analogue to the 
Uehling vacuum polarization effect in the absence of any external sources. 
Note that the coefficient is half as large as in the 3+1-dimensional theory. 
This concludes our investigation of the influence of field inhomogeneities 
on the effective action in QED2+1. 


5. Scattering of Light by Light 


The application of the Heisenberg—Euler Lagrangian can be used to describe the 
interaction of low-energy electromagnetic fields with each other. The nonlocal ex- 
pression for the fundamental box graph of QED with two incoming and two outgoing 
photons is thereby reduced to the local Heisenberg—Euler Lagrangian. 


However, there is also the other extremal situation, namely high-energy photon— 
photon scattering. Here the asymptotic form of the elastic scattering amplitude with 
one or two intermediate charged electron—positron pairs can be obtained using the 
impact factor or eikonal approximation. 


5.1 Photon—Photon Scattering at Low Energies 


Let the incoming photons have momenta k, and ky, while the scattered pho- 
tons have momenta k, and kq. As the interaction Lagrangian, we take 


£1 (2) _— Bae — B*)? +7(E: B)’] 
2 a? 9 9 
= 22 ar +792), (5.1) 


so that the effective Heisenberg—Euler action is given by 
2 a? 
1 4 2 2 
Ww = 55 [ater + 7G7). (5.2) 
The transition matrix connecting the initial and final states is 
Wa = oe (4F? + 7G7)|i) 
| d4zx (ay, (ke) 44 (Ka)| (4F? + 797) ah (ka)ak, (kp). (5.3) 


The operators F? and G? can be obtained from the mode expansion 


A, (2) 2 Fedo k) el® + al (k) eX” (k) e**). 


Upon using the relation 
OA, OA, 


Fur (2) = Or” Ox’ 
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we obtain the field intensity operator, 


i 1 i * —ikax 
Fol) = Fp DS Tag Da [On Sib) — a (8) Sin (BE, 


where fA,(k) = eA(k) ky — ed(k) ky. Using F = (1/4) Fy,F4” and G = 


(1/4) Fv*Fe’ = (1/8) Fuvet’?? F,>, the following two integrals can be evalu- 
ated: 


[ae (£|F? |i) 


Qr)* d(ka + ky — ke —k 
_ (27)* O(ka + kp 4) (5.4) 
2V2 / 16WawpWeWa 


<r a ae a i) 
[ox (£|G? |i) 
(2x)4 O(Ka +kyp—-—ko - ka) 
V2 \/16WaWpWeW¢ 
7 ri ina allen | ae 1 ae tae) a 
to Ga ee ea eae ea 
tide Pre ro (55) 
Using (5.4) and (5.5), the transition matrix becomes 
2 a? (2x)4 O(Ka +ky -—ke - ka) 
Mee ee 
45m4 V2 V/16wawpwew¢ 
x(-5 a ee =e bye dean —5 a ae 


+14 f8,, FY fog fH 14f8, fre fog fH + La fa, fave fo FeO), 


(5.6) 


or 


2 a? (27)4 O(ka + kp — ke - ka) 
Msg = Bnet v2 i ENN EREN if; (5.7) 

where f is the quantity in the last pair of parentheses in (5.6). 

If we observe the scattered photon with momentum k,, the kinematics of 
the problem can be described as shown in Fig. 5.1. 

A detailed calculation for this kinematics yields the differential cross sec- 
tion for scattering of a photon with energy k? = we. within the solid angle 
dQ: 


do = a? ° We : ee. (f/? (5 8) 
dQ” \4nr x 45m4 wWawp J (1 —cosd)? , , 
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Fig. 5.1. Kinematics for yy scattering, (ka = Wa Z, ky = wp sind & + wp cos dz, 
k. = we sind cos @& + we sin#sind | + we cos 0 Z) 


Since we are not interested in observing the polarization states of the photons, 
we must average over the polarization of the incident photons (a,b) and sum 
over the polarization of the scattered photons (c,d). Hence the differential 
cross section is given by 


oe ee eo 
dQ \4n x 45m4 Wawp J (1—cosd)? 4 ; 
pol.a,b,c,d 
After a lengthy calculation, the summation over the polarization turns out 
to give 
So fl? = 1112] (ea ha)4 + (hao) + { (Fea) — (Fae) }"] (5-10) 
pol.a,b,c,d 


Here, then, is our final answer for the differential cross section for yy scat- 
tering: 


2 2 
ape oe ee (5.11) 
dQ 27) 8100\m/ (1 —cos6)? 


x { (252) co 4 (22) (2) c-easoy 


where rp = e?/(4m7m) = a/m & 2.8x 10713 cm is the classical electron radius. 
In the CM system, where 


(ke )Wa = Wh = We = Wa = W 


and 6 = 7, we find for the differential cross section [76, 112, LOG] 
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Oe 1 (8) (2) et TOM), & 5.12 
ie tC ro|— (3+ cos" 6)* (CM), for w<m. (5.12) 


The integrated total elastic cross section is then given by 


973 a2 ,/w\°® 
Se =i, Ll 
°~ 70125 7 °° (=) je) 
We may add that, at very high energies, one finds (for w >> m) a logarithmic 
variation in the forward direction: 


i (a) a) es 


5.2 High-Energy Photon Scattering 
Close to the Forward Direction 


In the previous sections, we have treated the photon field mainly as an exter- 
nal slowly varying c-number field. There, we presented several applications 
using low-energy Heisenberg—Euler-type Lagrangians (see Fig. 5.2). It is the 
purpose of the present section to switch to the other extreme, high-energy 
photons; i.e. we want to study processes in which two real photons undergo 
an elastic scattering with one or two intermediate charged electron—positron 
pairs. 


i i 
+ two crossed diagrams 


/ -/ 


u J 
Fig. 5.2. The fourth-order Feynman diagrams for y—y scattering 


Needless to say, these processes are hard to deal with for arbitrary pho- 
ton energies. Hence we are going to resort to the impact factor, or eikonal, 
approximation, which allows one to calculate closed-form expressions for the 
high-energy photon—photon scattering amplitude. Our treatment follows the 
papers by Cheng and Wu [41] and Dittrich [53, 62]. 

Let us begin with the well-known lowest-order process possible in the 
photon—photon collision, y + y — e*+ e7. The single-pair-creation cross 
section for this process is given as (e.g. [150]) 

2 i 
da(S) = Ink is - nyt In ; = 


s K _K 


Ana? 8m? 16m* Ce 8 1/2 
= ee, al — at 
s {¢ ™ 5 8? ) 7 (=) = (S ) | 


44+ 21?| 
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-(0+82)0-28)"\, an 


where « = (1— Am? /s)"/?, The limiting value of (5.15) for s — oo is given 


7 s Ss 
In—~-1]), —=-~o, (5.16) 
s m? m? 


which vanishes asymptotically as s — oo. Following [41], we want to show that 
the eighth-order two-pair-creation process (see Fig. 5.3), y+ — et+ e7+ 
e++ e7, has a cross section whose asymptotic value is given by a constant 


at 


Jim o¢(s) © a ——,, [175¢(3) — 38] ~ 6.45 ub. (5.17) 

Thus, although o, becomes of lower order in a, o¢ becomes larger than 
op as the photon energy becomes sufficiently high (see Fig. 5.4). The cross 
section (5.17) dominates over (5.16) when s > 1 GeV’, where s is the square 


of the total energy in the CM system. 


ee 


Fig. 5.3. The eighth-order y—y scattering that gives a finite cross section at infinite 
energy 


For the problem under discussion, where the incoming and outgoing pho- 
ton energy s is very large, while the momentum transfer A is very small 
(essentially zero) compared with the rest energy of the electron, the impact 
factor ee [41] can be se 


Mp? ~iee | Pan ap TA = 0.41) Sy(A= 0.41). (6.18) 
Here, 7 and 7’, and j and 7’ are the polarization indices for the incoming and 


outgoing photons, respectively, and the photon impact factor at A = 0 is 
given by [41] 


1 1 
Ji; (0, 41) = -807 fas f de{at z(t 2) +m? 
0 0 


186 5. Scattering of Light by Light 


x {2s = P)all = a) disdig 


— 4) ij It 2G(1 — @) (« 5) |} 


dL, 


wl rm 


1 
a / dx[q) (1 — x) +m?) ~ 
0 


x {ai dijl3 (1 — 2z)?] — 4x(1 x)qsidis }- (6.19) 


Substituting (5.19) into (5.18) and carrying out the various integrations, we 
end up with 


1 
Mi" ~ 049 045" A+ 5 (Sin bi9" + 049" 045 _ big 0ir9") Aex; 


10 0 1 2 3 4 5 6 7 8 9 10 


Fig. 5.4. Asymptotic cross sections op and o¢ in units of barns as a function of 
the CM energy s in units of GeV? 


where 
al 
2) Bp je=-v). t= 
A => isa’ (9mm?) I fou ar ar a In Ty?’ (5.20) 
0 


and 
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1 
Tes 2 1s 12 T= 2 
Aex = isa*(9nm?)~} fou SP n a, (5.21) 
yey i 
0 
Numerical integration yields 
A = isa4(9nm?)~1 x 43.0899, 
Acx = isa“(9mm?)~+ x 6.03599 x 1071, (5.22) 
which is equivalent to the analytical result given in [41]: 
A = isa*(36mm?)~*[175¢(3) — 38], 
Aex = isa*(36mm7)~*[6¢(3) — 6], (5.23) 


where ¢(3) ~ 1.2020569, the Riemann zeta function for an argument of 3. 
The total cross section o for light—light scattering is related to Mj” in 
the forward direction by the optical theorem, 


1 
o(s) = —Im MQ”. (5.24) 
8 
Thus we obtain, up to the fourth order in a, 
4 
. a 
Jim oe(s) ~ Saja L175¢(3) — 38] ~ 6.5ub, (5.25) 


which is independent of s as well as the helicities of the incoming photons. 
Equation (5.25) is the value of the total cross section for yy — two electron— 
positron pairs, which dominates yy — one electron—positron pair at high 
energies. This is what we wanted to show. 

Although the absorptive cross sections a,p,<(S) are extremely small at 
high energies, these processes may well have important cosmological impli- 
cations. Therefore we now turn to the absorption mechanism of high-energy 
cosmic 7 rays. 

It has been known for quite some time that cosmic 7 rays of sufficiently 
large energy w are absorbed, owing to the presence of the universal black- 
body radiation. For w > 10™ one has to take into account the absorption 
cross section for single-pair creation, op. Since this cross section decreases 
with increasing w, one could conclude that photons with energies compa- 
rable with the most energetic protons observed (10??—10?% eV) may have a 
mean free path as large as the universe. However, for increasing energies, the 
mean free path for cosmic y rays in fact eventually levels off to a constant. Be- 
cause of the large constant cross section o,(s) for double-pair production, we 
shall never observe extragalactic photons from the edge of the universe. Just 
when the single-pair cross section becomes small enough to see out to 10° 
cm, the double-pair-creation cross section adds a constant (in s) absorption 
probability per unit path length ~ 10~76/cm. 

In order to prove these statements, we follow the calculations of [36, 90, 
110], and begin with the absorption probability per unit length, 
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oo Ha F [acaro(s)n (c) (1 — 0088). (5.26) 


Here, os is the cross section for real photons with CM energy \/s, and n(e) 
is the energy spectrum of the target, i.e. the number of photons per unit 
volume and energy. For an incoming photon with energy w, we have 


$ = 2ew(1— cos 8), (5.27) 


where 6 is the angle between the incident and target photons. A change of 
variables with the aid of (5.27) yields 


J. ja de——= O farses (5.28) 


Os 
where 
16m for d¢ 
a 4m for oa,’ 


and we use in (5.28) [36] 


2\ 6 2\ 6 
ie (: ) g(00) = (.-*) x 6.45 ub (5.29) 


and oq(s) as is given in (5.15). 
An —— by parts in (5.28) produces 


ds so(s , where V(e)= | de’ = 
=o a | 


Since ee radiation is the most important absorber for 7 rays, we use 


1 e 


(5.30) 


n(€) = 3 ogFo]! (5.31) 
hence 
T 
Voe=— In( = eT), (5.32) 
vie 


Now we can compute dr/dz in (5.28) as a function of the 7 ray energy w. For 
single- and double-pair creation, we then obtain, with T’ = 3 K, the results 
shown in Fig. 5.5 for the absorption probability per unit length. 

Therefore, we conclude that high-energy (> 1074eV) y rays, while un- 
dergoing little absorption through single-pair production, are almost entirely 
absorbed by double-pair creation when they traverse more than ~ 107° cm 
of black-body radiation. If such black-body radiation extends throughout the 
universe, then we cannot expect to see any further than 107° cm 
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29 
10.12 
10 


189 


Fig. 5.5. Absorption probability per unit length (in units of cm~') as a function 
of the y ray energy w (in units of eV) 


Appendices 


A Units, Metric and the Gamma Matrices 


We use exclusively the Heaviside—Lorentz system with “God-given” units, i.e. 
we set h = c= 1. Then, the fine structure constant is a = e?/(47). 
In this system, the SI units of the field of human experience are related 
in the following way to the energy unit of the electron Volt: 
Im~5.1x 10%eV~', 
Is~v15x10%eV", 
lkg ~ 5.6 x 10% eV, 
1A ~ 1244eV, 
1N/C ~ 6.5 x 1077 eV?, 
1T ~ 195.5eV’, 
1K ~ 8.61735 x 107° eV. (A.7 
We have as the metric g = diag(—,+,+,+), so that the field strength tensor 
can be written as 


0 By By Bs 
a6 24-28, 
=f =By 0 Bj 
= 8, =2;, 6 


(Fh) = (A.8) 


Lowering the indices of the field strength tensor corresponds to replacing Ej 
by —£;. It is, furthermore, useful to note that 


FY — EF; = —Fu, (A.9) 
FY = €5,Be = Fi, (A.10) 
«PY — B, = —*Fy,, (AI) 
*FO = 6,5, E, = *Fiy, (A.12) 


where the dual of the field strength tensor, *F'"”, is defined by 


1 
*puy — se Fas (A.13) 


0123 


and the convention € = 1 is understood. 
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For the product of two € tensors, we find 


QvaAk V SA SK VY SA SK V SA SK 
eM eaups = — (SOA0S + Snd00% + Spd Aas 


=SiRIP = GONE — OLNEY, (A.14) 
COME gg = —2( 995 - 526), (A.15) 
OT 6 ag = GOR, (A.16) 
ee ays = —24. (A.17) 


The Dirac y matrices satisfy, by definition, the anticommutation relations 


{7,7} = —2 9%. (A.18) 
We employ the standard representation [29]: 


. 01 
5 = iyi? = G 7 (A.19) 
where o denotes the set of Pauli matrices. The Dirac matrices commute with 
Ys: 
{75,7} = 0. (A.20) 


While the trace over an odd number of Dirac matrices vanishes, we find the 
following identities for an even number of y/’s: 


tr{i} =, 
tr {Ww} = —4guv, 
tr {YW WwIaIVa} = (Gur Gas — JuaGue + Jns9ve); (A.21) 
tr {75} = 0, 


tr{ys7"7"} = 9, 
tr (ysry’ 7°} = —4ie 


Contractions of y matrices with each other simplify to 


pVKX 


vt = —4, 
ey = 2 (A.22) 
Of special interest (cf. Appendix C) is the commutator of two 7 matrices: 
ot = “1, 9". (A.23) 
One of its properties is that is commutes with ys: 
ys, oN) = 0, (A.24) 


which can be easily proved by employing the definition (A.23) and (A.20). 
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B Invariants and Spectral Representation 
of the Maxwell Field Strength Tensor 


In this appendix, we review the various different convenient choices of sets 
of invariants of the Maxwell field strength tensor and present its spectral 
representation. The latter enables us to conveniently and economically deal 
with functions of the field strength tensor without making reference to a 
special Lorentz frame or choice of gauge. 


B.1 Invariants 


The gauge-invariant building blocks for the construction of invariants are the 
field strength tensor F“” and its dual *F” defined in (A.13). The standard 
choice of invariant scalars (and pseudoscalars) reads 


1 i 

F = TF Fl” = 5(B — EB), (B.1) 
1 

G = FF "Fl = —E- B. (B.2) 


Further important relations between the field strength tensors and the invari- 
ants are represented by the following fundamental algebraic identities, which 
can easily be proved by straightforward matrix multiplication: 


PRO PY — *PRONEY = 2F gi” , (B.3) 
PRONRY = “PPO RY = Gg”. (B.4) 
A different but convenient choice of a set of linearly independent gauge 
and Lorentz invariants is given by the secular invariants 
1/2 


a=(VFP4@+F), b=(VF4R-F)" (B5) 


the inverse relations between the two sets of invariants can be written as 
1 
|G| = ab, f= 5 (a — 8”). (B.6) 


Since the product of the secular invariants is equal not to G but to its absolute 
value, we confine ourselves to the case of G > 0 (or E- B < 0) in this work; 
otherwise we would have to perform the whole formalism with a minus sign 
at the appropriate places. This subtlety has sometimes caused confusion in 
the literature. 

In a Lorentz frame where the field vectors F and B are antiparallel, the 
invariants a and 6 correspond to 


a=|Bl, b=|E|, for Bll —E. (B.7) 


At this stage, it is necessary to remark that these sets of invariants are com- 
plete only for the case of a constant electromagnetic field in an isotropic 
space-time. Otherwise, the number of invariants will not remain so small; for 
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example, if F¥” is a C™ function with nonvanishing derivatives there will be 
infinitely many invariants which can be constructed from F'"”,*F#” and OM. 
For the case of finite temperature discussed in Sect. 3.5, we encounter two 
more invariants, which are constructed from an additional vector n” that can 
be interpreted as the four-velocity of the heat bath. 

However, for the case of a purely constant electromagnetic field modifying 
the vacuum, the field configuration space is spanned by either one of the 
above-mentioned sets of two invariants. 

In Sect. 3.2, we need the Laplacian differential operator acting on func- 
tions of the field space coordinates F and G: 


V'o = (0% + 08)¢. (B.8) 


To perform a transition to the secular invariants, we first obtain the gradient 
in these new field space coordinates using the standard formula 


Vo= (4%) 4: (85) ey, (B.9) 


where the quantities A and B are given by 
-1 


a (F\\ 1 0 (F 
Hel Vote le (3) ery) 
Hence, we obtain for the gradient in (B.7) 
1 * *s 
Vo= Tere (Oad €a + Ong Ep). (B.11) 
For the desired Laplacian in terms of the secular invariants, we immediately 
find 
Voda (Vo)o 
24—= AB B (Voe)a paaeals 
roman (2) +0 
1 
st a +2 (0? + OF) ¢. (B.12) 


The invariants a and 6 are called secular invariants because they are related 
to the solutions of the secular equation for the field strength tensor, i.e. the 
eigenvalues of the field strength tensor F'“”. As we shall shortly prove, these 
are given by 

fia = +5, fa = 1@: (B.13) 


The eigenvalues of the dual of the field strength tensor i*F'” (the factor of i 
is inserted for reasons of convenience) are similarly found to be 


fi2 = Fia, fsa = Fb. (B.14) 
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B.2 Spectral Representation of FY” 


Let us define a set of four matrices using the eigenvalues given in (B.13) and 
(B.14): 

1 
uF =f) 
In the following, we shall prove that the Aj, ’s (j = 1,2,3,4) are the pro- 
jection matrices of the field strength tensor (and its dual) which project on 
the eigenspaces with eigenvalue f; (or f;). The main properties of the A; ;,.,’s 
are summarized at the end of this section. These projectors were originally 
introduced by Batalin and Shabad [22] (using a different metric). Since 


Aj wv = Tay ae Fw + fj Fu + F Fy, — if; *F, uv) (B.15) 


Suv EF = Fiuvg 
Va vor Vv a 
(F Pu)F Fu (FY FO?) 


and *F,, Fee Bh) 


Fu FY’o, 
it is obvious that the matrices A; and F commute: 

[Aj,F]=0, oor Aju PY° = Fy Aj®. (B.16) 
With the aid of the fundamental algebraic identities for the field strength 
tensors (B.3) and (B.4), we find for the product 


ik 


Aju” Fua= 1 Fee a P) FF Fa + £5 Fu’ Fro 
+P F’Fya —ifj *Fu’ Fue ) 
Se ——"’ 
B3)_ op 5, 44FyY Fy BA) ¢ Boe 
_ fi 2F +f? G 
= G Gua —— Fria + Fu” Pua — = Fuca 
a f}) aoe fi oo" f; " 
For the last equality, we have employed the relations 

— fx fy =i9 
ff+ff=-2F. (B.18) 


The validity of (B.18) can be easily proved with the aid of the definitions 
(B.5), (B.13) and (B.14). Equation (B.17) confirms the claim that the f;’s 
are the eigenvalues of the field strength tensor. A similar calculation can be 
performed for the dual ces 


AM Gia) = fe FH t+ fj FY Fie 
J ( ) oT ae Ok oe Fj fj 


=-G gta 


Ta) fy) 
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+FM FF —if; *FY Fre) 
—— ——/" 


Pg Ora B3) pus p, 4 9F gla 
i 
2(f7 — #7) 
+ 0F fF. 
* (ooh HIF TS ge at : Fe, +iF! Fi. + f;*F, 10) 
fj e 
= FAM. (B.19) 


Finally, we have to prove the projector properties of the matrices A,;, for 
which the following identities are helpful: 


1 

—_—_ 
pa 2 =~ » 2_ f2 0, 
g=1 "9 2 g=1% 2 J 
4 a 4 

fj fj 
woe =, oat = 8. (B.20) 
j=l 75 j j=l 75 j 


4 1 4 - 4 fi 
Vv = Vv J Vv J 
> 4i# ~ 9 g PoP + Fe UFR 
j=1 j=l V5 j j 
4 4 


it f; 

Xr Vv +k Vv J 
+FM Fy re 7 =pRe LUFF 
j=l 45 J J 


= gh”. (B.21) 
Since the spectrum is generally nondegenerate, the trace of each projector 
should be equal to 1: 


L 1 72 (B.13),(B.14) 
Ane apy A 


The orthogonality and idempotency properties of the projectors can be 
demonstrated by considering the product 


1 


(B.22) 


of ee 2(f? = aR) FRAnMa + fej Ana 
+fi Agha — if; A,” Pes ) 
—_—_—_— 
ay! Agta 
1 - =. 
= of? — Py P) (—f3 + fet fefj — Fife) Ar’a 


(B.23) 


A; a for k= J 
0 otherwise : 
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This concludes the investigation of the projector algebra of the A; matrices. 
Finally, let us summarize the recipe for the use of the spectral represen- 
tation of the field strength tensors F¥” and *F#": 


1 
(2 f? — f?) 
x(-f? Guu + fj Fu + rae 0 => if; “Fuv), 
fj Ash, 
S = fy Ah, 


_ Ay! for — Ds 
_ 0 otherwise 


By employing (B.24)—(B.29), we can represent any function h of the field 
strength tensor as a sum over the projectors times a spectral weight that is 
given by the function h of the eigenvalues: 


4 
h(F)eY = ys A;"” h(f;). (B.30) 


B.3 Applications 


As a simple application, we derive the explicit representation of the function 
ei¥ (is) defined in (2.35): 


Y (is) = str In[cos(ieFs)]. (B.31) 


With the aid of the spectral representation, we find 


Y (is) = exp — Stn Ai In cos(ief;s) 
: -1/2 
(B.29) exp = 3D loosted) = [foostiesss) 
(B13(Bi) (B.32) 


cos eas cosh ebs’ 
This representation is required, for example, in Sect. 3.5. Further examples 
of the power of the spectral representation are given there. 
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C More about the Commutator o”” of Dirac Matrices 


The properties of the commutator of the Dirac matrices, 04” = i/2 |y",y"], 
play a central role in the list of calculational techniques for quantum elec- 
trodynamics with external fields. We dedicate this Appendix to deriving and 
enumerating various identities, which in part are necessary for the main text 
and in part are of general interest in their own right. 

Let us begin with two basic trace identities which can immediately be 
read off from (A.21): 


tr{o"”} = 0, 
tr {45 0%” } = 0. (C.1) 


For the study of further identities, we introduce the anticommutator of two 
o's: 


1 
pee a ae og page (C.2) 


Equation (C.2) can be derived rudimentarily on the level of the underlying 
y algebra or understood by symmetry arguments, while the coefficients of 
an appropriate ansatz can be determined by using the trace identities given 
above and in Appendix A. For reasons of completeness, we also mention an 
equation for the commutator, 


[oh , a) = —2i(g”*at? - gs ag Pgh gra). (C.3) 


which can also be proved by means of the y algebra. Incidentally, the com- 
mutation rule (C.3) is identical to the defining commutator of the Lorentz 
algebra, which reflects the fact that the o’s generate a representation of the 
Lorentz group. 

With the aid of (C.2), we can easily find the following trace identities: 


tr { gv goP = A(gt@g’? - gg), (C.4) 

tr {ysahoF) = Aj v8, (C.5) 

In the second identity, we have employed the fact that y5 commutes with a4” 
(see (A.24)). 

In most cases, Lorentz scalars are constructed from o#” only by contrac- 


tion with the field strength tensor F,,,. For example, the trace identities in 
(C.4) and (C.5) then become (oF = o"” Fi) 


tr { (oF)’\ = 8 F,, FY =32F, (C6) 
tr {as(oF)"} = 81 Fy,*F*” = 321g. (C.7) 


These results could have been expected, since there are no other scalars or 
pseudoscalars constructable from F“” and *F¥”. The same type of argument 
can be used to prove that 
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tr {(or)""} =tr {ys(or) =0, for nENo, (C.8) 


since there are no invariant combinations of an odd number of field strength 
tensors. 

In the proper-time formalism, the interaction of the fermion’s spin with an 
electromagnetic field is characterized by the function exp [(ie/2)s oF], which 
is responsible for the nontrivial Dirac structure of the proper-time evolution 
operator. In the following, we shall project this quantity onto the fundamental 
elements of the Dirac algebra, which allows a practical treatment during 
calculations. An appropriate ansatz that is complete in the sense of a Fierz 
transformation is given by 


ele/)eoF — 4 = Tor —iP 5+ = oF. (C.9) 


The quantities S and T are scalar functions and P and T* are pseudoscalar 
functions of the field invariants and the proper-time variable s, and have to 
be determined term by term. According to the identities given above, the 
trace of (C.9) reduces to 


tr {eile/2ieor | = 48. (C.10) 


Hence, the eigenvalues of oF are required, for which we employ the anticom- 
mutator relation (C.2) to obtain 


1 
(oF) = Pu Fos {ot”, o°?} = 8(F + i75G). (C.11) 
Since the eigenvalues of y5 are +1, we find for the eigenvalues of oF 
1 
5 (oF) = +[2(F ig)]‘/” =+(at id), (C.12) 


where in the last step we have used the secular invariants defined in (B.5). 
Inserting these eigenvalues into the left-hand side of (C.10), we obtain 


S =cosesa cosh esb. (C.13) 


The basic trick for projecting out the other functions P, T and T* by tracing 
goes as follows: 


ip {(oF) eiaier _ aa {elte=0F | 


= 8i(asin esa cosh esb — bcos esa sinh esb) .(C.14) 


On the other hand, we may insert the ansatz (C.9) into the left-hand side of 
(C.14), which yields, after employing the trace identities given above, 


tr {(cF) elle/a)eor | = 16ie(FT+GT"*). (C.15) 


Equating (C.14) and (C.15), we obtain 


200 Appendices 


1 
FT+GT*= PAG sin esa cosh esb — bcos esa sinh esb). (C.16) 
e 


The same procedure can be applied to the exponential function in (C.9) 
for a second time: 


i {(oF)? etatent = aca {ele/aeor\ 
ILE s 


il 
= 32 c (a? _ b?) cos esa coshesb 


+absinesa sinh ca 


= 32F S + 32G sinesa sinhesb. (C.17) 


Inserting the ansatz (C.9) into the left-hand side of (C.17), on the other hand, 
leads to 


tr {(oF) elte/a}eor | as9r s+ 390P (C.18) 


where we have made use of (C.6)—(C.8). Combining the last two equations 
clearly results in the following final expression for P: 


P =sinesa sinh esb. (C.19) 


Instead of proceeding with the direct differentiation of the exponential func- 
tion, we first state the trace identity 


tr {4s eleizieat | = —4iP, (C.20) 


which can be read off from the ansatz (C.9). Applying our basic trick to 
(C.20), we first obtain 


. i(e/2)soF | _ i(e/2)soF 
tr {4s (oF )e } = Bite/ays tr {ye \ (C.21) 


a —8(b sin esa cosh esb + acosesa sinh esb) ‘ 


whereas the insertion of the ansatz (C.9) into the left-hand side leads to 

tr {15 (oF) ele/*7F | = 16es(F T* - GT). (C.22) 
The last two equations imply 

FT*-GT=-— ~ (bsin esa cosh esb + acos esa sinhesb). (C.23) 


Finally, (C.16) and (C.23) can be solved for T and T™. 

To summarize, we have found the following representation of the expo- 
nential function exp [i(e/2)s oF] in terms of the fundamental elements of the 
Dirac algebra and the invariants of the electromagnetic field: 
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elle/2)soF = $+ 5 DoF -iP s+ 5 T* ys0F, 


S = cosesa coshesb, 
P =sinesa sinhesb, 
1 
~ e(a? + b?) 
x (asin esa coshesb + bcos esa sinh esb), 
1 
~ e(a? + b?) 


x (bsin esa cosh esb — acosesa sinh esb), 


At this point, we want to stress that we have obtained this representa- 
tion without referring to any particular Lorentz system or any special field 
configuration. Relativistic invariance is completely maintained.’ Of course, 
no assumption about the profile of the field strength was required either. 

This representation of the exponential function in (C.24) serves as the 
starting point for most of the Dirac trace calculations in external-field elec- 
trodynamics. Only in this form does a systematic calculation become man- 
ageable. Without going into details, we want to give two examples which 
appear in basic Feynman graph evaluations with external fields; we begin 
with 


tr {1 eile/2)s oF vy eile/2)s’ = 
= a |-(S8'+ PP’) +22 F(TT' + T°T*)] ow 


+e|(ST’ - TS‘) + (PT" -T*P’)] Fu 


pe| (ST — T*S!) + (TP! — PT’)| Fv 


+2e7(TT’ + T*T*’) Fe, if (C.29) 


where primed functions depend on the proper time s’, and F ie = F° Foy. It 
is interesting to note that this second-rank tensor is indeed constructed from 
a maximum set of linearly independent tensors, all of which can be derived 
from the field strength tensors F),, and *Fyy. 

For the second trace identity, we introduce a list of convenient definitions 
of standardized Lorentz tensors of fourth rank involving the field strength 
tensors and the metric: 


' In a system where E and B are (anti)parallel, (C.24)-(C.28) reduce to the 
findings of Ritus [141]. 
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Kyave = GuaGvp — GuvJap + Gus9va; 
Sows = (GuoFve— GuvFapt 9upFva) + (Fuegve— Fuvgap+ Fupgva) 
Shove = (Guo*Fve — gur*Fop + 9up*Fva) 
+ (“Fuagve — “Fuvgop + “Fupgva), 
Upovp = F Kyoup + (—FuaFup — FuuFop + FupFo) (C.30) 
+(—F2, Jap ar Fo Gow = Guel ae ae Suelo) 
Vuevp = G Kyopy + *FupFav + Fup*Fov) 
— (“Fv Fae + Fuv*Fop) — F €novp- 


With the aid of these definitions, we present the trace identity for the follow- 
ing object: 


i(e/2)soF i(e/2)s’ ay 


tr {ywiee Wee 


=4|($S' - PP’) Kya - (SP + PS’) euavp 
te(PT* — ST’) Spovg + e(T*P’ — TS’) Sypype 
—e(ST* + PT’) Sty, —e(T*S’ + TP’) St 


pay B vB a 
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In view of the considerable extent of this expression, it appears doubtful 
to us that the formulation of spinor electrodynamics employing the usual 
Dirac algebra is appropriate for higher-order external-field calculations. Even 
computer-aided algebraic-manipulation programs seem to be of limited use. 

For the remainder of this Appendix, we concentrate on the case of a 
purely magnetic background field, i.e. we take the limits b — 0 and a — 
|B| = B. Assuming that the magnetic field points along the z direction, the 
only nonvanishing field strength components are 


FY = — FF = B, (C.32) 
It is useful to leave the Lorentz-invariant notation and take a look at the 


explicit representation of a4”: 


oi = « . ) , for i,j,k =1,2,3 and cyclic permutations, 


aa “a for i=1,2,3. (C.33) 
The o;’s obviously denote the set of Pauli matrices. 
Equations (C.33) imply that we may write for oF 
oF =2 Bos, (C.34) 


where it is understood that the (2 x 2) Pauli matrix o3 is blockwise doubled 
in (4 x 4) Dirac space. 
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Specializing the general results given above to the case of a purely mag- 
netic field in the z direction, we immediately obtain for (C.24) 


eile/2)soF — gie BS 3 — cogeBs + isineBs 03. (C.35) 


With regard to Sect. 2.3, we are also interested in 


tr {ow el(e/a}eor | (C2) isineBs tr {wos} 
C.4) ,.. 
( = ) 4isineBs (Gui gue _ 9u29v1) 


= —4sineBs (o12) (C.36) 


pv? 
where the subscript “t” denotes the transverse subspace of Lorentz space, 
p,v = 1,2, and the nonvanishing components of (o%2),, therefore read 
(o+2)12 =-i= —(o+%2)21 (see Sect. 2.3): 

The last desired trace identity appears in (2.188) in Sect. 2.3 during the 
discussion of the interaction of a plane wave f,,, with an external magnetic 
field: 


tr {(fi..2) eile/2)(s-t)oF (fy.rayelie/mer ; (C.37) 
This resembles the trace identity given in (C.31). Instead of employing the 
latter, we demonstrate how the special assumption of a purely magnetic field 


reduces the calculational effort. 
Adopting the notation of Sect. 2.3, we find, with the aid of (C.33), 


1 i : F 
on ae ( O2 al elf = 2 5) elM8, 
iw 


ig3 02 


1 a . : 
(fie) =2 ( z n) ep ene (C.38) 


—io2 03 


where we have defined the matrices X) |, which satisfy the nilpotency prop- 
erty: 


af = 0. (C.39) 


After insertion of (C.35) into the trace (C.37), this property greatly simplifies 
the desired expression: 


a [i sajele/2)e—Heor (fy, royete/2F] 


, 


= 4w* sin eB(s — t) sineBt tr {Z,1 03 Sp os} 


a (#32). | 
= (+16) ' w* (cos eBvus — cos eBs), (C.40) 


Ww? sin eB(s — t) sineBt 


where v = 2t/s — 1, and the trace on the right-hand side of the first line 
can be evaluated by using the explicit representation of the Dirac algebra 
quantities in terms of Pauli matrices. This concludes the proof of (2.188). 
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D Elementary Calculations 


This Appendix presents some techniques necessary for performing elementary 
calculations which are required in various chapters of the main text. 


D.1 € expansions 


The following list of € expansions is a useful tool for the evaluation of a finite 
sum of infinite integrals (C' denotes Euler’s constant: C = 0.57721...): 


a =1-elmat 5(Ina)’P+..., 


1 1 
Pate =1-Cet (Gr4 se) e+..., 


12 2 
_il 1 og lie) 2 
Me) == c+ (Se + 50%) ¢ +..., 
1 nC? 


1 3. OC ee ee 
I(e ya=re(F+S)+(G+ Cri delet... 


2 
(len) = FA + eC OA)t SOG A) +... 
((e— 1h) = 3h? + Eh Fp eC (CLA) + SOMA) + 
¢(1+e,h) = eo w(h) + Ofe). (D.1) 


The last equation follows from [91]: 


tim SOE = a and lim (ca ne *) =—u(h). (D.2) 


D.2 Identities for Special Functions 
Stirling’s formula: 

InP'(z) = znz—2—Fhnz+ 52x + O(1/2). (D.3) 
I-¢ relations: 


InI'(z) = ¢'(0,h) + 5 non. (D.4) 
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D.3 Nonstandard Integrals 


The following integrals are the basic tools of the c-integration technique; they 
can be found in [91] (the formula numbers used in [91] are given): 


(3.551.1) [ave e 22 sinh 27 (D.5) 
0 
1 
=5r(l+y) [(2n 2)" _ n+ al pe, 
(3.551.2) [avo e 7h” cosh x (D.6) 
0 
eee ) (en —2)-}-# 4 (2h+ mal nl 
— 5) LL p) LL ? 


(3.551.3) [ace e 7?” cotha 


0 

=T(1+p)[2-"¢(1+y,h) — (2h)7*™], (D.7) 
(3.381.4) ic ght e=ahe = hy YT (a), >t. (D.8) 

0 


D.4 e-Integration Techniques 


One often encounters finite, well-defined integrals in analytical proper-time 
calculations, where the integrand consists of a sum over various functions, 
(e.g. [(A+ B) < oo). After interchanging summation and integration, one 
obtains a finite sum of infinite integrals (e.g. [A+ {B, | [A] — co and 
| { B| — oo), which in combination is finite. The origin of such finite combi- 
nations, of course, lies in the procedure of renormalization. These integrals 
can be evaluated by introducing a convergence-enforcing factor that depends 
on an appropriately chosen parameter € and goes to 1 in the limit e — 0. 
In the present work, we need the following integrals: 


‘a 1\ 7 1 
pov (cot = - -) = [accom (cot - =) 

z xz 
0 0 


loc) lee) 
= lim [awste™ cothe— f date 
0 0 


«0 


OPO) tiny (+1) [2-*6(e + 1h) — (2h)-2-4] — 2h)-F(O} 


e—0 


D.1 1 
ee: ri | u(h) — = +Inh4 o(o| 
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=Inh—wv(1+h)+ - (D.9) 


where we have employed the identity (1 + x) = ~(#) + 1/z in the last line. 
From this integral, we can deduce 


sin vz F 1 cot z 
2ih| da d —2ihz VSINVZ _ =2in fa —2ihz | — _ 
1 / 7 ze ae 1 Ze a : 
0 


0 


[o<) 


mis 1 7 / —2hx 1 
=2h | dx cotha ——}]=4h | dh’ |] dzxe cotha — — 
x x av 

0 h 0 


(D.9) i | / / 1 | 
=" | dh! |inh! — y(h’) — — 
! 


2h! 


1 
= 4h lim (wna —h! —InI(h') - sini) 


h!—00 
1 
—4h (minh blah) = lun) 
D3P-D ayer, a) + (2h — AR?) In h+ AR? (D.10) 


In addition, we need 


- i 2 2 2ih 2 
[Se So ih | cote 
z z 3 2 2 
ri 2 2 2h 2 
= [Fem |(-2 - 20) coth a += rein) = 
x x 3 
0 


= lim (-2 : da x 7e~?"* coth x — 2h / da x®le~?"* cotha 
0 


2 
13 facamtete san fanart 42 drat) 
0 0 0 


OPO) tin {-2rt — 1)[2?-*¢(e - 1, h) — (2h) 4 


~2nr(c) [2*-<¢le, h) — (2h)~*] 


+5(2h)“T(6) + 2h(2h)'~*P'(e — 1) + 2(2h)? "P(e — 2} 


2 2 
= —2h? + 8¢’(—1,h) 4h¢"(0,h) + 2hInh—Zzlnh— 3. (D.11) 
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The e-integration technique can also be applied to infinite integrals. First, 


by introducing an appropriate ¢, the integral is made finite; secondly, taking 
the limit € — 0 separates the finite terms from the divergences in a well- 
defined way. 


The following integrals will be useful (terms of order € are neglected): 


CoO CoO 
/ dze~?"* cothz = i dz z£e- 7"? coth z 
0 0 


Dz 
) ra+e) [2-*¢(1 + €,h) — (2h)? ] 
(D.1) 1 1 
ee Stith In2—- — D.12 
= 7 ¥(h) -C—n2—- =, (D.12) 
ne ee : 
[ove sinh 2z © = 5 (2h 2) (2h + 2) |= 5507) 
0 
(D.13) 
[oes = pe yet eo 2he 
z 
0 0) 
i 
= (2n)-*P(e) RP -—In2h—C, (D.14) 
fa —2nz cosh 22 _ pu ele thz cosh 2z 
z 
0 0) 
6) 1 
oe) 52 (6)[(2h - 2) + (2h + 2)-4 
11 1 
ee 5 In(4h? — 4), (D.15) 
€ 
f dz —2hz r e—2 —2hz l-e 
a — | dzz““e = (2h) © I(e—1) 
0 0 
= 22" 4 opin on ROR = 1%, (D.16) 
€ 


co [oe) 
_»5p,, cosh 2z 9 _ 
[ee 2he = [ewe 2 9 2hz cosh 2z 
Zz 
0 0 


Os) sF(6 1)[(Qh— 2)'-* + (2h+ 2)-4 
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MD _?) 4 on(C = 1) + (h- 1) a(Qh—-2) 

é 

+(h +1) In(2h + 2) (D.17) 
_ _2h DCO =1) it aa aie 


€ h-1 
ri inh 2 7, 
foc = fu 21 2h? sinh 2z 
Zz 
0 0 
D.5) 1 
Oe 2 


2 
=) 5 In (D.18) 


(c)[(2h — 2)~* — (2h +2)~*] 


love) Co 
_»5p,,coth z = ee 
[ove 2he ics 1 2h coth z 
Zz 
0 


= P(e) [2!€ ¢(e,h) — (2h)~*] (pay) 


1) Qh 
DD) _ 2h | oh 42hIn2+2InI(h) —In2n+Inh, 
€ 


h 


1 
== =. (D2 
sFzop — (D-20) 


[(2h-2)~* + (2h+2)~*] = 


ri 6)1 
ju e 7"? cosh 2z ae) 3 
0 


love) Co 
_9,-coth z 2H 
[ee ehe => pe 2 eh coth z 
z 
0 0 


(D.7) T(e-1) [Qe ¢(e—1,h) — (2h)*~*] 


eh (2n? + 5) 20-0) (2n? + 5) (D.21) 
€ 


1 
a (2n? + 5) In? — 4¢’(—1, h) — 2hlwh, 


love) a oo 
1 x 
ic Sakina 7s oe = pe ge 2 eo 2h cothaz 
zsinh” z a 
0 0 


a=1 
loc) 
z’=az fo) = —2.- i 
ae a! «fa 2&2 @Ah/2)2" oth 2! 
0a a=1 
0 


Co Co 
=(e— 1) fae git? 6-2 coth 2! = 2h f ae! gil 6 Fh® cothz’ 
0 0 
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D.21),(D.1 1\ 1 1 
RN MOOEE 4) IP s)he 
3/ € 3 
1 
= (2n? + 5) In2 — 4¢’(—1, h) — 2hIn n 
2h 
—2h|—— + 2Ch+ 2hin2+2InI(h) —In27+Inh 
€ 
1\ 1 1 1 
= | 2n?=—)-=—C | 2h? =_ ) = [| 2 s— | ne 
3/ € 3 3 
+4¢'(-1,h) — 4hIn (hk) + 2hIn2r. (D.22) 


D.5 IT” for Strong Magnetic Fields 


The equivalence between (2.94) and (2.95) will be proved in the following. For 
reasons of convenience, we substitute z = eBs and h = B,,/(2B). Equation 
(2.94) then reads 


ee) a 
dz fdv _»p, 
mia fF [Ze OEP Diets (D.23) 
z 2 
0-1 
where the functions Nj, are found in (2.92): 
N, = SS — zcotz (1-7 4S), (D.24) 
sin z sin z 


Zcosvz vz sinvz cotz ii 2z(cos vz — cos z) 


sin z sin z sin? z 


N= 
In various terms of these integrands, we observe second-order poles, which 
can be eliminated by partial integration. The main technique is to isolate 
1/sin? z terms, which yield (— cot z) upon partial integration. In particular, 
we study the following integral identities: 


co loc) 
_oi,, UY SINVZ Cot z _9: : 1 
= gee ee de(e 2ihz 1) sin vz COS z) = 
sin z sin* z 
0 0 


i.b.p. =Dihe F ia 
_ e ysinvz cos z } cot z 
0 


Co 
a ae 
— | dz cot z-— e ysinvz COs Zz 
Zz 
0 


foe) 
eo 2ihz 
=s—7 + | de— (- cosVvz cos? z 
Sa 


sin Zz 


=1-sin? z 


+2ihvsinvz cos?z +vsinvz sin zcos z) 
—S— 


- 2 
=1-sin* z 
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eo 2ihz 
=—py?+ | dg —— (- cosvz + 2ihy sin v2) 
sin z 

) 


+ / dze ihe (? cosvz sinz — 2ihvsinvz sinz +vsinyvz cos z) 


0 
a 


00 
=v fdzt (c-2" sinvz sin :) =0 
0 


—2ihz 
=? + fu cae (-? cos vz + 2ihy sin v2) ; (D.25) 
z 


PT g-Bihz P [en Bihe 1 
2 faz —,— (cos vz—cos z) = 2 | az | (co ve—cos2)| ( = ) 
0 


sin Zz sin’ z 
0 


—2ihz 
ib.p..[e 
a [Sars (cos vz — cos z)(— cot 2)| 


d —2ihz 
+2 / dz cot a Se (cos vz — cos ) 


sin Zz 


co 


0 


[oe} 
. COSYZ — COS Z _93 
= 2 im, SPEER 9 face 2ihz cot z 


20 sin* z 
cos 2(cos vz—cos z) ., coSvz—cosz  vsinyvz—sinz 
sin* z sin z sin z 


3 


co 
2 
_9:,,COS* Z(COSYZ — COS Z 
a beueis eat Qihz ( ) 
sin* z 


eo 2ihz 
+2 / dz [-2ine cot z(cos vz — cos z) — v cot zsinvz + cos z| 
sin z 


eo 2ihz eo 2ihz 
=1-p'*+ foe ny 608 VZ—COSZ) ofa —— (cos vz—cos z) 
sin® z 


er 
= left—hand side 


—2ihz 

e : 

——- [-2ine cot z(cos vz — cos z) — vy cot zsinvz + cos z 
sin Zz 


+ 
nw 

8 oN 
= 


—2ihz 
> 2 f az —— (cos vz — cos z) 
sin” Zz 
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1 2 
= ia =) 
loc) 
eo 2ihz 
+ dz ° [-» cot zsinvz + cosvz — 2ihz cot z(cosvz — cos 2)| ; 
mM Zz 
0 
(D.26) 
foe) Co 
+ COL Z dz : 
[aze2™ SE (cos Vz—COS z) -| — eo cos z(cos vz—cos 2)| 
sin Zz sin” Zz 
0 0 
i.b.p. eo 


— [enh cos z(cos vz — cos z)(— cot 2)| 
0 


[eo e) 
d : 
+ / dz cot a le cos z(cos vz — cos 2)| 
Zz 
0 
CO 


=O0+ / dz cot ze~ 7!" [-2in cos (cos vz — cos z) 
0 


— sin z(cos vz — cos z) — cos z(v sinvz — sin z)| 


Co 
#9 
93 _, l—sin* z 
= | dze 7h? —2ih ——— (cos vz — cos z) 
sin z 
0 
1 —sin? z 


— cos z(cos Vz — COS z) = (v sinvz — sin ‘| 


sin z 


Co 
26% _, COSVZ — COS Z . . 
= [ee aulee [-2n eee + 2ihz sin z(cos Vz — COs z) 
sin z 

0 


ysinvz—sin z 


_ cos z(cos VZ—COS z) _ + sin z(v sinvz—sin 3] 


sin z 


_ [accom (1 _ vsinvz _ oj p coeuz = =) (D.27) 
0 


sin z sin z 
+ / dsc [2in sin z(cos vz — cos z) 
0 


— cos z(cosvz — cos z) + sin z(v sin vz — sin z) 
— 


=~ 4 | e-2ihz gj z 
= ae ihz sin z(cos vz—cos z)| 0 


With the aid of these identities, (D.25)-(D.27), we are able to rewrite mj, 
as follows: 
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[oe] 1 
dz ; y sin vz ZCOSVZ 
m= [See fav [ecote (1-»? + - )- : | 
z sin z sin z 
0 0 
[oe] 1 ui (oe) 
: » Vsinvz cot z 
facermeore f av(t =) + fav faze 2m 
sin z 
0 0 0) 0 
pe 


(D.25) 
[oe] 1 
—2ihz 1 
— | dze — | dv cosvz 
sln Zz 
0 0 
co ‘l, 
2 —2ihz 2 
= 3 dze cotz+ | dvv 


| : 1 
-| dv / ag —v* cosvz + 2ihv sin v2) - / dze~7ihe= 
sin z z 


0 (0) 
= 1 2 i 2ihz aint 
= 545 [dee a i : 

0 


co 


eo 2ihz 9 1 9 
ars [Zp oos 2+ (:-3) sin 2 — 2h e+ ine 
nz 
1 2 : 1 
= s + 2 fas ee (cot: - =) 


0 
ae” 
(D.9) 


ig nel (e 2 2h 2 
+ [ Seam = 20h | ee 
z z 3 z z? 


0 
a 


(Dold) 
1.2 1 2 / ! 
=3t 3 [mh-d +h) + | — 2h? + 8¢'(-1,h) — 4hC'(0, A) 
2 2 
+2hinh~ 5Inh— 5. (D.28) 


Substituting h = B.,/(2B) into (D.28) leads us exactly to the expression for 
ny(B) cited in (2.95). 

The function 7; can be evaluated similarly; according to (D.23) and 
(D.24), 71 reads 
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[oe] 1 

2 ages, cosvz vcotzsinvz 2(cosvz—cosz 

n= [dze ane Fay : _ = ( : ) 
0 


[oe] 1 1 
: cosvz vcotzsinvz 1 
= ee c= _ ee - fsa —v’*) 
sin z sin z 2 
0 0) 
1 love) . 
e72ihz 
- fav faces 
sin z 
0) 0 


x [-» sinvz cot z+ cos vz — 2ihcot z(cos vz — cos 2)| 


=— -+ Qih / dv / dz eins “= (cos Vz — COS Z) 


(D.27) 


1 oo 

eer 2in [av [ dee? (: oe 2in Ue OS=) 

3 sin z sin z 

0 0 

1 
eas an {argh [oy fasemtaae 

3 sin z 
1 


+4h? / dz ein i Fae / dy* 
sin z sin z 
0 0 
— 2a fav [oom taaes va [ace (=- cot :) 
i a 


el’ 
(D.10) (D.9) 
2 
= —4h¢'(0,h) + 4h7(1 +h) — 2hInh — 2h — 4h? + 7 (D.29) 


Substituting h = B.,/(2B) into (D.29) finally leads us to the expression for 
n1(B) cited in (2.95). This completes the proof of (2.95). 


D.6 Generalized Gamma Function and Hurwitz Zeta Function 


During the preceding calculation, we encountered the integral given in (D.11): 


7 1/2 2 2h 2 
r= [Fem —+ 2ih Cito = 
z z 3 z ze 

0 
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= —2h? + 8¢’(—1,h) — 4hC'(0, h) + 2hInh =Inh = (D.30) 


Employing a slightly different decomposition of the function 7), Tsai and 
Erber [160] evaluated the same integral in two separated steps: 


l=-h2—- Js, (D.31) 
where 


1 
Jo = 2ih i dze~ ihe | dv 


ysin vz 


(D.32) 


sin z 


1 
Jz = fos ee [wa vy (Se - -) ; (D.33) 


Note, incidentally, that J corresponds to the integral given in (D.10). Fol- 
lowing the computation of [160], one finds 


d 
Ja + Jz = 2h? + Mhinh+ 3 inh — 2hIn2n + 4hIn P(1 +h) 
—8InI\(1+h) + 8Ly. (D.34) 


Here we discover the generalized I’ function of the first kind [26], which in 
this case appears by virtue of the relation 


In yx y= fa In P(t sz sie sh Qn. (D.35) 


This function satisfies the functional equation 
M(1+2)=2°I\(2), (D.36) 


with the constraints [\(0) = [\(1) = I\(2) = 1. The resemblance to the 
usual I function (of the zeroth kind) becomes obvious on observing that I 
for integer values of the argument reduces to 


Pil+n)=1! x2? x---xn™, n>0. (D.37) 


The constant ZL, that appears in (D.34) can be obtained from the Raabe 
integral: 


l= «fom In Iy(1 + x) © 0.248 754477. (D.38) 


I 


Comparing this representation of the integral J with ours, we obtain the 
following identity: 


4hc' (0, h) — 8C/(-1, h) = 4hInh — 2hn2n + 4hinhI(h) 


2 
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With the aid of the I—¢ relation (D.4), we finally find a direct connection 
between the generalized I’ function of the first kind and a derivative of the 
Hurwitz ¢ function: 


coms eee meee 


12° 


An important special case occurs at h = 1, 
O(-L)S((N=G-h (D.41) 
since the exact value of ¢’(—1) plays an important role in the effective-action 
approach to QED [55]. Comparing (D.40) with (D.4), it should be interesting 
to investigate whether a general connection exists between the generalized I" 
functions of the nth kind and the first derivative of the Hurwitz ¢ function. 


D.7 Q Factor for Strong Magnetic Fields 


Next, we prove the equivalence between (3.47) and (3.48). For reasons of 
convenience, we substitute h = Be,/(2B). The integral part of (3.47) then 
reads 


d thei 7 
Ig = } =— =a = - pecoth). (D.42) 
sin z 


Rotating the integration path in the complex plane removes the factor of i 
from the upper integral boundary. The first term can be integrated by parts: 


Co 


| dz on 2he zcothz—~1 ibp. (- sth) e 


z sinh? z 


—2hz ~ 


(zcoth z — |. 


i 1 1 1 
+ [az coth ze~2?* [-2n (coms - ~) =—,— + 3| 
‘ z sinh” z 2 


i. F th th 
=- + face (20 — 2hcoth? z + a 7 *) 
3 2 z 
0 
rT thei 
= / a ean ~ left — hand side 
z sinh* z 


0 


a [oon 3 -1 (D.43) 
z 
0 


rae: 
sinh* z 
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i. f h I 1 
=H + faze (Seotn —heoth? z+ eas a =) 
6 z 2z 2zsinh* z 
Hence, Ig can be written as 
1 —2hz 
=14 faze (D.44) 
h 9 coth z 1 1 
x | —coth z — hcoth* z+ —— — ——~— — -cothz }. 
«( 227 2zsinh?z 3 ) 


While the last three terms can be integrated by € techniques (see (D.12), 
(D.21) and (D.22)), the integration of the coth? z term is much more involved. 
For this, consider the combination of the first two terms in Ig, which is finite: 


2hz 


: 1 7 hesinh 
i e 7? coth z (- —coth :) = fa ° 7 aa — cosh? :) 
z sinh* z z 
0 0 
= - coth z eee = — cosh? : om ! —0 
2z 0 


ii hzsink 
+ [az coth ze?" [-2n (aa an + cosh? :) 
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hz sinh inh? bh? 
__ C08 oo zy sinh" z | cosh’z 9 sh esinh 7 
Zz z 
7 be nh? 
= | dze~?"*( 2hcothz cosh? z fe cae = 
——4 Zz z2 


=1+sinh? z 


sinhzcoshz 1 
4+———— 4. —eothi2 ¢osh? z —vosh? 2) 
Zz —— 
=1+sinh? z 


cosh? z cosh? z 


- fu e 2he (2n coth z + 2hsinh z cosh z — 2h-— —— 5 
Zz 


sinhzcoshz  cothz  sinhzcoshz 2 
—— + + ——— — 2cosh* z 
z z z 


i h hee 4 h2 
= faze™ heehee a 
z Zz 222 2272 


z z 


inh 2 th 
fe cosh 2s). (D.45) 


In the last step, we have employed the identities 2 sinh z cosh z = sinh 2z and 
cosh” z = (1/2)(cosh2z + 1). Inserting (D.45) into (D.44), we finally have to 
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evaluate the following integral: 


2 cosh 2z 
z 


1 of 1 A? 
I9 == + | dze~?"*| ( 2h? — = | coth z + h? sinh2z — — —h 
2 6 3 z 
0 


1 cosh 2z sinh 2z coth z 
—-h— > —h h h—— 
222 222 - - Zz 
coth z 1 
—h—hcosh2z + — —— |. (D.46 
22? 2z sinh? -| ( ) 


The required integrations are listed in (D.12)-(D.22), and we can easily collect 
the resulting terms: 


4, 7a. Wi wee 
To=z + (2h ;) E w(h) —C —In2 mn +h Ga) 
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- (212-3) In2 + 4¢/(-1,h) —4hlnI'(h) + 2hIn 2n| 


aaa | (207-5) w(h) +h — 3h? 
lo. 1 
—4hinI(h) + 2hIn 27 + 6 +4¢/(-1,h) - x 
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i 1 
—4hIn I'(h) + 2h In 20 + at A¢'(-1,h) + x : (D.47) 
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Up to a minus sign, this corresponds exactly to the term in square brackets 
n (3.48), as it should; thus, the proof of (3.48) is completed. 


D.8 Summation Techniques for Finite-Temperature Physics 


In the following, we study the high-temperature limit of infinite sums of the 
form 


Co 


3i5(A) = So(-1)" (An)' Kj(An), (D.48) 


n=1 


where A = m/T, and i and j denote certain integer parameters. The high- 
temperature limit clearly corresponds to small values of A. 

Since the appearance of Bessel functions reflects the R? x S$! topology, 
which is the space of the finite-temperature field theory, the techniques de- 
scribed in the following are generally useful for finite-temperature applica- 
tions. 

The first step is to choose a representation of the modified Bessel function 
that shows a simple dependence on the summation index [91]: 


Co 


Kj (An) = feorer™ cosh jt at. (D.49) 
0 


Inserting (D.49) into (D.48), leads us to 


Sij (A) = fo andi Sw Te a (D.50) 


n=1 


The sum appearing in (D.50) is of the form }*°~_, n'q”, where q is a complex 
parameter with |q| < 1 and i = 0,1,2,3,.... For valtics: of 7 close to zero, the 
result of the sum can be derived divectly fron the geometric series: 


i=0: ya Lars (D.51) 


Differentiation of the second form with respect to q leads us to 


= nq” ta hie Sng’, 


n=1 n=0 


=> f=1% Yong’ = bona = 


n=1 


cP 


(D.52) 
cera 


Further differentiation yields 
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1 2q l+q 52) onl 9 
i= Ga ca Yn dere 


n=1 


yoni g" +25 na? He 
n=0 
nd "(= @? 


n=0 


Hence we obtain 
Co loc) 1 
i=2: S- a > n? qr = ee (D.53) 
n=0 n=1 


From now on, we concentrate on certain values for 7 and j which are of 
particular importance in the main text. 


Sect. 3.6: Light Cone Condition at Finite Temperature. Next, we 
prove that (3.234) represents the high-temperature limit of (3.227), ie. we 
consider the limit as 4 > 0 of $1(A) (see (D.48)). Inserting the findings of 
(D.52) into (D.50), we arrive at the following (q = —e~*°°="*): 


o —Xcosht 
S11 (A) = ae Osh enneomney? 


a? 


|e (1+e-»)” p)* 


nee = ao a. 
= fw p?—x iter =): (D.54) 


where we have suse the substitution p = A cosht again. We are interested 
in the Taylor expansion of $),(A) for small values of ): 


S11(A) = $11(0) + $4,(0) A+ 58i1(0) dM? +0(A9). (D.55) 


For $11(0), we immediately find 


Te a e-P Fa 1 1 
S$11(0) = Jd ————~ ] = | dp — | —— _] = — -. _(D.56 
11( ) / PP ap (+) / P ap (=) 2 ( ) 
0 0 


The first derivative vanishes at \ = 0; we obtain for the second derivative 


i Ld. eP 
Sty (A )= fv pH we [te ap (3) (D.57) 
2 ne a a 
= [ove “alse bo (area) | 
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In the limit 4 — 0, this yields 


for tage 8? 
S20) = eee ts (—)| 


ib.p. .2 d eP _ fe e P(l—e P) 
p dp \ (14+e-»)* p (epee)? 
0 0 


= ko, (D.58) 


where kg = 0.213 139 199 408 754..., a number defined by the integral given 
above. Finally, this leads us to 
(D.55) 1 


1 
S$11(A) = ~5T ake M+ OA). (D.59) 


Thus, we have proved the formula which is used in (3.234). 


Sect. 3.5: Debye Screening Mass. To confirm the value of the Debye 
screening mass in (3.171), we consider the high-temperature limit of the sum 
appearing in (3.170), ie. we are interested in the limit as \ = m/T — 0 of 
So2 (see (D.48)). With the aid of (D.50) and (D.51), we may write 


er cosht 
So2(A -- fu cosh LS ars oT (D.60) 


—Acosht* 


Using the decomposition cosh 2t = 2 cosh? t—1 and substituting p = Acosht, 
we arrive at 


e P dp e P 
/pe— re =a be? Pp [p2 —)2 1+e-P 


The first term or dominates for small values of A; to extract the leading 
behavior for 4 — 0, we therefore only need to know the value of the first 
integral for \ = 0. One easily finds [122] that 


Soe = -— (D.61) 


Co 


eP ar 
——_ = —. D.62 
fw 12 2) 
0 
We finally obtain 
a nT? 
So2 = Tr + O(1) = Gm= +O(1). (D.63) 


This is the formula which is required to arrive at (3.171). 
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E Finite-Temperature Coordinate Frame 


In the following, we construct a coordinate frame that is particularly useful 
for finite-temperature systems with electromagnetic background fields. The 
coordinate frame is fixed with respect to the four-velocity of the heat bath u/ 
and the (necessarily) constant field strength tensor F“”. By a transformation 
into this special reference frame, the only nonvanishing components of the 
field strength tensors and the heat-bath velocity vector will be identical to 
the invariants of the system. 

First, we construct the vierbein which mediates between any given system 
labeled by pi, v,... = 0,1, 2,3 and the desired system labeled by the (Lorentz) 
indices A, B,...=0,1,2,3. 

The simplest choice for the time-like base vector is: 

base vector 1: eo’ = u", eo"eon = 1. (E.1) 
Owing to the antisymmetry of the field strength tensor, the first space-like 
base vector follows immediately: 

ye FOU 
base vector 2: e,4 = —~, e,"e1, = 1. E.2 
VE ‘ on 
In (E.2), the normalization is given by 
E = (tig) (ugl ,); (E.3) 


which denotes a third field invariant, in addition to the usual field invariants, 
for fields at finite temperature. It is positive definite, since u“ is time-like; in 
the rest frame of the heat bath, we find € = E”. 

For the construction of the third base vector, we define the auxiliary vector 


Vy = Ug F°? Fey, (E.4) 
which obviously is linearly independent of e9” and e,", but not completely 
orthogonal. Let us first list a few properties of V,, which can be checked with 


the aid of the fundamental algebraic relations for the field strength tensor 
(B.3) and (B.4): 


V’ eo, = —E, (E.5) 
V* ep =0, (E.6) 
V’V. = 2Fé -G?. (E.7) 


Here, we have employed the notation F and G (see Appendix B) for the 
standard invariants in order to keep the formulas as transparent as possible. 

The third base vector can be constructed by projecting out the eo, part 
of V,: 


1 €ov eo" 
base vector 3: e94 = —=V” (sr - oe 
vd e 
1 E 
= ee = ada eo”. (E.8) 
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The normalization d is given by a combination of invariants, 
d=2FE —G? + €? =(|E||Bl) —(E-B)’, (E.9) 


and is positive definite as long as EF and B are not parallel. 
By using the € symbol, we can easily construct the fourth normalized base 
vector: 


base vector 4: e34 = «87 C0al18 24: (E.10) 
This completes the construction of the finite-temperature coordinate frame. 
By definition, it satisfies the identity 

€Ap ep” = gap = diag(—1,1,1, 1), (E.11) 
where capital indices are used to label the four different base vectors. The 
metric gap ~ g4? can now be used to raise and lower capital indices. The 
base vectors e4“ form a vierbein that allows transformation into the finite- 
temperature coordinate frame. 

For practical computations, we need, in particular, the rules for the mul- 

tiplication of base vectors with the field strength tensor and its dual; the first 
rule is obvious from (E.2): 


Ca FO? = VE e148. (E.12) 
With the help of (E.4) and (E.8), we furthermore find 


1 Id 
oF! = —V8 = VE 8 er. E.13 
ey VE VE e9 + é €2 ( ) 


The derivation of the next multiplication rule is a little more involved; first, 
note from the definition (E.8) that 
1 E 
C29 F°? = VF? — ea F?". E.14 
: Ja Vd ak 
With the aid of the fundamental algebraic relations (B.3) and (B.4) for the 
field strength tensor, we obtain for the first term 
Va FP = -2F VE e18 — G 94°F. (E.15) 


Hence, the representation of €9,*F 78 with respect to the new coordinate 
frame is required; projecting this vector onto the base vectors gives 


€0,*F" egg = 0, (E.16) 
G 

eoy*F" e1g = we (E.17) 

€0,*F? e2g = 0, (E.18) 
d 

e9,*F? e3g = e (E.19) 
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To arrive at these relations, we have used (B.3) and (B.4) extensively again. 
For (E.19), we have additionally employed the product formula (A.14) for 
two € symbols. From (E.16)—(E.19), we learn that e9,*F7? decomposes into 


d 
€9,*F 1? = = ev? + [Ser (E.20) 


Inserting (E.20) and (E.15) into (E.14), we obtain the desired third multipli- 
cation rule: 


a d G 
C2 FF = - [fer “ie e3°. (E.21) 


The last multiplication rule can be derived most easily from (E.20), which 
can be written as 


/E G 
B Md dd B. B.22 
€3 Coa OP + Va ey ( ) 


Multiplication with the field strength tensor leads us to 


C39 FF = = en". (E.23) 


Let us summarize our findings: 


Similarly, the multiplication rules for the dual field strength tensor can 
be derived: 


d : 
C3q *F °F = VE eo? + [de’. 
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The main advantage of the whole formalism becomes obvious on consid- 
ering the explicit form of the field strength tensors in this finite-temperature 
coordinate frame; the following representations are an immediate consequence 
of the multiplication rules (E.24)—(E.31): 


0 VE 0 0 
. =/£ 0 «age 0 

Fp = eapr™ €By= 0 =a fale : -~G/VE ’ 
0 0 G/VE 0 


0 -G/VE 0 VJd/é 
‘Pap = Cay, FF’ epy= se ; : og : (E.32) 


-JqJ—E 0 VE 0 


Note that *F'4p is indeed dual to F'4p, which serves as an independent check 
of our construction. 

In (E.32), the components of the field strength tensors are completely ex- 
pressed in terms of the field invariants of a finite-temperature system. Hence, 
our construction is a direct finite-temperature analogue of the well-known 
(zero-temperature) reference frame in which the electric and magnetic fields 
are parallel and the nonvanishing field strength components are directly re- 
lated to the standard invariants. 


E.1 Application 1 (Sect. 3.5) 


We apply the vierbein construction to the case of a matrix-valued function 
of the field strength tensor X which we encounter in the calculation of the 
QED effective action at finite temperature (see (3.152)): 


: _| taneas (b’gap— Fi,) . tanhebs (a2gap+ F7p) 
xX = SS | AE. 

ap(is) = 1 ea a + 62 = eb a? + b2 (E38) 
The square of the field strength tensor, rr B= F 4° Fog, can be evaluated 
from (E.32): 


-€ 0 vd 0 

» | 0 ede 0 —VdG/E 

Map= 1 vq 9 -G/E-d/E 0 eee 
0 —VdG/E 0 -G?/E 


With the aid of this explicit representation, we can list the nonvanishing 
components of the symmetric tensor X yp: 


y= (tan) (b? — £) + (tanh) (a? + é)| , (E.35) 


Xu =i (ean) G —E+ 5) + (tanh) (« +E- ) | ; (E.36) 
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Xoo =i (tan) (" +f f)+ ‘teal (« -£-2)], (B.37) 
(on 


G? G? 

X33 =i | (tan) + = | + (tanh) (a? - = }], (E.38) 
E E 

Le il (tan) va Vd- aa val, (E.39) 

X13 =i inn’ (tan) —— — (tanh) =| ; (E.40) 

where we have introduced the following two abbreviations: 
tan eas tanh ebs 
(tan) = ea(a2 + 62) and (tanh) = eb(a2 +b) (E.41) 


A further useful abbreviation will be 
v= i((tanh) = (tan)). (E.42) 


With regard to Sect. 3.5, we are interested in the combinations X11X33—X a 
and Xo9X22 — X@. Let us first prove that these combinations are identical 
(up to a minus sign); for this, note that 


d 
Xoo = —X11 - = Y, (E.43) 
d 
X22 = X33 — e W, (E.44) 
Xo=aVdb and Xig= ay (E.45) 


In this language, we find 
2 Grd» 
X11X33 — Xj3 = X11X93 — 2 yy. (E.46) 
On the other hand, we obtain 
d d 
_ (Xo0X22—X$p) == [(-xn = =) (xx _ =) _ av?| 


2 


= X11X33+ ev (X33—X11) + («- | yy? {E.47) 


From the explicit representations in (E.36) and (E.38), we obtain for X33 — 
Xi 


2 2 
X33 — X11 = i(tanh) (-£ = e) + i(tan) ( + e) + ev 
d G? 
= (S FO e) p. (E.48) 


Inserting (E.48) into (E.47) leads us to 
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(E.46) 


— (Xoo X22 — XG) = X11 X33 - SS aap X11X33 — X73, (E.49) 


which completes the proof of the ace 
In order to obtain an explicit representation of X11X33;—X aa we introduce 
another abbreviation: 


o= i(v? (tanh) + a? (tan) }. (E.50) 
Taking a look at (E.36) and (E.38), we find that 
Xn=6-($-€) 0 (B51) 
G? 
Xo = 6- =v. (E.52) 
(E.53) 


The desired expression therefore reads 


d G? ge! 
rake —at= [o~ (4-2) 3] (¢- Be) Be 
=$- (¢-2+5) ov - Gv? 
= $2 - 2F ob — GP y. (B.54) 
In the last step, we have employed the definition (E.9): d = 2F€ — G? + E?. 
Reexpressing @ and w in terms of (tan) and (tanh), and F and G in terms of 
a and b (F = (1/2)(a? — 6?), G =ab), we finally obtain 
X11X33 — X73 
= (¢-Fd) - (FP +9") ¥ 
SK 


=4(a2+b?)? 


= — | (a? (tanh) + b?(tan)) — 5 (a? — b’)((tanh) — (tan)) 


(a? + b?)?((tanh) — (tan))” 


asl 
+4 
= -i@ + b”)?((tanh) + (tan)) 4 (a + 6)? ((tanh) — (tan)) 
(E.41)  tanebs tanheas 


(E.55) 


eb ea 


This representation is the desired one, which we employ in (3.155). 
Finally, we need the explicit form of the function h(s) defined in (3.161): 


1X99 
X1X33 — X73. 


For this, we rewrite the function X22 as given in (E.37) in the following way: 


h(s) = (E.56) 
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Xo = i| (tan) (0° + 2F + €) + (tanh) (a? — 2F — é)| 


- i| (tan) (b? — €) + (tanh) (a? + é)] 


(E.41) . fa?4+ € taneas i b? — € tanhebs 
a2+b? ea a2+b2 ~~ eb , 


(E.57) 


Here we have employed the definition of the combination of invariants d (E.9). 
Inserting this equation and (E.55) into (E.56), we find 


b? —€ E 
h(s) = +—; eacot eas + ebcothebs. (E.58) 


ae + 
a? + b? a? + b2 


This representation is required in (3.161). 


E.2 Application 2 (Sect. 3.6) 


In order to determine the form of z, = ky, FY°k, F’,g = —kAFycF®© gk®, 
which is required in (3.189), we employ the square of the field strength tensor 
as given in (E.34), and find 


zp = E (k°)? — 2Vd kok? + (2F + €) (k?)? + ( - ) (kt)? 


a ve lke + = = 42)2, (E.59) 


where k°, kt, 2; k® represent the components of the rotated momentum vec- 
tor k4 = ek 

Now we can determine the desired form of the exponent in (3.189) in 
terms of finite-temperature coordinates: 


Az,zR+ Axk? 


2 
A.vd 
= 2_ 72 2 -§ eve 50 
= [Ak + (a 46a] (bs OF +E) . 


_ (Agta? A,)(Ap—?Az) (9)? 4 (A, + aA, 2)(Ar— PAs) 
Ax + (a2-B+E)A, Ap Se + Ax 


ab Ae 4 
ASE + Ay) (k 24 |, E.60 
+( ae ALE + Ax es 


where, again, k°, k!,k?, k? represent the components of k4. 


F Two-Loop Effective Action of QED 
at Zero Temperature 


Dedicating this appendix to the derivation of the zero-temperature two-loop 
Lagrangian has two reasons: first, we want to make contact with well-known 
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results, which serve as a check of our computations; secondly, our results rep- 
resent a generalization of the work of Dittrich and Reuter [55], who considered 
purely magnetic fields, to the case of constant electromagnetic fields. 

Here, we shall give a version of the unrenormalized effective Lagrangian 
only, since the renormalization procedure requires technical investigations 
which are beyond the scope of the present work.” For the finite-temperature 
considerations, it suffices for us to know that the zero-temperature part of 
the action can be renormalized at the (zero-temperature) physical renormal- 
ization point given by the electron mass. Then, the parameter m appearing 
in the thermal contributions to the effective action automatically coincides 
with the physical zero-temperature electron mass. 

n (3.194), we achieved a separation of the thermal and zero-temperature 
parts in the integral J;; concentrating on the zero-T' case, we found 
1 i<9 1 


pt=° = 4—im*s Fl 
1 16a” da db’ ( ) 


where ga = Ap + a?A, and q, = Ay — 0? Az, and Ay and A, are defined in 
(3.187). We also need the second integral [/=°, which is related to I? =° by 
(3.188), leading us to 


r0 e7im’s fo F a2 b2 | 9) 
= Ss Sa_—_—_—_———— 8 Oe |. . 
2 1672 } (s' + qa)?(s’ +q) (8 + da)(8' + qo)? 


The integration over s’ can be carried out by elementary techniques: 


go fa( te) 
167? da(G— Ga) (—Ga)? Ga 


(cara t@caree)| 


Inserting these T = 0 contributions (F.1) and (F.3) into (3.185) and reorga- 
nizing the result a little, we finally arrive at 


CO 


1 
eau B/S/T Him? _ IDS (F.4) 
-1 


dr) Ss sin eas sinh ebs 


? In particular, the mass renormalization has to be treated with great care [78]; this 
is because the proper-time parametrization of the mass shift which is required for 
the mass renormalization has to coincide with the proper-time parametrization 
of the two-loop contribution £7. In the present calculation, this is not achieved 
immediately, since the mass shift is usually taken from the mass operator, while 
the construction of £? relies on the polarization tensor. One method to identify 
the correct value of a possible finite constant in the infinite mass shift is to fix it 
in such a way that the imaginary part of the entire effective action reproduces the 
Schwinger formula to lowest order in a [140]. This, however, requires a detailed 
investigation of the pole and branch cut structures of the proper-time integrand, 
which is extremely technical in the present representation. 
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2No + No 2No+ Ny No — Ny in 


SE eg 
da(qo— da) W(da-4) (G—a)? Ga 


where No, Ni and No are functions of the integration variables and of the 
invariants a and b, and are defined in (2.77); qq and q, after insertion of 
(3.187), can be written as 


is cos veas — cos eas is cosh ebs — cosh vebs 


2 ebs sinh ebs 


Equation (F.4) represents our final result for the unrenormalized two-loop 
effective Lagrangian of QED for an arbitrary constant electromagnetic field. 
In the limit of vanishing electric field, we recover exactly the findings of [55]; 
hence our comparatively compact representation generalizes the results of 
[55] to an arbitrary constant electromagnetic field. 


da = db = (F.5) 


2 eas sin eas 
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